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population of extended substructures

Jorge Peñarrubia1?
1Institute for Astronomy, University of Edinburgh, Royal Observatory, Blackford Hill, Edinburgh EH9 3HJ, UK

5 December 2017

ABSTRACT
A large population of extended substructures generates a stochastic gravitational field that is
fully specified by the function p(F), which defines the probability that a tracer particle ex-
periences a force F within the interval F,F + dF. This paper presents a statistical technique
for deriving the spectrum of random fluctuations directly from the number density of sub-
structures with known mass and size functions. Application to the subhalo population found
in cold dark matter simulations of Milky Way-sized haloes shows that, while the combined
force distribution is governed by the most massive satellites, the fluctuations of the tidal field
are completely dominated by the smallest and most abundant subhaloes. In light of this result
we discuss observational experiments that may be sufficiently sensitive to Galactic tidal fluc-
tuations to probe the “dark” low-end of the subhalo mass function and constrain the particle
mass of warm and ultra-light axion dark matter models.

Key words: Galaxy: kinematics and dynamics; galaxies: evolution.

1 INTRODUCTION

Observations of the cosmic microwave background provide robust
evidence for the existence of large amounts of non-baryonic mat-
ter (e.g Planck collaboration 2014) that behaves like a perfect fluid
on large scales (e.g. Peacock 1999). In theory, deviations from the
perfect-fluid model are expected to arise on scales comparable to
the free-streaming length of the DM particle candidates. Below this
scale, fluctuations of the power spectrum are heavily suppressed, de
facto imposing a truncation at the low end of the halo mass function
(e.g. Benson 2017 and references therein). However, for most DM-
particle candidates the truncation falls well below the threshold of
galaxy formation (White & Rees 1978; Bullock et al. 2000), which
greatly complicates observational tests. For example, in cold dark
matter (CDM) models made of WIMPs with masses∼ 1 GeV (e.g.
Bertone et al. 2005) the cut-off is placed on planet-size mass scales,
M1∼ 10−6M� (e.g. Schmid et al. 1999; Hofmann et al. 2001; Green
et al. 2005; Loeb & Zaldarriaga 2005; Diemand et al. 2005), which
leads to one of the most striking predictions from the cold dark mat-
ter (CDM) paradigm, namely the existence of a very large number
of self-gravitating “microhaloes” with subsolar masses devoid of
baryons (i.e. ‘dark’).

The lack of visible matter in these objects together with their
tiny masses makes the detection of DM microhaloes extremely
challenging. Current observational efforts to test the presence of
dark subhaloes in the Milky Way range from searching for gamma-
ray annihilation signals (e.g. Ackermann et al. 2014; Bringmann et

? jorpega@roe.ac.uk

al. 2014) to detecting gaps in narrow tidal streams induced by close
encounters with individual subhaloes (Ibata et al. 2002; Johnston
et al. 2002; Yoon et al. 2011; Carlberg 2013; Erkal & Belokurov
2015; Ngan et al. 2016, Erkal et al. 2016; Bovy et al. 2017), with
no unambiguous results to date. Strongly-lensed galaxies provide
complementary constraints on the clumpiness of dark matter haloes
in the inner-most region of galaxies (Koopmans 2005; Vegetti &
Koopmans 2009; Li et al. 2013; Vegetti et al. 2014).

In general, current observational tests tend to probe the high-
mass end of the subhalo mass function. For example, the sizes
of stream gaps produced by encounters with DM substructure in
Milky Way-like galaxies are too small to be detectable for subhalo
masses M . 105–106M� (Carlberg 2012; Erkal& Belokurov 2015;
Erkal et al. 2016; Bovy et al. 2017), with the added complexity
that tidal heating by giant molecular clouds (GMCs) becomes non-
negligible on similar mass scales, MGMC . 107M� (Amorisco et
al. 2016). Perturbations of Einstein rings around lensed galaxies
are also expected to be dominated by relatively massive subhaloes
with M & 107M� (Li et al. 2016).

To the observational challenge of finding tiny invisible objects
one must add the extreme dynamical range of CDM subhaloes.
Collision-less N-body cosmological simulations that explore the
properties of CDM substructures within Milky Way-size systems,
e.g. the Aquarius Project (Springel et al. 2008), Via Lactea (Die-
mand et al. 2007) and GHALO (Stadel et al. 2009), have particle-
mass resolution 104–105M�, which lies ∼ 10 orders of magnitude
above the mass scale of microhaloes.

To date it remains unclear to what extent the dearth of unre-
solved minihaloes may affect the predictions on the gamma-ray an-
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2 Jorge Peñarrubia

nihilation signals (e.g. Koushiappas 2009), and/or the dynamics of
self-gravitating systems orbiting in the host galaxy. Similarly, the
survivability of microhaloes in the tidal field of the parent galaxy
is still poorly understood. On the one hand, fly-by encounters with
individual stars (Green & Goodwin 2007) and the tidal field of the
Milky Way disc (D’Onghia et al. 2010; Errani et al. 2017) may
wipe out a large fraction of the subhalo population with small or-
bital pericentres. On the other hand, the steep density profile of
microhaloes (Anderhalden & Diemand 2013; Angulo et al. 2016)
greatly increases their resilience to tidal mass stripping (Goerdt et
al. 2007; Peñarrubia et al. 2010).

For those interested in the history of science the search for
dark matter microhaloes bears unmistakable resemblance to the
discussions on the ’reality of molecules’ during the 19th century.
The existence of astronomical numbers of invisible molecules had
been theoretically postulated by Avogrado in 1811 in order to ex-
plain the observed thermodynamical properties of gases. A heated
epistemologic debate on whether molecules were real physical enti-
ties or just a useful mathematical construct lasted for nearly a cen-
tury until Einstein (1905) introduced a revolutionary method for
inferring the number and size of these objects from observations of
the Brownian motion of particles suspended on the surface of a liq-
uid. Given the very large number of degrees of freedom involved
in the problem, Einstein entirely abandoned the classical Newto-
nian approach of solving the phase-space trajectories of individual
molecules from deterministic equations of motion, focusing instead
on a statistical description of the response of macroscopic objects
to repeated interactions with a very large number of small particles.

This contribution follows a similar line of reasoning. Rather
than following the dynamical evolution and the orbits of individ-
ual DM microhaloes in order to simulate their gravitational inter-
actions with tracer particles, our goal is to construct a probability
function that fully specifies the combined gravitational field gen-
erated by subhalo ensembles. As an illustration, in Section 2 we
run numerical experiments that illustrate the stochastic nature of
the combined gravitational force generated by a large subhalo pop-
ulation. Following up the work of Holtsmark (1919) we develop a
simple statistical technique for deriving the spectrum of force fluc-
tuations directly from the number density and the mass & size func-
tions of extended substructures. In Section 3 we extend the analy-
sis to the combined tidal field generated by these objects. Inter-
estingly, we find that the spectrum of tidal forces induced by DM
subhaloes is particularly sensitive to the low-mass truncation of the
halo mass function, suggesting that the existence of ‘dark’ satel-
lites could in principle be tested with observational experiments
that measure fluctuations in the Galactic tidal field. Section 4 com-
pares the force and tidal distributions expected in Milky Way-like
galaxies for DM haloes made of cold/warm particles and ultra-light
axions. Section 5 summarizes our finding and discusses further ap-
plications of our method.

2 STOCHASTIC FLUCTUATIONS OF THE FIELD

Let us assume that the gravitational acceleration experienced by a
tracer particle at a distance R from the galaxy centre can be ex-
pressed as

d2R
dt2 = −∇Φg(R) +

N∑
i=1

fi(R), (1)

where Φg is the mean-field gravitational potential of the galaxy, and

F≡
N∑

i=1

fi, (2)

is the specific force induced by a set of self-gravitating substruc-
tures orbiting in the host galaxy. In systems where N � 1 we ex-
pect F to fluctuate stochastically along the phase-space trajectory
of the particle, R(t).

Solving (1) for an arbitrarily-large population of substructures
appears an impossibly difficult task given that the trajectory of the
tracer particle is coupled with the equations of motion of each indi-
vidual substructure. To attack this problem we shall follow a statis-
tical method originally introduced by Holtsmark (1919) to describe
the motion of charged particles in a plasma.

The crux of our analysis lies in the function p(F), which de-
fines the probability density that the test particle experiences a force
in the interval F,F + dF. The simplest derivation assumes that the
N-substructures are homogeneously distributed within a volume
V = 4πd3/3 around the test particle, such that

p(F) =
1
V

∫
d3r1× ...× 1

V

∫
d3rNδ

(
F −

∑
i

fi

)
, (3)

where δ is the Dirac’s delta function. Fourier transforming p(F)
yields

p̃(k) =
∫

d3Feik·F p(F) (4)

=
1
V

∫
d3r1× ...× 1

V

∫
d3rN

∫
d3Feik·Fδ

(
F −

∑
j

f j

)
=

1
V

∫
d3r1× ...× 1

V

∫
d3rNeik

∑
j f j

=
[

1
V

∫
d3reik·f

]N

.

Note that the last equality in Equation (4) implicitly assumes that
the N-particles are randomly distributed within the volume V or,
equivalently, that the forces fi are spatially uncorrelated. The last
integral can be re-written as

1
V

∫
d3reik·f =

1
V

∫
V

d3r
[

1 −
(
1 − eik·f)] = 1 −

1
V

∫
V

d3r
(
1 − eik·f),

which elevated to the N-th power becomes[
1−

1
V

∫
V

d3r
(
1−eik·f)]N

≈ exp
[

−n
∫

V
d3r
(
1−eik·f)] for N� 1,

where n≡ N/V is the number density of substructures. It is useful
to define the function

φ(k)≡ n
∫

V
d3r
(
1 − eik·f), (5)

such that the inverse Fourier transform of (4) becomes

p(F) =
1

(2π)3

∫
d3k exp

[
− ik ·F −φ(k)

]
. (6)

The above derivation can be easily generalized to inhomogeneous
distributions of substructures by taking into account that the num-
ber density varies with radius, Equation (5) then becomes (Chan-
drasekhar 1941; Kandrup 1980; Chavanis 2009)

φin(k) =
∫

d3r
(
1 − eik·f)n(r), (7)

where r is centred at the location of the test particle, and n(r) is

c© 0000 RAS, MNRAS 000, 000–000



Stochastic substructure forces 3

the number density profile. On scales d . |∇n/n|−1 the number
density can be assumed to be roughly constant, n(R + r) ≈ n(R) =
n, such that φin(k) ≈ φ(k), which is typically known as the local
approximation (see Appendix A).

The function φ(k) contains all physical information on the
number, distribution and masses of the substructure population.
Unfortunately, it can be rarely expressed in an analytical form. Be-
low we inspect a few notable exceptions with broad applications in
Astronomy.

2.1 Point-mass particles

As a first step it is useful to review the analysis of fluctuations in
the gravitational field induced by a random distribution of equal-
mass particles (see Kandrup 1980 for a formal description of this
method).

The gravitational force exerted by a point-mass particle can be
written as

f = −
GM
r2 r̂, (8)

where r̂ is a unit vector. For simplicity, particles are assumed to
be homogeneously distributed across the galaxy. Inserting Equa-
tion (8) into (5) and writing k · f = k f cosθ yields

φ(k) = 2πn
∫ ∞

0
drr2

∫
+1

−1
d(cosθ)

(
1 − exp[−ikGM cosθ/r2]

)
(9)

= 4πn
∫ ∞

0
drr2(1 −

sin[kGM/r2]
kGM/r2

)
=

4
15

(2πGM)3/2nk3/2 ≡ ak3/2,

where a ≡ 4
15 (2πGM)3/2n. Note that the resulting function is

isotropically oriented in Fourier space, i.e. φ(k) = φ(k), which im-
plies that the force distribution must also be isotropic, i.e. p(F) =
p(F). Indeed, combination of Equations (6) and (9) leads to the
well-known Holtsmark (1919) distribution

p(F) =
1

(2π)2

∫ ∞
0

dk k2 exp(−ak3/2)
∫

+1

−1
dxexp[−ikFx] (10)

=
1

2π2

∫ ∞
0

dk k2 exp(−ak3/2)
sin(kF)

kF
.

The asymptotic behaviour of this function is studied in Chan-
drasekhar (1943) and reproduced here for completeness. In the
weak-force limit we can approximate sin(kF)≈ kF , such that

lim
F→0

p(F) =
1

2π2

∫ ∞
0

dk k2 exp(−ak3/2) =
1

3π2a2 . (11)

We thus find that the effect of having an increasing number of
particles at large distances combines with the declining Keplerian
force such that in the weak-force limit p(F) becomes flat. Deriving
the strong-force limit requires a number of non-trivial steps. Chan-
drasekhar (1943) finds

lim
F→∞

p(F)≈ 15
8

a
(2π)3/2 F−9/2 =

1
2

(GM)3/2nF−9/2. (12)

It is important to stress that the large-force behaviour is entirely
dominated by the contribution of the nearest particle. This can be
straightforwardly shown by writing the probability of finding the
closest particle within the volume r,r + d3r as (see Appendix A of
Chavanis 2009)

p(r)d3r ∼ exp
(

−
4
3
πr3n

)
4πr2ndr, (13)

Figure 1. Total force F = −
∑N

i=1 GMr/r3 induced by N = 5×104 particles
with a mass M = G = 1 homogeneously distributed over a sphere of radius
d = 10. Upper-left panel shows the force measured for 104 random ensem-
bles of equal-mass particles. Lower-left panel shows the time-varying force
experienced by a single tracer particle ensemble orbiting in a harmonic po-
tential Φg = Ω0r2/2, and Ω0 = 1. The orbits of individual particles are inte-
grated for 10 dynamical times, where tdyn = (3π/32)1/2Ω−1

0 . In both panels
the black-dotted line marks the mean force, 〈F〉. Right panels shows the
probability density p(F) measured from both experiments. The theoretical
expectation (long-dashed line) is derived from Equation (10).

which peaks at D ≡ (2πn)−1/3, and making the transformation
p(r)d3r = p(F)d3F , where |F| = GM/r2 is the force induced by the
nearest particle. For nearby objects, r3n� 1, Equation (13) reduces
to p(r)d3r ≈ 4πr2ndr, whereas dr = 1/2(GM)1/2F3/2dF . Hence,

p0(F) = n
r2dr

F2dF
=

1
2

(GM)3/2nF−9/2, (14)

as in Equation (12).
It is useful to illustrate the above results by means of two sim-

ple numerical experiments. In experiment A we randomly gener-
ate independent samples of N equal-mass particles distributed ho-
mogeneously within a volume V = 4πd3/3. For each particle en-
semble we measure the total force F =

∑N
i=1 fi = −

∑N
i=1 GMr/r3.

In experiment B we assign isotropic velocities to one random set
of point-masses generated in experiment A, such that the resulting
orbital distribution is in equilibrium within a a harmonic spheri-
cal potential Φg(r) = 1

2 Ω0r2. The orbits of individual particles are
integrated in the smooth potential for 10 dynamical times, where
tdyn = (3π/32)1/2Ω−1

0 . Clearly, experiment A is designed to mimic
the mathematical framework devised in Section 2, whereas exper-
iment B provides a simplistic representation of the dynamics of
point-mass particles in a galaxy.

Fig. 1 shows the combined force induced by N = 5× 104

equal-mass particles with G = M = 1 homogeneously distributed
over a sphere of radius d = 10. Comparison between the upper-
and lower-left panels shows clear differences between the force
measured from random statistical samples and that generated by
an equilibrium ensemble at different time-steps. The reason behind
the mismatch can be traced to the different speed of fluctuations,
dF/dt, in experiments A and B. In dynamical-equilibrium systems
such as experiment B this quantity is modulated by time-scale of
the orbital motions (see Chandrasekhar & von Neumann 1942 for a
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4 Jorge Peñarrubia

detailed discussion), whereas in experiment A the speed of fluctua-
tions is random by construction. Yet, the right panel shows that the
probability of measuring a force in the interval F,F + dF are statis-
tically indistinguishable. Equation (10) (long-dashed line) matches
the numerical distributions, in agreement with the early N-body re-
sults of Ahmad & Cohen (1973) and del Popolo (1996). This is
an important result, as it shows that the probability density p(F)
fully specifies the stochastic perturbations induced by an ensemble
of equal-mass particles moving in an equilibrium orbital configura-
tion in the host potential.

The specific force induced by a random distribution of par-
ticles upon a test star fluctuates around a mean value 〈F〉, which
for ease of reference is marked with horizontal dotted-lines in the
left panels of Fig. 1. The mean force can be calculated analytically
from Equation (10) by changing the integration variable to z = kF
and integrating over the volume d3F = 4πF2dF , which yields

〈F〉 =
∫ ∞

0
d3F p(F)F (15)

=
2
π

∫ ∞
0

dzsin(z)z
∫ ∞

0
dF exp

(
− az3/2F−3/2)

=
2
π

Γ(1/3)a2/3
∫ ∞

0
dzsin(z)z2

=
2
π

Γ(1/3)Γ(3)a2/3

' 8.879GMn2/3,

where the third equality follows from the change of variable
u = az3/2F−3/2 and the definition of the Gamma function, Γ(α) =∫∞

0 dxxα−1e−x, whereas the fourth equality results from carrying
the integration in complex space

∫
dzz2 sinz = Im[

∫
dzz2 exp(iz)].

For the experiments shown in Fig. 1 with G = M = 1, N = 5× 104

and d = 10 we find 〈F〉 = 46.375. Note that the typical force has
a magnitude 〈F〉 ' 2.6GM/D2, where D is the average distance
between particles.

A key feature of the Holtsmark distribution is the divergence
of the moments 〈Fν〉 for ν ≥ 2. This is due to the dominant contri-
bution of the nearest particles to the large-force, power-law tail of
the distribution. Using Equation (12) it is straightforward to show
that the variance of p0(F) diverges in the strong-force limit as

〈F2〉 =
∫ ∞

0
d3F p0(F)F2 ∝

∫ ∞
0

dF
F1/2 →∞. (16)

In practice this means that the maximum force experienced by the
test particle can grow up to arbitrarily-large values as the number
realizations and time-steps increase in experiment A and B, respec-
tively.

2.2 Extended substructures

Self-gravitating substructures with an extended matter distribution
generate forces that (i) in general do not diverge at arbitrarily-close
distances, and (ii) asymptotically approach the Keplerian limit on
scales larger than the size of these systems. The simplest modifica-
tion of Equation (8) that accounts for this behaviour is

f = −
GM

(r + c)2 r̂. (17)

The density profile associated to (17) can be readily found by solv-
ing Poisson’s equation, which yields

ρ(r) =
M

2πc3

1
(r/c)(1 + r/c)3 .

This profile corresponds to a Hernquist (1990) model with a scale
length c.

Let us follow the same steps as in Section 2.1 to derive the
spectrum of perturbations induced by a random distribution of
Hernquist (1990) spheres. Inserting Equation (17) into (5) and writ-
ing k · f = k f cosθ yields

φ(k) = 2πn
∫ ∞

0
dr r2

∫
+1

−1
dx
(
1 − exp[−ikGMx/(r + c)2]

)
(18)

= 4πn
∫ ∞

0
dr r2(1 −

sin[kGM/(r + c)2]
kGM/(r + c)2

)
= 4π(GMk)3/2n

∫ ∞
ψ(k)

dz(z −ψ)2[1 − z2 sin
( 1

z2

)]
≡ A(k)k3/2,

whereψ(k) = c/
√

GMk is a dimension-less quantity. The last equal-
ity follows from the change of variable u = 1/z2, with the function
A(k) being defined as

A(k) = a(I1 + I2 + I3) with (19)

I1 =
1

2
√

2π

{
ψ3[

− 5 + 2cos
( 1
ψ2

)
+ 4
√

2πFC
(√ 2

π

1
ψ

)
+ψ[−4 + 3b4 sin

( 1
ψ2

)]}
I2 =

5ψ2

2
√

2π

{
2
√

2πFS
(√ 2

π

1
ψ

)
+ψ
[

− 3 + 2cos
( 1
ψ2

)
+ψ2 sin

( 1
ψ2

)]}
I3 = −

15ψ
4
√

2π

{
ψ2[

− 2 + cos
( 1
ψ2

)
+ψ2 sin

( 1
ψ2

)]
+ Si
( 1
ψ2

)}
.

The special functions FS(x) =
∫ x

0 dt sin(t2), FC(x) =
∫ x

0 dt cos(t2) cor-
respond to Fresnel sine and cosine integrals, respectively, whereas
Si(x) =

∫ x
0 dt sin(t)/t is the sine integral (see e.g. Press et al. 1992

for details). Note that in the limit c → 0 one finds I2 = I3 = 0,
FC(x)→ 1/2, and I1→ 1, which reduces A(k)→ a, thus recovering
Equation (9).

Inserting (18) and (19) into (6), and following similar steps as
in Equation (10) yields

p(F) =
1

2π2F

∫ ∞
0

dk k sin(kF)exp[−A(k)k3/2]. (20)

Fig. 2 shows numerical solutions to the integral (20) for different
values of the scale-length c. The first noteworthy result is the pres-
ence of a truncation of the force distribution at F = F0, such that
p(F) = 0 for F > F0, which was to be expected given that (17) is
not centrally divergent for c > 0.

Interestingly, the truncation F0 does not generally correspond
to the maximum force exerted by a single substructure, f0 = GM/c2.
To understand this result let us calculate the contribution of the
single nearest substructure following the same steps as in Sec-
tion 2.1. Recall that for nearby objects exp(4πnr3/3) ≈ 1, so that
Equation (13) reduces to p(r)d3r ≈ 4πr2ndr, whereas from Equa-
tion (17) we have dr = 1/2(GM)1/2F3/2dF . It is straightforward
to show that the transformation p(r)d3r = p0(F)d3F , where |F| =
GM/(r + c)2, yields

p0(F) =
1
2

(GM)3/2nF−9/2(1 −
√

F/ f0
)2 for F < f0 =

GM
c2 , (21)

which recovers Equation (14) in the limit f0 → ∞. The func-
tion p0(F) is plotted in Fig. 2 with thin-dotted lines. Note first

c© 0000 RAS, MNRAS 000, 000–000



Stochastic substructure forces 5

Figure 2. Probability density p(F) associated to an homogeneous distribu-
tion of equal-mass substructures. The parameter c denotes the scale radius
of Hernquist (1990) spheres, whereas D = (2πn)−1/3 corresponds to the dis-
tance at which the probability to find the nearest particle (13) peaks. The
force distribution generated by the closest particle is shown with thin-dotted
lines.

that for F � f0 Equation (21) greatly overestimates the proba-
bility to experience weak forces. The mismatch is caused by the
break down of the closest-particle approximation at large distances,
where exp(4πnr3/3)� 1.

The behaviour of p(F) in the strong-force limit is less clear-
cut. Comparison of Equations (20) and (21) at F ∼ f0 shows that
the distribution of forces generated by the nearest substructure ei-
ther over/under-estimates the collective distribution (20) depending
on whether the scale-length is smaller/larger than the typical sepa-
ration between substructures, D = (2πn)−1/3. Hence, there are two
relevant regimes that define the large-force behaviour of p(F).

• Rarefied regime arises when the separation between sub-
structures is much larger than their individual sizes (D� c). In this
case large forces are dominated by the nearest substructure, such
that F0 . f0.
• Saturated regime arises when substructures overlap with

each other (D . c). Here large forces are dominated by the collec-
tive contribution of the ensemble rather than by individual objects,
hence F0 & f0

The results shown in Fig. 2 indicate that the transition between
these behaviours occurs on a scale D ≈ 5c. In what follows we
limit our analysis to rarefied distributions, as an ensemble of self-
gravitating, overlapping substructures is not dynamically stable.

Fig. 2 also shows that weak interactions become more likely
as the substructure size increases, indicating that the mean specific
force and the substructure scale-length are inversely correlated. To
inspect this issue in more detail let us calculate 〈F〉 by insert-
ing (20) into (15). In contrast to the average force exerted by a
random distribution of point-masses, here 〈F〉 cannot be expressed
analytically owing to the non-trivial functional form of A(k) in (19).
In the upper panel of Fig. 3 we plot numerically-computed val-
ues of 〈F〉 as a function of the substructure scale-length c, which

Figure 3. First and second moments of the force distribution. Upper panel:
mean specific force 〈F〉 exerted upon a test particle by a distribution of
extended substructures derived from the distribution (20) as a function of
the scale-length c, given in units of the average separation between sub-
structures, D = (2πn)−1/3. Notice the asymptotic convergence towards the
value given in Equation (15) in the limit c→ 0. Lower panel: Variance 〈F2〉
calculated from the force distribution (20) (black-solid lines) and (21) (red-
dotted lines). The good agreement between solid and dotted lines indicates
that the force variance is dominated by the closest substructure.

is given in units of the typical separation between substructures
(D). The mean force induced by substructures decreases monoton-
ically as c/D grows. For c = D we find that that 〈F〉 is a factor ∼ 3
smaller than an ensemble of point-masses. As expected, for c� D
the mean force 〈F〉 converges asymptotically to the value given by
Equation (15).

Crucially, the truncation of the force spectrum (20) at F = F0

removes the divergence of the force variance discussed in Sec-
tion 2.1. This implies that the maximum force experienced by a
test particle orbiting in a clumpy medium does not grow up to
arbitrarily-large values insofar as the force generated by individual
clumps does not diverge at arbitrarily-close distances. To illustrate
this result let us compute 〈F2〉 in the rarefied regime, where nearby
particles dominate the large-force tail of Equation (20), such that
p(F)≈ p0(F). From Equation (21)

〈F2〉 =
∫ ∞

0
d3F p0(F)F2 (22)

= 2π(GM)3/2n
∫ f0

0

dF
F1/2

(
1 −
√

F/ f0
)2

=
4π
3

(GM)3/2n
√

f0

=
4π
3

(GM)2n
c

,

which shows that the truncation of the large-force spectrum im-
plies a finite variance. As expected, the divergence found for point-
masses arises in the limit c→ 0 ( f0→∞). The close agreement be-
tween the variance derived from Equations (20) and (21) visible in
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the lower panel of Fig. 3 suggests that, as in the case of point-mass
particles, nearby substructures dominate the large-force, power-law
tail of the force distribution.

2.3 Substructures with a mass function

The above results can be straightforwardly extended to ensembles
of substructures with a mass distribution by writing the number
density as

n→
∫

dn
dM

dM.

Power-law mass functions are of particular interest

dn
dM

= B0

(
M
M0

)α
, (23)

where M0 is our mass unit, B0 a normalization parameter and α the
power-law index. In general, the mass function is defined within a
range (M1,M2), with M2 > M1. To normalize the distribution we
impose the condition

∫
V d3r

∫ M2
M1

dM(dn/dM) = N, where N is the
total number of substructures within a volume V = 4πd3/3. Hence,

B0 = n0Mα
0 ×

{
1+α

M1+α
2 −M1+α

1
,α 6= −1

1
ln(M2/M1) ,α = −1,

(24)

where n0 = N/V . Below we examine the impact of the mass
function (23) on the substructure models outlined in Sections 2.1
and 2.2 separately.

2.3.1 Point-mass particles

Let us first calculate the function φ(k) by taking into account that
particles in the mass range M,M + dM contribute to the number
density by an amount dn. Hence, from Equation (9) the total con-
tribution of particles with masses between (M1,M2) is

φ(k) =
4

15
(2πG)3/2B0k3/2

∫ M2

M1

dM M3/2
(

M
M0

)α
(25)

= k3/2 4
15

(2πG)3/2 B0

Mα
0
×

Mα+5/2
2 −M5/2+α

1
α+5/2 ,α 6= −5/2

ln
(
M2/M1

)
,α = −5/2,

≡ k3/2a′.

Thus, varying the parameters of the mass function simply modifies
the numerical value of a′.

Inserting a′ and (24) into (15) yields

〈F〉 =
2
π

Γ(1/3)Γ(3)a′2/3 (26)

' 8.879Gn2/3
0

(
α+ 1
α+ 5/2

Mα+5/2
2 − Mα+5/2

1

Mα+1
2 − Mα+1

1

)2/3

,

where the indices α = −1 and α = −5/2 have been excluded for
clarity. Hence, for M2 � M1 we find that the average force scales
as

• 〈F〉 ∼ GM2n2/3
0 for α> −1 (shallow mass profile).

• 〈F〉 ∼ GM(2α+5)/3
2 M2(α+1)/3

1 n2/3
0 for −5/2 < α< −1.

• 〈F〉 ∼ GM1n2/3
0 for α< −5/2 (steep mass profile).

Similarly, replacing a→ a′ in Equation (12) and inserting the
resulting distribution into (16) yields a divergent 〈F2〉 indepen-
dently of the value of α. As discussed in Section 2.1, the divergence

of the second moment of p(F) can be traced back to the singular be-
haviour of the Keplerian force (8) at r = 0.

2.3.2 Extended substructures

Self-gravitating substructures in dynamical equilibrium have sizes
that correlate with their masses. It is useful to quantify this depen-
dency by introducing a size function c(M), which determines the
variation of the scale-radius as a function of M. The power-law
mass function seen in Section 2.3.1 can be readily modified in or-
der to account for the mass-size relation by writing

n→
∫ ∫

d2n
dMdc

dMdc

and

d2n
dMdc

= B0

(
M
M0

)α
δ[c − c(M)]. (27)

where δ denotes Dirac’s delta function. Equation (18) then becomes

φ(k) = 4πG3/2B0k3/2
∫ M2

M1

dMM3/2
(

M
M0

)α
(28)

×
∫ ∞
ψM (k)

dz(z −ψM)2[1 − z2 sin
( 1

z2

)]
≡ A′(k)k3/2,

where ψM(k) = c(M)/
√

GMk, and A′(k) is defined as

A′(k) =
4
15

(2πG)3/2 B0

Mα
0

∫ M2

M1

dMMα+3/2
3∑

j=1

I j(k,M). (29)

with the I j functions given by Equation (19).
The relation between mass & scale-radius of extended sub-

structures, c(M), plays a key role in defining the large-force be-
haviour of p(F). In particular, it determines whether the strongest
forces arise from the most massive objects or, in contrast, from the
smallest, most abundant substructures. To study this issue in some
detail let us adopt a power-law relation

c(M) = c0

(
M
M0

)β
. (30)

Given that in the rarefied regime the variance of the force distribu-
tion is dominated by the contribution of the nearest substructure,
we can use Equations (22), (23) and (30) to derive an analytic ex-
pression for the force variance, which yields

〈F2〉 =
4π
3

∫ M2

M1

dM
dn
dM

G2M2

c(M)
(31)

=
4π
3

Mβ−α
0

G2B0

c0
×

{
M3+α−β

2 −M3+α−β
1

3+α−β
, 3 +α−β 6= 0

ln(M2/M1) , 3 +α−β = 0,

Note that for ensembles with a broad mass range, M2�M1, Equa-
tion (31) exhibits two well-defined regimes

• Macrostructure-dominated force distribution. This regime
corresponds to a size function with index β < 3 + α, such that
M3+α−β

2 − M3+α−β
1 ' M3+α−β

2 , yielding a variance 〈F2〉 ∼ M3+α−β
2

dominated by the largest objects.
• Microstructure-dominated force distribution. In this case

the least-massive substructures govern the large-force behaviour of
p(F). This regime arises when the size function of substructures
is sufficiently steep, β ≥ 3 +α, which leads to a force distribution
whose variance scales as 〈F2〉 ∼M3+α−β

1 , thus diverging in the limit
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Figure 4. Force distribution arising from a population of extended substructures with a power-law mass function (23), index α = −2 and normalization B0 = 1.
The upper-mass limit is fixed to G = M2 = M0 = 1, and the lower-mass limit M1 is given as a free parameter. Each of the three panels corresponds to a different
index of the power-law relation between the scale-radius and the mass of substructures, c(M) = c0(M/M0)β , with c0 = 1. In particular, left, middle and right
panels adopt power-law indices β = 0.5,1.0 and 1.5, respectively. Note that for β ≥ 1 the large-force tail of the distribution approaches the point-mass tail
p(F)∼ F−9/2 in the limit M1→ 0. In this regime force fluctuations can reach arbitrarily-large values (see §2.1).

M1 → 0. This is an important result, as it shows that the probabil-
ity of experiencing large force fluctuations strongly depends on the
shape of the size function c(M) on mass scales M1 ≪ M2.

2.3.3 Example: cosmological index α = −2

It is useful to illustrate the above results with an idealized represen-
tation of the cosmological N-body models studied in Section 4.1,
which follow a power-law mass function (23) with an index α' −2
(e.g. Springel et al. 2008), a fixed normalization parameter B0, and
a lower mass limit M1 that contains information on the quantum
attributes of the dark matter particle candidates.

Notice first that a mass function with index α = −2 within
the interval (M1,M2) contains a divergent number of substruc-
tures in the limit M1 → 0. Indeed, integration of (23) yields N '
V B0M2

0M−1
1 , which grows to arbitrarily-large values as the mini-

mum mass of substructures decreases.
The average force exerted by an ensemble of point-mass par-

ticles with α = −2 is completely dominated by the most massive
objects. This can be straightforwardly shown from Equation (26)

〈F〉 ' 8.879Gn2/3
0

(
2

M1/2
2 − M1/2

1

M−1
1 − M−1

2

)2/3

(32)

' 14.095GB2/3
0 M4/3

0 M1/3
2 ,

where we have substituted n0 = B0M2
0M−1

1 . Note that the mean force
scales as 〈F〉 ∼M1/3

2 independently of the lower limit of the mass
function, M1. This is noteworthy given that, in principle, the num-
ber of light particles can become arbitrarily large.

As discussed in §2.3.2, the variance of the force distribution
depends on the shape of the size function c(M). Substituting α = −2
in Equation (31) yields

〈F2〉 =
4π
3

M2+β
0

G2B0

c0

M1−β
2 − M1−β

1

1 −β
. (33)

Hence, for β < 1 the numerator in Equation (33) can be approx-
imated as M1−β

2 − M1−β
1 ≈ M1−β

2 , which shows that the variance is

dominated by the most massive objects, whereas for β > 1 the vari-
ance 〈F2〉 ∼M1−β

1 diverges in the limit M1→ 0, indicating that the
smallest substructures induce the largest fluctuations.

To gain further insight onto this result we show in Fig. 4
the force distribution p(F) arising from a population of extended
substructures with a power-law mass function α = −2. To calcu-
late p(F) we insert Equations (29) and (30) in (20) and integrate
over dk. For simplicity we adopt M2 = M0 = B0 = c0 = 1. Also,
for ease of comparison with previous Sections the volume is set
to V = 4πd3/3 with d = 10, which leaves M1 as the only free pa-
rameter. Each panel corresponds to a different value of the index
β in the size distribution (30). Adopting β = 0.5 in the left pan-
els reveals a scant sensitivity of p(F) to the lower-mass limit, M1.
Indeed, this is a macrostructure-dominated distribution, where the
mean and the variance of p(F) are largely determined by the most
massive substructures in the ensemble. In contrast, for power-law
indices β = 1.0 and 1.5 (middle and right panels respectively) the
large-force distributions are microstructure-dominated, exhibiting a
strong dependence on the lower mass limit, M1. Notice in particular
that for steep size functions (β ≥ 1) the large-force tail of the force
distribution approaches the point-mass behaviour p(F) ∼ F−9/2 in
the limit M1 → 0, which according to Equation (16) leads to a di-
vergent variance.

Interestingly, CDM subhaloes found in collision-less N-body
simulations of structure formation exhibit power-law size functions
with β . 1. For example, using the Via Lactea II models (Diemand
et al. 2008) Erkal et al. (2016) find that β ' 0.5 provide the best fit
to the mass-size relation at redshift z = 0. Note, however, that cos-
mological simulations of Milky Way-size haloes typically resolve
substructures with masses 106 . M/M� . 1010, with the low-mass
limit only partially imposed by the finite mass resolution of the
N-body runs (see van den Bosch 2017). Thus, (boldly) extrapolat-
ing these results ∼ 12 orders in magnitude in mass, down to the
mass scale associated with the streaming length of CDM particles
(M1 ∼ 10−6M�, e.g. Sánchez-Conde & Prada 2014; Moliné et al.
2017 and references therein) suggests a negligible contribution of
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the smallest dark matter mini-haloes to the force distribution p(F).
We will return to this issue in §4.

3 STOCHASTIC TIDAL FORCES

The equations of motion that govern the phase-trajectory of a tracer
particle R′(t) within a self-gravitating system that moves through a
clumpy medium can be written as

d2R′

dt2 = −∇Φs(R′) + Tg ·R′ +
N∑

i=1

ti ·R′, (34)

where Tg and ti are 3×3 tidal tensors evaluated at the centre of the
self-gravitating potential Φs. The smooth component has a form

T jk
g ≡ −

∂2Φg

∂x j∂xk
, (35)

while the stochastic tidal tensor

T jk ≡
N∑

i=1

ti =
N∑

i=1

∂ f k
i

∂x j =
∂

∂x j

N∑
i=1

f k
i =

∂Fk

∂x j , (36)

arises from the gradient in the combined tidal force induced by a
set of N−substructures distributed across the external galaxy.

The tidal force induced by a single substructure can be written
as

ft ≡ t ·R′. (37)

To simplify the analysis it is useful to diagonalize the tensor t by
rotating the coordinates to a new frame dR/dt = dR′/dt −Ω×R,
which co-rotates with the angular velocity of the substructure, Ω.
In the non-inertial frame the effective tensor te = t +∇fc has a di-
agonal form, where fc = Ω× (Ω×R) is the centrifugal force com-
ponent (see Renaud et al. 2011 for details). Unfortunately, the re-
sulting field is not spherically isotropic, which greatly complicates
the mathematical analysis of random forces outlined in Section 2.
Yet, at leading order one can isotropize the tidal field by writing
Equation (37) as

ft ≈ Rλû≡ Rλ, (38)

where λ = Trace(te) is the sum of eigenvalues of the effective tidal
tensor te, and û is a unit vector irrelevant for our analysis (see §3.1).
Equation (38) also neglects the Euler and Coriolis terms appear-
ing in the non-inertial rest frame, implicitly assuming that during
the duration of the encounter the angular frequency Ω remains con-
stant and in a parallel direction to the galactocentric velocity dR/dt,
respectively. This approximation is less inaccurate in an impul-
sive regime, where the time-scale of the tidal fluctuations is much
shorter than the orbital period of the tracer particle in the potential
Φs.

With these approximations in place it is relatively straightfor-
ward to extend the analysis of Section 2 to systems experiencing
stochastic tidal perturbations. In analogy with Equation (2) let us
first define the vector

Λ≡
N∑

i=1

λi. (39)

which arises from the combined tidal field of the external substruc-
tures. From (38) and (39) the combined tidal force can be written
as

Ft =
N∑

i=1

λiR = ΛR. (40)

A tracer particle embedded in a sea of substructures isotropically
distributed in space experiences a force Ft that fluctuates in ran-
dom directions according to a probability function p(Ft ), which is
fully specified by the tidal distribution p(Λ). Below we derive this
function for isotropic ensembles of point-mass particles and Hern-
quist (1990) spheres.

3.1 Point-mass particles

Consider a vector

λ =
2GM

r3 û, (41)

where |λ| corresponds to the trace of the tidal tensor induced by
an external Keplerian force (8) (see Equation (18) of Renaud et al.
2011).

Inserting Equation (41) into (5) and integrating over d3r =
2πr2drdcos(θ), with k ·λ = kλcos(θ), yields

φ(k) = 2πn
∫ ∞

0
dr r2

∫
+1

−1
dx
(
1 − exp[−ik2GMx/r3]

)
(42)

= 2πGMnk
∫ ∞

0
dzz2[2 − z3 sin

( 2
z3

)]
=

2π2

3
GMnk ≡ qk,

with q≡ 2π2

3 GMn' GM/D3.
The distribution p(Λ) can be expressed in an analytical form.

Inserting (42) into (6) and integrating over d3k yields

p(Λ) =
1

(2π)2

∫ ∞
0

dk k2 exp(−qk)
∫

+1

−1
dxexp[−ikΛx] (43)

=
1

2π2

∫ ∞
0

dk k2 exp(−qk)
sin(kΛ)

kΛ

=
1

π2q3

1
(1 + ξ2)2 ,

where ξ ≡ Λ/q is a dimension-less quantity.
The distribution (43) exhibits two well-defined asymptotic be-

haviours depending on the magnitude of ξ. In the weak-tides limit
(ξ� 1) Equation (43) becomes flat

lim
Λ→0

p(Λ) =
27

8π8 (GMn)−3, (44)

whereas in the strong-tides limit (ξ� 1) it follows a power-law tail

lim
Λ→∞

p(Λ) =
2
3

GMn
Λ4 . (45)

As in Section 2.1, the large-force behaviour is entirely domi-
nated by the nearest particle. Indeed, from Equation (13) the prob-
ability to find the closest particle at a distance r is p(r)' 4πnr2dr,
while (41) leads to r = (2GM/Λ)1/3. Hence, from (14) one has that

p0(Λ) = n
r2dr

Λ2dΛ
=

2
3

GMn
Λ4 , (46)

which matches the strong-tide limit (45) exactly.
It is straightforward to show that both the mean 〈Λ〉 and the

variance 〈Λ2〉 of the distribution p(Λ) diverge in the limit Λ→∞,
that is when the distance to the closest particle becomes arbitrarily
small. Thus, the divergence of the tidal moments is caused by the
singular behaviour of (41) at r = 0.
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Figure 5. Tidal force distribution p(Λ) associated to an homogeneous dis-
tribution of equal-mass substructures with different scale radii, c, given in
units of D = (2πn)−1/3, which corresponds to the distance at which the prob-
ability to find the nearest particle (13) is highest. For ease of comparison
with Fig. 1 we choose N = 5× 104 particles with a mass M = G = 1 dis-
tributed over a volume V = 4πd3/3 with d = 10. The analytical distribu-
tion (53) is shown with thin-dotted lines.

3.2 Extended substructures

The trace vector associated with a Hernquist (1990) sphere can
be straightforwardly derived from Equation (17) of Renaud et al.
(2011), which yields

λ =
2GM

(r + c)3 û. (47)

As expected, Equation (47) approaches asymptotically the point-
mass behaviour (41) at distances much larger than the size of the
substructure, r� c.

We can now follow the same procedure as in Section 2.2 to
derive the distribution p(Λ) of tidal forces generated by random
ensembles of Hernquist (1990) spheres. Inserting Equation (47)
into (5) and writing k ·λ = kλcosθ yields

φ(k) = 2πn
∫ ∞

0
dr r2

∫
+1

−1
dx
(
1 − exp[−ik2GMx/(r + c)3]

)
(48)

= 2πn
∫ ∞

0
dr r2(2 −

sin[k2GM/(r + c)3]
kGM/(r + c)3

)
= 2π(GMk)n

∫ ∞
ϕ(k)

dz(z −ϕ)2[2 − z3 sin
( 2

z3

)]
≡ Q(k)k,

where ϕ(k) = c/(GMk)1/3 is a dimension-less quantity, and the

function Q(k) is defined as

Q(k) = q(J1 + J2 + J3) with (49)

J1 =
1

2π

{
ϕ3[

− 4 + 2cos
( 2
ϕ3

)
+ϕ3 sin

( 2
ϕ3

)]
+ 4Si

( 2
ϕ3

)}
J2 =

3ϕ2

4π

[
− 8ϕ+ 6ϕcos

( 2
ϕ3

)
−

12
ϕ2 Si

(1
3
,

2
ϕ3

)
+33/221/3Γ

(
2/3
)

+ϕ4 sin
( 2
ϕ3

)]
J3 = −

3
5π

[
− 10ϕ3

+ 6ϕ3 cos
( 2
ϕ3

)
− 12Si

(2
3
,

2
ϕ3

)
+3 ·22/3ϕΓ

(
1/3
)

+ 2ϕ6 sin
( 2
ϕ3

)]
,

where Si(n,x) =
∫∞

1 dt sin(xt)/tn is the generalized sine integral
(Press et al. 1992). After some algebra one can readily show that
for ϕ. 1 Equation (49) scales as

Q(k) = q
[

1 −
22/39Γ(1/3)

5π
ϕ+

35/2Γ(2/3)
25/3π

ϕ2
−

2
π
ϕ3

+O(ϕ4)
]

(50)

such that limc→0 Q(k) = q, thus recovering the point-mass limit dis-
cussed in §3.1.

We can now follow similar steps as in Equation (10) to derive
the tidal force distribution

p(Λ) =
1

2π2Λ

∫ ∞
0

dk k sin(kΛ)exp[−Q(k)k], (51)

which is isotropically oriented in space, i.e. p(Λ) = p(Λ). Solv-
ing (51) becomes a numerical challenge for scale radii c� D, i.e.
when the separation between substructures is much larger than their
individual sizes. As shown in Section 2.2, this corresponds to a
rarefied regime of perturbations, where the large-force behaviour
of p(Λ) is entirely dominated by the nearest substructure. In this
regime one can use Equation (13) to derive the large-force tail of
the distribution by writing the probability to find the closest parti-
cle at a distance as r as p(r)' 4πnr2dr, whereas from (47) one has
that r + c = (2GM/Λ)1/3, which therefore yields

p0(Λ) = n
r2dr

Λ2dΛ
=

2
3

GMn
Λ4

[
1 −
(
Λ/λ0

)1/3]2 for Λ < λ0. (52)

As discussed in Section 2.2, the fact that Equation (47) is not cen-
trally divergent introduces a truncation in the force distribution (52)
at Λ ≈ λ0, which for c� D roughly corresponds to the maximum
force exerted by an individual substructure, λ0 ≈ 2GM/c3.

Comparison of (52) and (46) shows that the truncation has
an algebraic form g(x) = (1 − x1/3)2 for x < 1, and g(x) = 0 oth-
erwise. Hence, in the rarefied regime of perturbations we can de-
rive an approximate analytical expression for p(Λ) by as p1(Λ) =
pc=0(Λ)g(Λ/λ0), where pc=0(Λ) is the point-mass distribution (43),
such that

p1(Λ) =
C
π2q3

1
(1 + ξ2)2

[
1 −
(
q/λ0

)1/3
ξ1/3]2 for Λ < λ0, (53)

where ξ = Λ/q is the dimension-less quantity defined in §3.1, and
C is a normalization parameter that guarantees

∫ λ0
0 d3Λ p1(Λ) = 1.

Comparison between (53) and (43) indicates that C→ 1 in the limit
λ0→∞ (c→ 0). To inspect the accuracy of this approximation we
plot in Fig. 5 the distributions (51) and (53) with thick and thin-
dotted lines, respectively, for various values of the scale radius of
the Hernquist (1990) spheres (c). The solid line denotes the point-
mass function (43), which falls off as pc=0(Λ)∼Λ−4 at Λ→∞. As
expected, the agreement between p(Λ) and p1(Λ) improves as the
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value of c decreases with respect to the average separation between
substructures.

As highlighted in Section 2.3, understanding the dependence
between the p(Λ) and the substructure size is particularly inter-
esting in cosmology. In the rarefied regime, where χ = q/λ0 =
π2c3n/3 = (π/6)(c/D)3 � 1, it is possible to derive analytical ex-
pressions for the mean and the variance of the distribution using
Equation (53). After some algebra we find

〈Λ〉 =
∫ λ0

0
d3Λ p1(Λ)Λ (54)

=
4C
π

q
∫ 1/χ

0
dξ

ξ3

(1 + ξ2)2

[
1 −χ1/3ξ1/3]2

= Cq
[ 4
π

(−5 − lnχ) +
28
3
χ1/3

−
16

3
√

3
χ2/3

+O(χ4/3)
]
,

and

〈Λ2〉 =
∫ λ0

0
d3Λ p1(Λ)Λ2 (55)

=
4C
π

q2
∫ 1/χ

0
dξ

ξ4

(1 + ξ2)2

[
1 −χ1/3ξ1/3]2

= Cq2[ 2
5πχ

− 3 +
40

3
√

3
χ1/3

+
8
π
χ−

22
3
χ2/3

+O(χ4/3)
]
.

Thus, in the limit χ→ 0 one has C→ 1 and

〈Λ〉 ' 4q
π

ln(1/χ) =
8π
3

ln
( 3
π2c3n

)
GMn, (56)

〈Λ2〉 ' 2q2

5πχ
=

8π
15

(GM)2n
c3 .

Hence, the averaged tidal force has a mild logarithmic divergence
as the substructure size decreases, whereas the magnitude of the
tidal fluctuations strongly diverges in the limit c→ 0. Comparison
of Equations (56) and (22) reveals that, while the variance of the
combined force goes as 〈F2〉 ∼ c−1, the variance associated with
the derivative of the force scales as 〈Λ2〉 ∼ c−3, suggesting that the
smallest substructures may represent an important source of tidal
heating.

3.3 Substructures with power-law mass & size functions

Following Section 2.3.2, consider an ensemble of extended sub-
structures with power-law mass (23) and size (30) functions, such
that

n→
∫ ∫

d2n
dMdc

dMdc,

with

d2n
dMdc

= B0

(
M
M0

)α
δ

[
c − c0

(
M
M0

)β]
. (57)

As a first step it is useful to calculate the function φ(k) by integrat-
ing Equation (48) over the mass range (M1,M2), which yields

φ(k) =
2π2

3
GB0

Mα
0

k
∫ M2

M1

dM Mα+1
3∑

i=1

Ji(k,M) (58)

≡ Q′(k)k.

In the limit c → 0 this function approaches asymptotically the
point-mass behaviour, where

∑
i Ji→ 1 and

lim
c→0

Q′(k) = q′ ≡ 2π2

3
GB0

Mα
0
×

{
Mα+2

2 −Mα+2
1

α+2 ,α 6= −2
ln
(
M2/M1

)
,α = −2.

(59)

Hence, the tidal force distribution induced by a population of point-
mass particles with a broad mass spectrum (M2�M1) and a fixed
normalization (B0 = const.) is dominated by the most massive par-
ticles in the ensemble if α > −2, whereas for α < −2 the least-
massive ones dominate the combined tidal field.

As shown in Section 2.3.2, in the case of extended substruc-
tures the size function, c(M), determines the large-force behaviour
of p(Λ). In a rarefied clumpy medium, where the separation be-
tween substructures is much larger than their individual sizes,
c�D, one can use Equation (56) to derive an analytical expression
of the variance

〈Λ2〉 ' 8π
15

G2B0

Mα
0

∫ M2

M1

dM
Mα+2

c(M)3 (60)

=
8π
15

M3β−α
0

G2B0

c3
0
×

{
M3+α−3β

2 −M3+α−3β
1

3+α−3β , 3 +α− 3β 6= 0
ln
(
M2/M1

)
, 3 +α− 3β = 0.

Recall that the value of 〈Λ2〉 provides a faithful representation of
the magnitude of the tidal fluctuations. Crucially, Equation (60) re-
veals two well-defined regimes of tidal perturbations

• Macrostructure-dominated tidal field corresponds to sub-
structure populations with a size function index β < 1 +α/3, such
that M3+α−3β

2 − M3+α−3β
1 ' M3+α−3β

2 , yielding a variance 〈Λ2〉 ∼
M3+α−3β

2 which is dominated by the largest objects in the ensem-
ble.
• Microstructure-dominated tidal field. In this case the least-

massive substructures govern the large-force behaviour of p(Λ).
This regime arises when the size function of substructures is suf-
ficiently steep, β ≥ 1 +α/3, which results in a force distribution
with a variance that scales as 〈Λ2〉 ∼ M3+α−3β

1 , thus diverging in
the limit M1 → 0. Recall that a divergent variance means that the
fluctuations of the tidal force can in principle reach arbitrarily-large
values.

To illustrate this result we plot in Fig. 6 the tidal force dis-
tribution associated with the CDM mass function outlined in Sec-
tion 2.3.3. To derive p(Λ) we insert (58) into (51) and integrate over
dk numerically. In these models the power-law index of the mass
function (23) is α = −2, which sets the transition between micro-
and macro-dominated tidal force distributions at β = 1/3. In addi-
tion, we choose B0 = c0 = M2 = G = 1 for convenience. The remain-
ing free parameter corresponds to the lower limit of the mass func-
tion, M1, which determines the total number of substructures in the
ensemble. Left, middle and right panels of Fig. 6 show models with
β = 0.2,0.5 and 1.0, respectively. As expected from Equation (60),
substructure populations with a shallow size function β = 0.2< 1/3
exhibit distributions p(Λ) truncated at large forces. These models
are macro-structure dominated, e.g. lowering the value of M1 by
two orders of magnitude merely increases the maximum tidal force
by a factor ∼ 2. In contrast, substructure ensembles in the middle
and right panels have size functions with β > 1/3 and are therefore
microstructure dominated. In this regime decreasing the value of
M1 leads to a sharp increase in the maximum tidal force generated
by the substructure population as a whole. As expected, in the limit
M1 → 0 the large-force tail of the distribution approaches asymp-
totically the point-mass behaviour p(Λ)∼ Λ−4, which according to
Equation (56) leads to a fluctuation spectrum with a divergent vari-
ance.

The transition between macro- and micro-structure dominated
tidal forces in the ΛCDM paradigm, where α≈ −1.9 (e.g. Springel
et al. 2008), corresponds to β ' 1 + α/3 ≈ 0.37. The relatively
steep (β ' 0.5) size function of subhaloes found in the Via Lactea
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Stochastic substructure forces 11

Figure 6. Tidal force distribution p(Λ) arising from a population of extended substructures with a power-law mass function (23) with index α = −2 and a
normalization B0 = 1. As expected from Equation (60), populations with a size distribution with a power-law index β > 1/3 exhibit a large-force behaviour
that approaches asymptotically the point-mass tail p(Λ) ∼ Λ−4 as M1 → 0. In this regime the fluctuations of the force derivative can in principle reach
arbitrarily-large values.

II dark matter-only simulations (Erkal et al. 2016; Diemand et al.
2008) indicates that the largest fluctuations of the tidal field of a
galaxy will be caused by the smallest & most-abundant subhaloes.
Given that ultra-high-resolution ΛCDM simulations of structure
formation predict subshaloes with masses as low as M1 ∼ 10−6M�
(Ishiyama et al. 2010 and references therein), we expect micro-
haloes to induce a significant tidal heating of self-gravitating ob-
jects moving across galaxies like the Milky Way, where the upper
limit of the subhalo mass function is M2 ∼ 1011M� ∼ 1017M1, an
issue that we study in more detail below.

4 DISCUSSION

One of the key predictions from ΛCDM simulations is the exis-
tence of myriads of self-gravitating DM clumps devoid of baryons
(i.e. “dark”). The mathematical framework outlined in Section 2.3
provides a flexible tool to study the fluctuations in the gravitational
field induced by a large population of these objects, allowing us to
explore scales that are far beyond those reached by self-consistent
cosmological N-body models of Milky Way-like galaxies.

4.1 CDM microhaloes

As an illustration let us construct substructure ensembles that
mimic the subhalo population found in the Aquarius simulations
(Springel et al. 2008). The number density profile is well described
by an Einasto profile

n(R) = n0 exp
{

−
2
γ

[(
R

R−2

)γ
− 1
]}

, (61)

where n0 is an overall constant that scales with the mass range con-
sidered, γ = 0.678, R−2 = 0.81R200 = 199kpc, and R200 = 246kpc.
The virial mass of the Aquarius halo at redshift z = 0 is M200 =
1.84×1012M�.

The mass function of these objects follows a power-law

dN
dM

(M) = a0

(
M
M0

)α
, (62)

with a0 = 3.26 × 10−5M−1
� , M0 = 2.52 × 107M� and α = −1.9

(Springel et al. 2008). Combination of Equations (61) and (62)
yields

dn
dM

(R,M) = B0

(
M
M0

)α
exp
{

−
2
γ

[(
R

R−2

)γ
− 1
]}

, (63)

where B0 = 2.02× 10−13M−1
� kpc−3 (see also Erkal et al. 2016; Han

et al. 2016). Extrapolation of Equation (63) down to the planet-
mass scales of CDM microhaloes predicts an enormous number of
low-mass substructures within the host virial radius

N = 4π
∫ R200

0
R2dR

∫ M200

M1

dM
dn
dM
∼ 1015 for M1 = 10−6M�. (64)

The number of subhaloes drastically decreases at the high end
of the halo mass function. Given that the statistical models outlined
in Section 2 assume N� 1, our analysis is bound to fail when the
minimum mass becomes comparable to the host mass. Issues intro-
duced by low-number statistics can be largely removed by choos-
ing an upper-mass limit M2 . 10−3M200, which yields N & 100 for
M2�M1.

Following Erkal et al. (2016) let us adopt a power-law size
function (30) with c0 = 0.53kpc and β = 0.5, which matches the re-
lation between bound mass and scale radius of the subhaloes found
in the Via Lactea II simulation (Diemand et al. 2008). The average
size of subhaloes in a mass bin M ∈ (M1,M2) is

〈c〉 =

∫ M2
M1

dM c(M) dn
dM∫ M2

M1
dM dn

dM

=
c0

Mβ
0

1 +α

1 +α+β

(
M1+α+β

2 − M1+α+β
1

M1+α
2 − M1+α

1

)
, (65)

which for M2/M� = 1010 and M1/M� = 109,108,107 and 10−6

yields log10〈c〉/kpc = 0.69,0.29,−0.17 and -6.64, respectively. It
is worth noting that extrapolation of the power-law relation (30)
to planet-sized masses is grossly consistent with the size of mi-
crohaloes expected from an inflation-produced primeval fluctuation
spectrum (Berezinsky et al. 2003).

Fig. 7 shows the variance of the force 〈F2〉 (left panel) and
tidal 〈Λ2〉 (right panel) distributions induced by subhaloes in the
above mass bins. Under the local approximation (see Appendix A)
the variance of the force distribution follows from Equations (31)
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12 Jorge Peñarrubia

Figure 7. Variance of the combined force (left panel) and tidal (right panel) distributions derived from Equations (66) and (67), respectively, for Aquarius
subhaloes in different mass bins. The upper limit of the mass function is fixed to M2/M� = 1010, where as the low-mass limit is M1/M� = 109,108,107, and
10−6. Force (F) and tidal (Λ) vectors are measured in units of GM200/R2

200 and GM200/R3
200, respectively. Note that the combined forces are dominated by

the most massive objects of the subhalo population, while tidal forces are extremely sensitive to the low-end of the mass function. In particular, extrapolating
of the Aquarius mass function down to planet-mass scales M ∼ 10−6M�(red-dashed lines) yields tidal fluctuations ∼ 106 times larger than that generated by
satellites with M & 109M�. In contrast, the variance of the force distribution 〈F2〉 is insensitive to subhaloes with M . 107M� (dotted-dashed lines).

and (63) by setting α = −1.9 and β = 0.5, which yields

〈F2〉(R)≈ 6.981
G2M2.4

0 B0

c0

n(R)
n0

(M0.6
2 − M0.6

1 ). (66)

Note that the variance of the force distribution converges asymptot-
ically towards 〈F2〉 ∼M0.6

2 for M2�M1. As a result, Fig. 7 shows
that low-mass (M . 107M�) subhaloes contribute negligibly to the
stochastic fluctuations of the force field. This has important im-
plications for the detection of micro-haloes using experiments that
rely on the scattering of tracer orbits (see Introduction). Note also
that 〈F2〉 reaches its maximum at the host centre. However, this
result must be taken with caution as we show in Appendix A that
at small galactocentric distances the average separation between
massive subhaloes is larger than the distance on which n(R) varies
significantly, D & d = |∇n/n|−1, which invalidates the locality as-
sumption.

In contrast, the Aquarius tidal field is remarkably sensitive to
the low-mass end of the subhalo mass function. Indeed, combina-
tion of Equations (60) and (63) yields

〈Λ2〉(R)≈ 4.189
G2M3.4

0 B0

c3
0

n(R)
n0

(
1

M0.4
1

−
1

M0.4
2

)
, (67)

which diverges as 〈Λ2〉 ∼ M−0.4
1 in the limit M1 → 0. Thus, tidal

field fluctuations are completely dominated by the smallest, most-
abundant subhaloes in the ensemble. As shown in the right panel of
Fig. 7, extrapolating the subhalo mass function from M ∼ 107M�
down to the planet-scales of microhaloes increases the variance of
the tidal field by ∼ 6 orders of magnitude, suggesting that the ex-
istence of ‘dark’ satellites could in principle be tested with obser-
vational experiments that measure fluctuations in the Galactic tidal
field (see §4.3 below).

4.2 Alternative dark matter-particle models

The mass and size functions of the subhalo population are deter-
mined by the quantum attributes of the DM particle model. In this
Section we provide a simplistic estimate of the spectrum of grav-
itational perturbations that one would expect to measure in Milky
Way-sized haloes made of warm particles (§4.2.1), or ultra-light
scalar fields (§4.2.1). Section 4.2.3 provides a brief comparison of
stochastic field properties in CDM, WDM and wave-DM haloes.

4.2.1 Warm Dark Matter (WDM) subhaloes

Cosmological simulations of structure formation show a strong
drop in the number of subhaloes with masses M . M1, where M1

is the Jeans mass scale associated with the free-streaming length of
the DM particle model. For CDM haloes made of neutralinos, the
lightest stable supersymmetric particle (mCDM ∼ 100 GeV, Jung-
man et al. 1996), the mass cut-off is expected at M1 ∼ 10−6M�
(e.g. Schneider et al. 2013). In contrast, WDM particles decou-
ple later and have non-negligible thermal velocities, which leads
to a lower cut-off of the mass function that increases inversely
with the particle mass. The COCO project (Bose et al. 2016) com-
pares the properties of small-scale structures in CDM and WDM
N-body simulations that incorporate current Lyman-α forest con-
straints (mWDM ≥ 3.3keV; Viel et al. 2013), finding a lower mass
cut-off at M1 ∼ 3×108M�.

The suppression of structure formation at low masses leads to
a relatively shallow subhalo mass function (Schneider et al. 2012;
Angulo et al. 2013; Lovell et al. 2014)

dnWDM

dM
=

dnCDM

dM

(
1 +

µM1

M

)η
, (68)

with µ' 2.2 and η ' −0.75 (Ludlow personal comm.). Hence, the
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Stochastic substructure forces 13

slope of the function (68) rolls from the CDM power-law index
αWDM ≈ αCDM = −1.9 at large masses M� µM1, down to αWDM ≈
αCDM −η ' −1.2 at M ∼ µM1.

In addition, numerical simulations of structure formation in
the WDM paradigm show that (i) the internal density profile of cold
and warm dark matter subhaloes can be well fitted by a Hernquist
(1990) model (Macciò et al. 2012), (ii) WDM subhaloes systemat-
ically have lower central densities and larger scale radii relative to
their CDM counterparts of the same mass (Lovell et al. 2014), and
(iii) the fractional change of scale radii between WDM and CDM
models barely depends on subhalo mass (e.g. see Fig. 9 Bose et al.
2016). Thus, one can incorporate WDM subhalo properties in the
size function (30) by setting c0,WDM & c0,CDM, while keeping the
logarithmic slope fixed βWDM ∼ βCDM = 0.5.

It is straightforward to show that deviations of the mass func-
tion (68) from a scale-free relation (62) have a minor impact on
the variance of the force and tidal distributions. Replacing the mass
function (62) by (68) and following the same steps as in §4.1 yields

〈F2〉WDM

〈F2〉CDM
=

∫ M2
M1

dM Mα+2−β
(
1 +

µM1
M

)η∫ M2
M1

dM Mα+2−β

c0,CDM

c0,WDM
(69)

' c0,CDM

c0,WDM
,

and

〈Λ2〉WDM

〈Λ2〉CDM
=

∫ M2
M1

dM Mα+2−3β(1 +
µM1

M

)η∫ M2
M1

dM Mα+2−3β

(
c0,CDM

c0,WDM

)3

(70)

' 0.75
(

c0,CDM

c0,WDM

)3

,

where we have adopted α = −1.9, β = 0.5, µ = 2.2 and η = −0.75,
within a fixed mass range M1�M2.

Given that the relative difference in size has order unity
c0,WDM/c0,CDM ∼ 1–2 (Lovell et al. 2014; Bose et al. 2016), the
above estimates indicate that the dominant aspect that distinguishes
CDM and WDM haloes corresponds to the lower cut-off of the
mass function, M1,CDM ≪ M1,WDM, which may lead to significant
differences in the amplitude of tidal fluctuations (see right panel of
Fig. 7).

4.2.2 Ultra-light axion (ULA) subhaloes

Ultra-light scalars with masses in the range 10−24 ≤ma/eV≤ 10−20

have been proposed as viable DM candidates (e.g. Hu et al. 2000;
Marsh 2016 and references therein). As in WDM models, ULAs
also suppress linear power on scales below the mass scale asso-
ciated with the particle free-streaming length (e.g. Marsh 2016),
which leads to a shallow mass function at low masses M . M1, ap-
proaching the CDM scale-free relation (62) at M & M1 (Schive &
Chiueh 2017).

An important aspect of ULA models is that, while CDM and
WDM models are governed by the collision-less Boltzmann equa-
tion, self-gravitating ULA haloes follow the Schrödinger-Poisson
equation, thus behaving as a single coherent wave function on
scales below the de Broglie wavelength (Hu et al. 2000). In par-
ticular, at radii r . rc ULA haloes form a class of pseudo-soliton
known as an oscillaton, or ‘axion star’ (Ruffini & Bonazzola 1969;
Guzmán & Ureña-López 2004). At larger radii r & rc the density
profile of ULA subhaloes becomes similar to that found in CDM
haloes (Schieve et al. 2014a,b; Schwabe et al. 2016). Numerical
simulations show that the soliton is orders of magnitude denser than

Figure 8. Combination of power-law indices of the mass (α) and size (β)
functions that determine the large-force behaviour of the force and tidal
fields induced by a large population of substructures in Milky Way-like
haloes. Dashed and dotted lines represent the transition between macro- and
microstructure-dominated force (3 + α + β = 0) and tidal (3 + α + 3β = 0)
distributions, p(F) and p(Λ), respectively. For ease of reference we mark
the values found in numerical simulations of structure formation within the
ΛCDM paradigm (blue circle, Springel et al. 2008; Diemand et al. 2007),
Wave DM (purple circle, Schive et al. 2014a) and Warm DM (Lovell et al.
2014; Bose et al. 2016). Wave-like models converge towards the CDM limit
as the particle mass ma� 10−22 eV (dotted arrow).

the surrounding, CDM-like halo envelope, and that the size of the
soliton and the halo mass are anti-correlated (Schive et al. 2014a,b;
Du et al. 2017)

rc = 1.6kpc
(

ma

10−22 eV

)−1( M
108M�

)−1/3

. (71)

Therefore, for values ma . 10−22 eV the predicted size function has
a negative power-law slope β = −1/3, whereas for ma � 10−22 eV
axion models converge towards the size & mass functions of CDM
subhaloes (see Gonzáles-Morales et al. 2016 for a compilation of
current observational bounds on ma).

4.2.3 Gravitational fluctuations of CDM,WDM & ULA haloes

Fig. 8 plots a schematic diagram that summarizes the general be-
haviour of the force and tidal distributions for subhalo populations
extracted from CDM, WDM and ULA simulations of Milky Way-
like haloes. For simplicity, we adopt power-law mass and size func-
tions with indices α and β, respectively. In addition, we assume that
Equation (17) provides a reasonable representation of the force in-
duced by individual subhaloes. This approximation is particularly
poor for ULA subhaloes, which contain two relevant scales, the
soliton radius (rc) and the size of the outer halo envelope (Schive et
al. 2014a). In our estimates we set the subhalo scale-radius c = rc,
where rc is given by Equation (71), a choice that becomes less accu-
rate as the ULA models approach the CDM limit rc→ 0 (ma→∞).

As shown in previous Sections, whether the fluctuations of the
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force & tidal fields are dominated by the most massive satellites
(blue), or in contrast by the smallest and most abundant subhaloes
(red), mainly depends one the combination of the power-law in-
dices α and β. Interestingly, CDM and WDM models are located
in an intermediate regime (yellow area), where the fluctuations of
the gravitational field p(F) are governed by the largest satellites
with M ∼M200, and the spectrum of tidal forces p(Λ) by subhaloes
with masses M ∼ M1, where M1 is the lower cut-off end of the
subhalo mass function. The fact that the soliton size is anticorre-
lated with the halo mass (β < 0) solidly places ULA models with
ma . 10−22 eV in the macroscopic-dominated region of the diagram.
For axion masses ma � 10−22 eV ULA models are expected to ap-
proach the CDM fluctuation regime, which we mark with a dotted
arrow for illustration.

The results encapsulated in Figs. 7 and 8 suggest that prob-
ing the Galactic tidal field may offer promising avenues to test the
particle-nature of DM. In particular, detecting tidal fluctuations as
strong as suggested by the right panel of Fig. 7 would favour the
existence of a very large number of dense microhaloes, thus simul-
taneously falsifying both WDM and ULA models. In contrast, a
scenario where the spectrum of tidal forces can be accounted by
the most massive (likely visible) satellites would be a clear indica-
tion of a macroscopic-dominated subhalo population, lending sup-
port to ULA predictions. Finally, an intermediate scenario where
the tidal field shows weak, but non-negligible fluctuations beyond
those generated by the visible satellite population would put con-
straints on the low-end of the WDM subhalo mass function and rule
out ULA models.

4.3 Observational tests with wide binaries

Due to their low binding energies wide stellar binaries can be easily
disrupted by the tidal field of the host galaxy (Heggie 1975; Bahcall
et al. 1985; Chanamé & Gould 2004). Here we use the Aquarius
subhalo population described in §4.1 to illustrate to what extent
wide binaries may be used to constrain the low-end of the subhalo
mass function.

In a reduced-mass frame Equation (34) describes the sepa-
ration R′ = R1 − R2 of two stars in a binary system with masses
m1 and m2, respectively (see §2 of Peñarrubia et al. 2016). The
self-gravitating potential has a Keplerian form, Φs(R′) = −Gmb/R′,
where mb = m1 + m2 is the binary mass. Given that in Milky Way-
size haloes 〈Λ2〉1/2 � GM200/R3

200 (see right panel of Fig. 7), we
can safely neglect the contribution of the smooth tidal field to
the spectrum of tidal fluctuations. The separation at which the bi-
nary’s self-gravity becomes comparable to the amplitude of the ex-
ternal tidal fluctuations can be estimated from Equation (40) as
Gmb/R′2max = 〈Λ2〉1/2R′max, which translates into a semi-major axis
2amax = R′max. Inserting the values of B0, c0 and M0 found in the
Aquarius and Via Lactea simulations into Equation (67) and adopt-
ing a fiducial binary mass mb = 1M� yields

amax(R)∼ 1
2

(
Gmb

〈Λ2〉1/2

)1/3

≈ 0.9pc
[

n(R)
n0

]−1/6( M1

10−6M�

)1/15

, (72)

where n(R) is the number density profile given by Equation (61)
and R is the galactocentric radius.

Binary stars with semi-major axes a & amax experience fluc-
tuations of the tidal field with a magnitude comparable to the self-
gravity of the system. For M1 = 10−6M� the separation at which
one may expect to observe tidal perturbations varies from amax(R =
0) ' 0.6pc, up to amax(R200) ' 1pc for binary stars located at the

centre and the virial radius of the host halo, respectively. These val-
ues are comparable to the average separation between microhaloes,
1.1 . D/pc . 3.2. In contrast, increasing the minimum subhalo
mass up to M1 = 107M� yields 4 . amax/pc . 7, while the av-
eraged distance between subhaloes grows up to kiloparsec-scales
9 . D/kpc . 23.

Interestingly, Oelkers et al. (2017) and Oh et al. (2017) have
recently identified a large number of co-moving stellar pairs in the
Tycho-Gaia Astrometric Solution (TGAS) (Gaia Collaboration et
al. 2016) with separations > 1pc. The back-of-the-envelope esti-
mate (72) suggests that the survivability of these systems may de-
pend on the number density and lower cut-off mass of CDM micro-
haloes. This is an exciting possibility, which we plan to explore in a
separate contribution with the aid of N-body models that follow the
dynamical evolution of stellar pairs subject to a stochastic tidal field
p(Λ). Such code may provide a useful tool to model the observed
kinematics of Milky Way binaries within a Bayesian framework.

5 SUMMARY

Following the dynamical evolution of an arbitrarily-large number
of self-gravitating systems is computationally unfeasible with cur-
rent N-body methods. This shortcoming affects several fields of
Astronomy and Cosmology which must typically deal with large
populations of objects covering wide dynamical ranges. Here we
present a statistical technique for deriving the spectrum of random
fluctuations of the combined force and tidal fields generated by sta-
tistical ensembles of extended substructures with known mass and
size functions. Our work follows up the method originally devised
by Holtsmark (1919) to study the motion of charged particles in an
ionized plasma.

As a first application, we derive the force distribution induced
by a large population of CDM subhaloes distributed across a Milky
Way-like halo. Typically, the lowest-mass subhaloes that can be re-
solved in cosmological N-body simulations of Galaxy-sized haloes
have masses M & 106M� (e.g. Diemand et al. 2007, Springel et
al. 2008) and follow power-law size and mass functions. Here we
show that these objects generate force distributions, p(F), governed
by the most massive satellites in the ensemble, and tidal distri-
butions, p(Λ), that are completely dominated by the smallest and
most abundant subhaloes. Extrapolating the size and mass scaling
relations ∼ 12 orders of magnitude in mass, down to planet-mass
scales of microhaloes (M∼ 10−6M�) indicates that N-body simula-
tions that do not resolve the free-streaming scale of CDM particles
greatly underestimate the magnitude of the tidal field fluctuations.
This limitation may have a significant impact on dynamical pro-
cesses that remain poorly known, such as star formation in molecu-
lar clouds, dissolution of open clusters in galactic tidal fields, tidal
heating of thin discs, etc.

Crucially, our results open up the possibility to test the exis-
tence of planet-size microhaloes via experiments that are sensitive
to tidal force fluctuations induced by dark matter substructures, e.g.
by measuring the heating rate of weakly-bound gravitational sys-
tems in different regions of the stellar halo, as well as in the dwarf
spheroidal galaxies of the Milky Way (see also Peñarrubia et al.
2010). This type of experiments may also constrain a wide range of
cosmological theories where dark matter is made of ‘warm’ parti-
cles or ultra-light axions (see §4.2).

The mathematical technique explored in this paper provides a
computationally-efficient tool to model the gravitational perturba-
tions induced by an arbitrarily-large number of CDM microhaloes.

c© 0000 RAS, MNRAS 000, 000–000
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In follow-up contributions we plan to run numerical experiments
that follow the trajectories of tracer particles in smooth galactic po-
tentials that incorporate the force and tidal distributions derived in
Sections 2 and 3 as external stochastic fields. Such codes may pro-
vide a useful tool to model observational data (e.g. the separation
function of wide binaries, see §4.3) at a low computational cost.

Finally it is worth stressing that our statistical method can also
be used to describe stochastic fluctuations in the force & tidal fields
generated by baryonic substructures covering a wide range of mass
and sizes, such as Giant Molecular Clouds, MACHOs, black holes,
stellar clusters, individual stars, planetoids, etc, which may have
several applications in areas other than cosmology.
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APPENDIX A: THE LOCAL APPROXIMATION

In Sections 2 and 3 we derive the distributions p(F) and p(Λ), re-
spectively, under the assumption that the number density of sub-
structures remains constant across the entire system, and that n =
n(R) corresponds to the value measured at the galactocentric lo-
cation of the tracer particle, R. Although the local approximation
greatly simplifies analytical derivations1 of the Fourier transform
φ(k), in general it fails on scales r & d, where d = |∇n/n|−1 is the
distance associated with the spatial variation of the number density
profile (61)

d(R)≡
∣∣∣∣∇n

n

∣∣∣∣−1

R

=
R−2

2

(
R

R−2

)1−γ

. (A1)

The fact that γ < 1 in cosmological simulation of structure forma-
tion implies that the scale-length d decreases towards the centre of
the potential, suggesting that the local approximation may not be
valid at small galactocentric radii.

The second scale of relevance corresponds to the average sep-
aration between substructures, D(R). In Section 2 we found that
the large-force fluctuations generated by non-overlapping subhalo
populations are dominated by the nearest substructure, which is
typically located at a distance D(R) ≈ [2πn(R)]−1/3. Hence, the lo-
cal approximation is justified for d� D, that is when the number
density profile varies on scales that are much larger than the av-
erage separation between subhaloes. Fig. A1 shows a comparison
between d(R) and D(R) measured from the Aquarius subhalo popu-
lation as a function of galactocentric radius for three mass bins with
M2/M200 = 10−3 and M1/M200 = 10−4,10−5 and 10−6. As expected,
at small radii the average distance between subhaloes (dashed and
dotted lines) becomes larger than the scale-length d (solid black

1 Section 4 of Kandrup (1980) provides solutions for force distribution of
an inhomogeneous ensemble of point-masses where n(r)∼ rp.

Figure A1. Distance at which the probability to find the closest particle (13)
peaks, D, as a function of galactocentric distance for subhaloes within three
different mass bins. The scale-length d ≡ |∇n/n|−1 given by Equation (A1)
is shown with a black solid line. Note that in a rarefied regime, where large-
forces are dominated by the nearest substructure, the local approximation
is valid on scales d & D. For Aquarius subhaloes with M < 10−3M200 this
condition is satisfied within a radial range 10−2 . R/R200 . 1.

line), which indicates that the local approximation fails at the inner-
most regions of the galaxy. In addition, the sharp drop of n(R) at
R & R−2 ∼ R200 leads to a fast growth of the average separation be-
tween subhaloes at large radii, such that D & d at R & R200. Note
that the radial range wherein the local approximation is valid in-
creases as the low-mass limit of the mass function M1 → 0 and
the number of substructures in the sample grows. This is particu-
larly true in the inner-most regions of the galaxy, where the number
density profile (61) becomes flat. Fig. A1 indicates that the local ap-
proximation may hold for objects with masses below M . 10−3M200

within a radial range 10−2 . R/R200 . 1. Outside this range Equa-
tion (5) must be replaced by (7), which accounts for the spatial
variation of the number density profile at the location of the tracer
particle (Kandrup 1980).
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