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Abstract. Extending the SU(3) ﬂavour symmetry breaking expansion from up, down
and strange sea quark masses to partially quenched valence quark masses allows an extrapolation to the charm quark mass. This approach leads to a determination of charmed
quark hadron masses and decay constants. We describe our recent progress and give
preliminary results in particular with regard to the recently discovered doubly charmed
baryon (the Ξ++
cc ) by the LHCb Collaboration.

1 Introduction
Open charm baryon masses are presently the subject of much experimental and theoretical interest.
In particular, most doubly charmed baryons (i.e. ccq states) have not been experimentally observed
even though as stable states in QCD they must exist. Indeed there has only been the observation of
a candidate state, Ξ+cc (with quark content ccd) by the SELEX Collaboration, [1]. However this state
was not seen by the BaBar, [2] or BELLE, [3]. Collaborations. Very recently, however, the LHCb
Collaboration, [4], has announced a state – the Ξ++
cc baryon – with a quark content ccu. It is unlikely
that isospin breaking effects are signiﬁcant (i.e. QED effects and mu  md ), or that the states have
been missidentiﬁed so between the SELEX and LHCb result is an unexplained and puzzling mass
difference of ∼ 100 MeV.
In this talk we shall describe the QCDSF-UKQCD approach to determining the hadron mass
spectrum, with particular emphasis on the charm sector and the open doubly charmed baryon masses.
This continues the programme initialised in [5].
2 + 1 ﬂavour dynamical lattice simulations consist of two mass degenerate (i.e. mu = md ) light
ﬂavour u, d quarks and a heavier ﬂavour s quark. Since the light quark masses are typically larger
than the ‘physical’ masses required for the experimental spectrum, we are forced to consider how
⋆ Speaker, e-mail: rhorsley@ph.ed.ac.uk
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we can approach the physical u, d, s quark masses. While many current simulations determine the
physical s quark mass and then extrapolate the u, d quark masses to the physical quark mass, another
possibility as suggested in [6] is to consider an SU(3) ﬂavour breaking expansion from a point m0
on the ﬂavour symmetric line keeping the average quark mass m = (mu + md + m s )/3 constant. This
procedure signiﬁcantly reduces the number of expansion coefficients allowed. (Also, not considered
here, the expansion coefficients remain the same whether we consider mu  md or mu = md and thus
allows for the possibility of ﬁnding the pure QCD contribution to isospin breaking effects using just
n f = 2 + 1 numerical simulations.)
As the charm quark is considerably heavier than the up, down and strange quarks an SU(4) ﬂavour
breaking expansion is poorly convergent (in distinction to the SU(3) ﬂavour breaking expansion).
Another possibility is to make independent SU(3) ﬂavour breaking expansions in each charm sector
(but this not a very uniﬁed approach). We adopt an intermediate aproach here, ﬁrst noting that as
the charm quark mass is much heavier than the u, d and s quark masses, it contributes little to the
dynamics of the sea of the hadron. Thus we can regard the charm quark as a ‘Partially Quenched’ or
PQ quark. By this we mean that the quark masses making up the meson or baryon have not necessarily
the same mass as the sea quarks. Also the SU(3) ﬂavour breaking expansion can also be extended to
valence quark masses. As the expansion coefficients are just functions of m, provided this is kept
constant then the coefficients are unchanged. We shall say the ‘Unitary Limit’ when the masses of
the valence quarks coincide with the sea quarks. PQ determinations have the advantage of not being
expensive compared to dynamical simulations of the quarks. This can also help in the determination
of the expansion coefficients as a wider range of quark masses than just the unitary masses can be
used.
Brieﬂy the method employed here is to ﬁrst determine the expansion coefficients of the pseudoscalar mesons and octet baryons. Extrapolating to the physical pseudoscalar masses determines the
‘physical’ quark masses, which are then employed in the baryon expansions to determine the (open)
charm masses.

2 SU(3) ﬂavour breaking expansions
We shall only consider here hadrons which lie on the outer ring of their associated multiplet and not
the central hadrons. So no mixing or quark–line disconnected correlation functions are considered
here. The SU(3) ﬂavour symmetry breaking expansions are given in terms of
δµq = µq − m ,

m = 13 (2ml + m s ) ,

where µq are the PQ masses for quark q. In the unitary limit we have µq → mq , where mq is the unitary
quark mass (i.e. equal to the sea quark mass). Here we have the obvious constraint 2δml + δm s = 0.
For the pseudoscalar mesons with valence quarks q = a and b, their masses are given to NLO (or
quadratic in δµq by
2
+ α(δµa + δµb ) + β0 16 (2δm2l + δm2s ) + β1 (δµ2a + δµ2b ) + β2 (δµa − δµb )2 + . . . ,
M 2 (ab) = M0π

(cubic or NNLO terms are given in [7]). The expansion coefficients are functions of m only, so if we
keep m ﬁxed we have constrained ﬁts between the pseudoscalar mesons.
Numerically it is advantageous to use scale invariant quantities. A useful additional quantity with
this method is to use ﬂavour singlet or blind quantities, only deﬁned in the unitary limit. There are
many possibilities, for example for pseudoscalar meson quantities a convenient one is
2
+ O(δm2l ) ,
Xπ2 = 13 (2MK2 + Mπ2 ) = M0π

2
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2
2
Now forming dimensionless ratios, M̃ 2 = M 2 /Xπ2 , α̃ = α/M0π
, β̃i = βi /M0π
, . . . leads to the modiﬁed
expansion

M̃ 2 (ab) = 1 + α̃(δµa + δµb ) − ( 32 β̃1 + β̃2 )(2δm2l + δm2s ) + β̃1 (δµ2a + δµ2b ) + β̃2 (δµa − δµb )2 + . . . .

Similarly for the outer ring of the baryon octet, we have the expansion
M̃Σ2 (aab) =

1 + Ã1 (2δµa + δµb ) + Ã2 (δµb − δµa )
−( B̃1 + B̃3 )(2δm2l + δm2s ) + B̃1 (2δµ2a + δµ2b ) + B̃2 (δµ2b − δµ2a ) + B̃3 (δµb − δµa )2 ,

where we have collectively denoted these baryons with a Σ index. Similarly to the meson case, we
have formed dimensionless quantities by normalising with the singlet quantity
2
+ O(δm2l ) .
XN2 = 31 (MN2 + MΣ2 + MΞ2 ) = M0N

The expansion given here to NLO (quadratic in δµq ). The expansion to NNLO (at next order with
is given, for example, in [8] Appendix C. NNLO is used in the analysis presented here. Provided
mu = md then for the Λ we have
M̃Λ2 (aa′ b)

= 1 + Ã1 (2δµa + δµb ) − Ã2 (δµb − δµa )

−( B̃1 + B̃3 )(2δm2l + δm2s ) + B̃1 (2δµ2a + δµ2b ) − B̃2 (δµ2b − δµ2a ) + B̃4 (δµb − δµa )2 ,

(the NNLO terms are also given in [8]. We shall use a prime, such as a′ , to denote a distinct quark,
but with the same mass as quark a. (It turns out that the ﬁts are slightly better if the square of the mass
is used rather than just the mass. The SU3 ﬂavour breaking expansions are valid for any function of
the mass.)
Finally note that for open charm masses investigating mass splittings can give information on
SU(3) mass splittings, as to LO there is no inﬂuence from the charm quark mass. For example for the
pseudoscalar mesons
M̃(ac) − M̃(bc) = 12 α̃(δµa + δµb ) + . . . ,

while for the octet baryons we have
M̃(aac) − M̃(bbc)
M̃(cca) − M̃(ccb)

= (Ã1 − 21 Ã2 ))(δµa − δµb ) + . . . ,
= 21 (Ã1 + Ã2 )(δµa − δµb ) + . . . .

3 Lattice
We use a O(a) non-perturbatively improved clover fermion action, together with a Symanzik tree level
improved glue. The fermions are also mildly stout smeared. Further details may be found in [9]. Thus
the quark mass is given by


1 1
1
,
−
µq =
2 κq κ0c
where κq is the hopping parameter, κ0 is the hopping parameter along the symmetric line with κ0c
being its chiral limit. Note that for δµq , the ‘distance’ from the initial SU3 ﬂavour symmetry point,
κ0c , cancels and so does not have to be determined. We have presently analysed four lattice spacings
where a ∼ 0.052 – 0.074 fm, but are aiming for ﬁve spacings.
In the LH panel of Fig. 1 we show XSlat 2 for various singlet quantities, S = t0 , N, w0 , ρ, π. This can
be used to determine both the lattice spacing and κ0 – the point on the SU(3) ﬂavour symmetric, to

3
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Figure 1. Left panel: XSlat )2 for S = t0 , N, w0 , ρ and π along the unitary line, from the symmetric point δml = 0
down to the physical point (vertical dashed line) together with constant ﬁts (for β = 5.50, κ0 = 0.120900). Right
panel: a2 (β) values normalised to a2 (5.80) (a2 ∼ 0.035 fm2 ). The line shows the two-loop β-function.

start the path to the physical point. [10]. For example, this could be achieved by tuning Xπlat 2 /XNlat 2 to
its ‘physical’ value, using wherever possible the ‘pure’ QCD values in FLAG3, [11], otherwise from
the PDG, [12]. In the RH panel we show a2 values normalised by the value at β = 5.80 using the two
loop β-function.
We ﬁrst determine the pseudoscalar meson expansion coefficients. In the LH panel of Fig. 2 we
show M̃(ab) = M 2 (ab)2 /Xπ2 versus (δµa + δb )/2 (for (β, κ0 ) = (5.80, 0.122810)). To illustrate the
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Figure 2. Left panel: M̃(ab) = M 2 (ab)2 /Xπ2 versus (δµa + δµb )/2 for (β, κ0 ) = (5.80, 0.122810). The PQ masses
are given by opaque red circles (the unitary data by ﬁlled red circles). Removing the NN term (leaving the LO
terms) gives the blue opaque circles and linear ﬁt term. Right panel: Similarly for ( M̃Σ2 (aab)+ M̃Λ2 (aa′ b))/2 versus
(2δµa + δµb )/3.

ﬁt (which at LO is a function (δµa + δµb )/2 only) after ﬁtting we subtract the higher order terms to
leave only the LO term. Similarly in the RH panel of Fig. 2 we show the equivalent result for the
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octet baryon case by plotting ( M̃Σ2 (aab) + M̃Λ2 (aa′ b))/2 versus (2δµa + δµb )/3. To determine δm∗l
the ‘physical’ quark mass we set the pseudoscalar meson combination Mπ2 /Xπ2 to its physical value.
Similarly we use Mη2c /Xπ2 to determine δm∗c .
Although we have scanned in detail the appropriate region to determine the initial point, κ0 for
the trajectory some ﬁne tuning is possible. Bearing in mind that changes will come mostly from the
valence quark mass (rather than the sea quark masses), we do not consider exactly the unitary limit,
pq 2
pq 2
pq 2
pq 2
but allow δµ∗l , δµ∗s to be slightly different to δm∗l , δm∗s by ﬁtting Xπ /XN and Mπ /Xπ to their
∗
∗
∗
∗
physical values, while keeping the splitting between δµl , δµ s the same as δml , δm s . Presently we see
little difference, [13], and shall not discuss this further here.

4 Results
After having determined the expansion coefficients and the ‘physical’ quark masses, we can ﬁrst
determine the open charm pseudsoscalar mesons. All errors shown in the following plots are statistical (however we expect systematic errors, if any, to be small). In the LH panel of Fig. 3 we show
preliminary results for the continuum extrapolation of the D s (sl), D(cl) masses and their mass differ2100
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Figure 3. Left panel: Preliminary D s (sc), and D(lc) masses (upper and middle plot) together with their mass
difference (lower plot) versus a2 , together with linear ﬁts in a2 . The experimental results are shown with a star
(slightly displaced in the -ve–x direction for clarity). Right panel: Comparison of the extrapolated results to other
recent results, [14–17]. The opaque red circle for the ηc mass is just to indicate that this has been used in the
determination of the charm quark mass.

ence (upper to lower plots). Also shown is a linear extrapolation in a2 to the continuum limit. The
phenomenological values are denoted by a star. The mass differences in particular are sensitive to unknown u − d quark mass difference and QED effects (the present computation is for pure QCD only).
From the plots we see that there do not seem to be strong scaling violations present. The RH panel of
Fig. 3 shows a comparison with some other determinations.
Presently we have determined charm baryon states with nucleon-like wavefunctions B =
ǫq(qT Cγ5 c) (q = l, s). In Table 1 we show the possible states in the isospin symmetric limit,
mu = md ≡ ml . (A prime denotes a distinct quark in the wavefunction, but with the same mass.)
Thus in the charm sector, we have presently investigated: Σc (llc), Ωc (ssc), Ξcc (ccl) and Ωcc (ccs).
In the left panel of Fig. 4 we show the C = 1 open charmed baryons Ωc (ssc), Σc (llc) masses,
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wavefunction
ǫ(lT Cγ5 l′ )l
ǫ(lT Cγ5 s)l
ǫ(sT Cγ5 l)s
√1 ǫ[2(lT Cγ5 l′ )s + (lT Cγ5 s)l′ − (l′ T Cγ5 s)l]
6
ǫ(lT Cγ5 c)l
T
1
√ ǫ[(s Cγ5 c)l + (lT Cγ5 c)s]
2
ǫ(sT Cγ5 c)s
T
′
1
√ ǫ[2(l Cγ5 l )c + (lT Cγ5 c)l′ − (l′ T Cγ5 c)l]
6
√1 ǫ[2(sT Cγ5 l)c + (sT Cγ5 c)l − (lT Cγ5 c)s]
6
ǫ(cT Cγ5 l)c
ǫ(cT Cγ5 s)c

Table 1. The possible C = 0, 1 and 2 baryon octet states in the isospin symmetric limit, mu = md ≡ ml . A prime
is used to denote a distinct quark, but with the same mass.
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Figure 4. Left panel: Preliminary Ωc (ssc), Σc (llc) and mass difference results versus a2 (upper to lower plots),
together with linear extrapolations to the continuum limit. Right panel: similarly for the C = 2 open charm states
Σc (llc), Ωc (ssc). The LHCb result, [4], is also shown in the centre plot.

together with their mass splitting. For the single open charm states there is reasonable agreement with
the experimental results. Again, as for the open charm pseudoscalar masses, the scaling violations
seem to be moderate.
In the right panel of Fig. 4 we show the C = 2 open charmed baryons. We examine the result
for the mass of the Ξcc in greater detail in Fig. 5. Our tentative conclusion is that our results can
differentiate between LHCb and SELEX and tend to support the LHCb result. (As mentioned before
we assume that isospin breaking results are small.) This also is in agreement with other recent results,
such as [15, 18–20].
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Figure 5. An enlarged plot for the Ξcc mass from Fig. 4. Also indicated are the LHCb result, [4] and the SELEX
result, [1].

5 Conclusions
For u, d, s quarks, have developed a method to approach the physical point on a path starting from
a point on the SU(3) ﬂavour symmetric line. We have developed precise SU(3) ﬂavour symmetry
breaking expansions – nothing is ad-hoc. The expansions have been extended – PQ or when mass
valence quarks  mass sea quarks). This enables a better determination of the expansion coefficients
and also allows the expansion to be applied in the region of the c quark mass. We have data for four
lattice spacings and have applied the method to determine some open charm state masses, in particular
the recently discovered C = 2 open charm state Ξ++
cc . The preliminary results are displayed in Fig. 5.
In the future we plan to extend the results to the other states shown in Table 1 increasing the
number of lattice spacing to ﬁve. Furthermore, the expansions also are valid for mu  md , so with
the determined coefficients it may be possible to investigate pure QCD isospin breaking effects, in
particular to generalise to include mixing, [8], for example to Σ+c - Λ+c , Ξ0c - Ξ′0
c mixing. Further possibilities include an investigation of the charmed baryon decuplet and QED effects. For the latter we are
in the process of investigating using our recently generated ensemble of fully dynamical QCD+QED
conﬁgurations [21, 22].
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