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Abstract We review lattice results related to pion, kaon,
D- and B-meson physics with the aim of making them easily
accessible to the particle-physics community. More specif-
ically, we report on the determination of the light-quark
masses, the form factor f (0), arising in the semileptonic
K — 7 transition at zero momentum transfer, as well as

#e-mail: juettner @soton.ac.uk

Published online: 17 February 2017

the decay constant ratio fg/fr and its consequences for
the CKM matrix elements V,; and V,,. Furthermore, we
describe the results obtained on the lattice for some of the
low-energy constants of SU(2);, x SU(2)g and SU(3), X
SU (3) g Chiral Perturbation Theory. We review the determi-
nation of the Bg parameter of neutral kaon mixing as well
as the additional four B parameters that arise in theories of
physics beyond the Standard Model. The latter quantities are
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an addition compared to the previous review. For the heavy-
quark sector, we provide results for m, and m; (also new
compared to the previous review), as well as those for D- and
B-meson-decay constants, form factors, and mixing param-
eters. These are the heavy-quark quantities most relevant for
the determination of CKM matrix elements and the global
CKM unitarity-triangle fit. Finally, we review the status of
lattice determinations of the strong coupling constant .
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1 Introduction

Flavour physics provides an important opportunity for
exploring the limits of the Standard Model of particle physics
and for constraining possible extensions that go beyond it. As
the LHC explores a new energy frontier and as experiments
continue to extend the precision frontier, the importance of
flavour physics will grow, both in terms of searches for sig-
natures of new physics through precision measurements and
in terms of attempts to construct the theoretical framework
9.9 SUMMALY . . o o oo oo pehigd c.lire.ct diSCO\./GI’ie'S of new pe'lrFicles.’A maj'or theoret-
9.9.1 The present situation . . . . . . . . . . .. ¥cal 11m}t21t10n consists in the precision with which strqng-
9.9.2 Our range for o« 11.1teract.10n effects. can be quantified. Large-scale. numerical
M(SN ) o simulations of lattice QCD allow for the computation of these
9.9.3 Ranges for lroAT/ and Aggg oo effects from first principles. The scope of the Flavour Lat-
?‘9‘4 Conclusions . .. ... ..o tice Averaging Group (FLAG) is to review the current sta-
Appendix A Glo§sary """""""""" tus of lattice results for a variety of physical quantities in
A.1 Lattice actions T low-energy physics. Set up in November 2007 it comprises
AL G.auge actions Tt experts in Lattice Field Theory, Chiral Perturbation Theory
A.1.2 Light-quark actl(?ns """"""" and Standard Model phenomenology. Our aim is to provide
A.1.3 Heavy-quark actions . . .. ........ an answer to the frequently posed question “What is cur-
A2 Setting thescale . ... ... rently the best lattice value for a particular quantity?” in a
A.3 Matching and running . .. ..o way that is readily accessible to nonlattice-experts. This is
A.4 Chiral extrapolation . . . ............. generally not an easy question to answer; different collabo-
A.5 Summary of simulated lattice actions . . . . . . . rations use different lattice actions (discretizations of QCD)
Appendix B: Notes . . .. ... with a variety of lattice spacings and volumes, and with a
B.1 Notes to Sect. 3 on quark masses . . . ... ... range of masses for the u- and d-quarks. Not only are the
B.2 Notes to Sect. 4 on |Vyq| and [Vys| ..o o systematic errors different, but also the methodology used to
B.3 Notes to Sect. 5 on low-energy constants . . . . . estimate these uncertainties varies between collaborations.
B.4 Notes to Sect. 6 on Kaon mixing . . . ... ... In the present work we summarize the main features of each
B.4.1 Kaon B-parameter Bx . . . ... ... .. of the calculations and provide a framework for judging and
B.4.2 Kaon BSM B-parameters . . . . . . .. .. combining the different results. Sometimes it is a single result
B.5 Notes to Sect. 7 on D-meson-decay constants that provides the “best” value; more often it is a combination
and formfactors . . . . ... ... of results from different collaborations. Indeed, the consis-
B.5.1 D(s)-meson-decay constants . . . . . . . . tency of values obtained using different formulations adds

B.5.2 D — wfv and D — K{v form factors significantly to our confidence in the results.

B.6 Notes to Sect. 8 on B-meson-decay constants and

mixing parameters . . . . . . . . ... ... .
B.6.1 B(s)-meson-decay constants . . . . . . ..

B.6.2 B(5)-meson mixing matrix elements
B.6.3 Form factors entering determinations of

|Vup| (B — mlv, By — Klv, Ap, — plv) .

The first two editions of the FLAG review were published
in 2011 [1] and 2014 [2]. The second edition reviewed results
related to both light (u-, d- and s-), and heavy (c- and b-)
flavours. The quantities related to pion and kaon physics were
light-quark masses, the form factor f5 (0) arising in semilep-
tonic K — s transitions (evaluated at zero momentum trans-
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Table 1 Summary of the main results of this review, grouped in terms
of Ny, the number of dynamical quark flavours in lattice simulations.
Quark masses and the quark condensate are given in the MS scheme at
running scale © = 2 GeV or as indicated; the other quantities listed are
specified in the quoted sections. For each result we list the references
that entered the FLAG average or estimate. From the entries in this col-

umn one can also read off the number of results that enter our averages
for each quantity. We emphasize that these numbers only give a very
rough indication of how thoroughly the quantity in question has been
explored on the lattice and recommend to consult the detailed tables
and figures in the relevant section for more significant information and
for explanations on the source of the quoted errors

Quantity Sects. Ny=2+1+1 Refs. Nyp=2+1 Refs. Ny=2 Refs.

ms [MeV] 3.13 93.9(1.1) [4.5] 92.0(2.1) [6-10] 101(3) [11,12]
myq [MeV] 3.13 3.70(17) [4] 3.373(80) [7-10,13] 3.6(2) [11]

mg /Mg 3.14 27.30(34) [4,14] 27.43(31) [6-8,10] 27.3(9) [11]

m, [MeV] 3.15 2.36(24) [4] 2.16(9)(7) 4 2.40(23) [16]

mg [MeV] 3.15 5.03(26) [4] 4.68(14)(7) a 4.80(23) [16]

my /mg 3.15 0.470(56) [4] 0.46(2)(2) 4 0.50(4) [16]

m:(3 GeV) [GeV] 32 0.996(25) [4,5] 0.987(6) [9,17] 1.03(4) [11]
me/mg 324 11.70(6) [4,5,14] 11.82(16) [17,18] 11.74(35) [11,132]
my(mp) [GeV] 334 4.190(21) [5,19] 4.164(23) [9] 4.256(81) [20,21]
f+(0) 43 0.9704(24)(22) [22] 0.9677(27) [23,24] 0.9560(57)(62) [25]

Frs /[t 43 1.193(3) [14,26,27] 1.192(5) [28-31] 1.205(6)(17) [32]

Sfrt [MeV] 4.6 130.2(1.4) [28,29,31]

fr+ [MeV] 4.6 155.6(4) [14,26,27] 155.9(9) [28,29,31] 157.5(2.4) [32]

=13 [MeV] 5.2.1 280(8)(15) [33] 274(3) [10,13,34,35] 266(10) [33,36-38]
Fy/F 5.2.1 1.076(2)(2) [39] 1.064(7) [10,29,34,35,40] 1.073(15) [36-38,41]
2 522 3.70(7)(26) [39] 2.81(64) [10,29,34,35,40] 3.41(82) [36,37,41]
i 522 4.67(3)(10) [39] 4.10(45) [10,29,34,35,40] 4.51(26) [36,37,41]
£ 522 15.1(1.2) [37,41]
Bk 6.1 0.717(18)(16) [42] 0.7625(97) [10,43-45] 0.727(22)(12) [46]

4 This is a FLAG estimate, based on x PT and the isospin averaged up- and down-quark mass m,4 [7-10,13]

fer), the decay constants fx and f5, and the Bx parameter
from neutral kaon mixing. Their implications for the CKM
matrix elements V,; and V,; were also discussed. Further-
more, results were reported for some of the low-energy con-
stants of SU2)r x SU®)g and SUB3); x SU(3)r Chi-
ral Perturbation Theory. The quantities related to D- and
B-meson physics that were reviewed were the B- and D-
meson-decay constants, form factors, and mixing parame-
ters. These are the heavy-light quantities most relevant to
the determination of CKM matrix elements and the global
CKM unitarity-triangle fit. Last but not least, the current sta-
tus of lattice results on the QCD coupling oy was reviewed.

In the present paper we provide updated results for all
the above-mentioned quantities, but also extend the scope of
the review in two ways. First, we now present results for the
charm and bottom quark masses, in addition to those of the
three lightest quarks. Second, we review results obtained for
the kaon mixing matrix elements of new operators that arise
in theories of physics beyond the Standard Model. Our main
results are collected in Tables 1 and 2.

Our plan is to continue providing FLAG updates, in the
form of a peer reviewed paper, roughly on a biennial basis.
This effort is supplemented by our more frequently updated

@ Springer

website http://itpwiki.unibe.ch/flag [3], where figures as well
as pdf-files for the individual sections can be downloaded.
The papers reviewed in the present edition have appeared
before the closing date 30 November 2015.

This review is organized as follows. In the remainder of
Sect. 1 we summarize the composition and rules of FLAG
and discuss general issues that arise in modern lattice calcu-
lations. In Sect. 2 we explain our general methodology for
evaluating the robustness of lattice results. We also describe
the procedures followed for combining results from different
collaborations in a single average or estimate (see Sect. 2.2
for our definition of these terms). The rest of the paper con-
sists of sections, each dedicated to a single (or groups of
closely connected) physical quantity(ies). Each of these sec-
tions is accompanied by an Appendix with explicatory notes.

1.1 FLAG composition, guidelines and rules

FLAG strives to be representative of the lattice community,
both in terms of the geographical location of its members and
the lattice collaborations to which they belong. We aspire to
provide the particle-physics community with a single source
of reliable information on lattice results.
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Table 2 Summary of the main results of this review, grouped in terms
of Ny, the number of dynamical quark flavours in lattice simulations.
The quantities listed are specified in the quoted sections. For each result
we list the references that entered the FLAG average or estimate. From
the entries in this column one can also read off the number of results that

enter our averages for each quantity. We emphasize that these numbers
only give a very rough indication of how thoroughly the quantity in
question has been explored on the lattice and recommend to consult the
detailed tables and figures in the relevant section for more significant
information and for explanations on the source of the quoted errors

Quantity Sects. Ny=2+1+1 Refs. Ny=2+1 Refs. Ny=2 Refs.
fp [MeV] 7.1 212.15(1.45) [14,27] 209.2(3.3) [47,48] 208(7) [20]
fp, [MeV] 7.1 248.83(1.27) [14,27] 249.8(2.3) [17,48,49] 250(7) [20]
o,/ fp 7.1 1.1716(32) [14,27] 1.187(12) [47,48] 1.20(2) [20]
P (0) 72 0.666(29) [50]
FPK ) 7.2 0.747(19) [51]
f5 [MeV] 8.1 186(4) [52] 192.0(4.3) [48,53-56] 188(7) [20,57,58]
fB, [MeV] 8.1 224(5) [52] 228.4(3.7) [48,53-56] 227(7) [20,57,58]
S8,/ B 8.1 1.205(7) [52] 1.201(16) [48,53-55] 1.206(23) [20,57,58]
fs, Bp, [MeV] 8.2 219(14) [54,59] 216(10) [20]
fs, Bp, [MeV] 8.2 270(16) [54,59] 262(10) [20]
Bg, 8.2 1.26(9) [54,59] 1.30(6) [20]
Bg, 8.2 1.32(6) [54,59] 1.32(5) [20]
£ 8.2 1.239(46) [54,60] 1.225(31) [20]
Bp,/Bg, 8.2 1.039(63) [54,60] 1.007(21) [20]
Quantity Sects. Ny=2+1land Ny =2+1+1 Refs.
a%(Mz) 9.9 0.1182(12) [5,9,61-63]
A2, [MeV] 9.9 211(14) [5,9,61-63]

In order to work reliably and efficiently, we have adopted — Quark masses L. Lellouch, T. Blum, and V. Lubicz
a formal structure and a set of rules by which all FLAG - Vus, Vua  S. Simula, P. Boyle,] and T. Kaneko

members abide. The collaboration presently consists of an
Advisory Board (AB), an Editorial Board (EB), and seven
Working Groups (WG). The r6le of the Advisory Board is
that of general supervision and consultation. Its members
may interfere at any point in the process of drafting the paper,
expressing their opinion and offering advice. They also give
their approval of the final version of the preprint before it is
rendered public. The Editorial Board coordinates the activi-
ties of FLAG, sets priorities and intermediate deadlines, and
takes care of the editorial work needed to amalgamate the
sections written by the individual working groups into a uni-
form and coherent review. The working groups concentrate
on writing up the review of the physical quantities for which
they are responsible, which is subsequently circulated to the
whole collaboration for critical evaluation.

The current list of FLAG members and their Working
Group assignments is:

e Advisory Board (AB): S. Aoki, C. Bernard, M. Golter-
man, H. Leutwyler, and C. Sachrajda

e Editorial Board (EB): G. Colangelo, A. liittner,
S. Hashimoto, S. Sharpe, A. Vladikas, and U. Wenger

e Working Groups (coordinator listed first):

— LEC S. Diirr, H. Fukaya, and U.M. Heller

- Bk H. Wittig, P. Dimopoulos, and R. Mawhinney

- fB(S) s fD(S), Bp M. DellaMorte, Y. Aoki, and D. Lin

— By, D semileptonic and radiative decays E. Lunghi,
D. Becirevic, S. Gottlieb, and C. Pena

R. Sommer, R. Horsley, and T. Onogi

- O

As some members of the WG on quark masses were faced
with unexpected hindrances, S. Simula has kindly assisted in
the completion of the relevant section during the final phases
of its composition.

The most important FLAG guidelines and rules are the
following:

e the composition of the AB reflects the main geographi-
cal areas in which lattice collaborations are active, with
members from America, Asia/Oceania and Europe;

' Peter Boyle had participated actively in the early stages of the current
FLAG effort. Unfortunately, due to other commitments, it was impos-
sible for him to contribute until the end, and he decided to withdraw
from the collaboration.
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e the mandate of regular members is not limited in time,
but we expect that a certain turnover will occur naturally;

e whenever a replacement becomes necessary this has to
keep, and possibly improve, the balance in FLAG, so
that different collaborations, from different geographical
areas are represented;

e in all working groups the three members must belong to
three different lattice collaborations:?

e a paper is in general not reviewed (nor colour-coded, as
described in the next section) by any of its authors;

e lattice collaborations not represented in FLAG will be
consulted on the colour coding of their calculation;

e there are also internal rules regulating our work, such as
voting procedures.

1.2 Citation policy

We draw attention to this particularly important point. As
stated above, our aim is to make lattice QCD results easily
accessible to nonlattice-experts and we are well aware that
it is likely that some readers will only consult the present
paper and not the original lattice literature. It is very impor-
tant that this paper be not the only one cited when our results
are quoted. We strongly suggest that readers also cite the
original sources. In order to facilitate this, in Tables 1 and 2,
besides summarizing the main results of the present review,
we also cite the original references from which they have
been obtained. In addition, for each figure we make a bibtex-
file available on our webpage [3] which contains the bibtex-
entries of all the calculations contributing to the FLAG aver-
age or estimate. The bibliography at the end of this paper
should also make it easy to cite additional papers. Indeed we
hope that the bibliography will be one of the most widely
used elements of the whole paper.

1.3 General issues

Several general issues concerning the present review are thor-
oughly discussed in Sect. 1.1 of our initial 2010 paper [1] and
we encourage the reader to consult the relevant pages. In the
remainder of the present subsection, we focus on a few impor-
tant points. Though the discussion has been duly updated, it
is essentially that of Sect. 1.2 of the 2013 review [2].

The present review aims to achieve two distinct goals:
first, to provide a description of the work done on the lat-
tice concerning low-energy particle physics; and, second, to
draw conclusions on the basis of that work, summarizing the
results obtained for the various quantities of physical interest.

The core of the information as regards the work done on
the lattice is presented in the form of tables, which not only

2 The WG on semileptonic D and B decays has currently four mem-
bers, but only three of them belong to lattice collaborations.
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list the various results, but also describe the quality of the
data that underlie them. We consider it important that this
part of the review represents a generally accepted description
of the work done. For this reason, we explicitly specify the
quality requirements> used and provide sufficient details in
appendices so that the reader can verify the information given
in the tables.

On the other hand, the conclusions drawn on the basis
of the available lattice results are the responsibility of FLAG
alone. Preferring to err on the side of caution, in several cases
we draw conclusions that are more conservative than those
resulting from a plain weighted average of the available lat-
tice results. This cautious approach is usually adopted when
the average is dominated by a single lattice result, or when
only one lattice result is available for a given quantity. In
such cases one does not have the same degree of confidence
in results and errors as when there is agreement among sev-
eral different calculations using different approaches. The
reader should keep in mind that the degree of confidence
cannot be quantified, and it is not reflected in the quoted
errors.

Each discretization has its merits, but also its shortcom-
ings. For most topics covered in this review we have an
increasingly broad database, and for most quantities lattice
calculations based on totally different discretizations are now
available. This is illustrated by the dense population of the
tables and figures in most parts of this review. Those calcu-
lations that do satisfy our quality criteria indeed lead to con-
sistent results, confirming universality within the accuracy
reached. In our opinion, the consistency between indepen-
dent lattice results, obtained with different discretizations,
methods, and simulation parameters, is an important test of
lattice QCD, and observing such consistency also provides
further evidence that systematic errors are fully under con-
trol.

In the sections dealing with heavy quarks and with
oy, the situation is not the same. Since the b-quark mass
cannot be resolved with current lattice spacings, all lat-
tice methods for treating b quarks use effective field the-
ory at some level. This introduces additional complica-
tions not present in the light-quark sector. An overview
of the issues specific to heavy-quark quantities is given in
the introduction of Sect. 8. For B and D meson leptonic
decay constants, there already exist a good number of dif-
ferent independent calculations that use different heavy-
quark methods, but there are only one or two indepen-
dent calculations of semileptonic B and D meson form
factors and B meson mixing parameters. For o, most lat-
tice methods involve a range of scales that need to be
resolved and controlling the systematic error over a large

”» (LI

3 We also use terms like “quality criteria”, “rating”, “colour coding”
etc. when referring to the classification of results, as described in Sect. 2.
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range of scales is more demanding. The issues specific to
determinations of the strong coupling are summarized in
Sect. 9.

Number of sea quarks in lattice simulations:

Lattice QCD simulations currently involve two, three or
four flavours of dynamical quarks. Most simulations set the
masses of the two lightest quarks to be equal, while the
strange and charm quarks, if present, are heavier (and tuned
to lie close to their respective physical values). Our nota-
tion for these simulations indicates which quarks are non-
degenerate, e.g. Ny = 2+ 1if my, = myg < my and
Ny =2+1+1ifm, = my < mg < m,. Calculations
with Ny = 2, i.e. two degenerate dynamical flavours, often
include strange valence quarks interacting with gluons, so
that bound states with the quantum numbers of the kaons can
be studied, albeit neglecting strange sea-quark fluctuations.
The quenched approximation (N s = 0), in which sea-quark
contributions are omitted, has uncontrolled systematic errors
and is no longer used in modern lattice simulations with rele-
vance to phenomenology. Accordingly, we will review results
obtained with Ny =2, Ny =2+ l,and Ny =2+ 1+ 1,
but omit earlier results with Ny = 0. The only exception
concerns the QCD coupling constant «. Since this observ-
able does not require valence light quarks, it is theoretically
well defined also in the Ny = O theory, which is simply
pure gluon-dynamics. The N y-dependence of a, or more
precisely of the related quantity ro Ay, is a theoretical issue
of considerable interest; here r( is a quantity with the dimen-
sion of length, which sets the physical scale, as discussed
in Appendix A.2. We stress, however, that only results with
Ny > 3 are used to determine the physical value of a; at a
high scale.

Lattice actions, simulation parameters and scale setting:
The remarkable progress in the precision of lattice calcu-
lations is due to improved algorithms, better computing
resources and, last but not least, conceptual developments.
Examples of the latter are improved actions that reduce lat-
tice artefacts and actions that preserve chiral symmetry to
very good approximation. A concise characterization of the
various discretizations that underlie the results reported in
the present review is given in Appendix A.1.

Physical quantities are computed in lattice simulations in
units of the lattice spacing so that they are dimensionless.
For example, the pion decay constant that is obtained from a
simulation is f;a, where a is the spacing between two neigh-
bouring lattice sites. To convert these results to physical units
requires knowledge of the lattice spacing a at the fixed values
of the bare QCD parameters (quark masses and gauge cou-
pling) used in the simulation. This is achieved by requiring
agreement between the lattice calculation and experimen-
tal measurement of a known quantity, which thus “sets the

scale” of a given simulation. A few details of this procedure
are provided in Appendix A.2.

Renormalization and scheme dependence:

Several of the results covered by this review, such as quark
masses, the gauge coupling, and B-parameters, are for quan-
tities defined in a given renormalization scheme and at a
specific renormalization scale. The schemes employed (e.g.
regularization-independent MOM schemes) are often chosen
because of their specific merits when combined with the lat-
tice regularization. For a brief discussion of their properties,
see Appendix A.3. The conversion of the results, obtained in
these so-called intermediate schemes, to more familiar reg-
ularization schemes, such as the MS-scheme, is done with
the aid of perturbation theory. It must be stressed that the
renormalization scales accessible in simulations are limited,
because of the presence of an ultraviolet (UV) cutoff of
~/a. To safely match to MS, a scheme defined in per-
turbation theory, Renormalization Group (RG) running to
higher scales is performed, either perturbatively or nonper-
turbatively (the latter using finite-size scaling techniques).

Extrapolations:

Because of limited computing resources, lattice simulations
are often performed at unphysically heavy pion masses,
although results at the physical point have become increas-
ingly common. Further, numerical simulations must be done
at nonzero lattice spacing, and in a finite (four-dimensional)
volume. In order to obtain physical results, lattice data are
obtained at a sequence of pion masses and a sequence of
lattice spacings, and then extrapolated to the physical-pion
mass and to the continuum limit. In principle, an extrap-
olation to infinite volume is also required. However, for
most quantities discussed in this review, finite-volume effects
are exponentially small in the linear extent of the lattice
in units of the pion mass and, in practice, one often ver-
ifies volume independence by comparing results obtained
on a few different physical volumes, holding other param-
eters equal. To control the associated systematic uncertain-
ties, these extrapolations are guided by effective theories.
For light-quark actions, the lattice-spacing dependence is
described by Symanzik’s effective theory [64,65]; for heavy
quarks, this can be extended and/or supplemented by other
effective theories such as Heavy-Quark Effective Theory
(HQET). The pion-mass dependence can be parameterized
with Chiral Perturbation Theory (xPT), which takes into
account the Nambu—Goldstone nature of the lowest excita-
tions that occur in the presence of light quarks. Similarly,
one can use Heavy-Light Meson Chiral Perturbation Theory
(HMx PT) to extrapolate quantities involving mesons com-
posed of one heavy (b or c) and one light quark. One can
combine Symanzik’s effective theory with x PT to simulta-
neously extrapolate to the physical-pion mass and the contin-
uum; in this case, the form of the effective theory depends on
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the discretization. See Appendix A.4 for a brief description
of the different variants in use and some useful references.
Finally, xPT can also be used to estimate the size of finite-
volume effects measured in units of the inverse pion mass,
thus providing information on the systematic error due to
finite-volume effects in addition to that obtained by compar-
ing simulations at different volumes.

Critical slowing down:

The lattice spacings reached in recent simulations go down
to 0.05 fm or even smaller. In this regime, long autocor-
relation times slow down the sampling of the configura-
tions [66—75]. Many groups check for autocorrelations in a
number of observables, including the topological charge, for
which a rapid growth of the autocorrelation time is observed
with decreasing lattice spacing. This is often referred to as
topological freezing. A solution to the problem consists in
using open boundary conditions in time, instead of the more
common antiperiodic ones [76]. More recently two other
approaches have been proposed, one based on a multiscale
thermalization algorithm [77] and another based on defin-
ing QCD on a nonorientable manifold [78]. The problem
is also touched upon in Sect. 9.2, where it is stressed that
attention must be paid to this issue. While large-scale simula-
tions with open boundary conditions are already far advanced
[79], unfortunately so far no results reviewed here have been
obtained with any of the above methods. It is usually assumed
that the continuum limit can be reached by extrapolation from
the existing simulations and that potential systematic errors
due to the long autocorrelation times have been adequately
controlled.

Simulation algorithms and numerical errors:

Most of the modern lattice-QCD simulations use exact algo-
rithms such as those of Refs. [80,81], which do not produce
any systematic errors when exact arithmetic is available. In
reality, one uses numerical calculations at double (or in some
cases even single) precision, and some errors are unavoid-
able. More importantly, the inversion of the Dirac operator is
carried out iteratively and it is truncated once some accuracy
is reached, which is another source of potential systematic
error. In most cases, these errors have been confirmed to
be much less than the statistical errors. In the following we
assume that this source of error is negligible. Some of the
most recent simulations use an inexact algorithm in order to
speed-up the computation, though it may produce systematic
effects. Currently available tests indicate that errors from the
use of inexact algorithms are under control.

2 Quality criteria, averaging and error estimation

The essential characteristics of our approach to the problem
of rating and averaging lattice quantities have been outlined

@ Springer

in our first publication [1]. Our aim is to help the reader assess
the reliability of a particular lattice result without necessarily
studying the original article in depth. This is a delicate issue,
since the ratings may make things appear simpler than they
are. Nevertheless, it safeguards against the common prac-
tice of using lattice results, and drawing physics conclusions
from them, without a critical assessment of the quality of the
various calculations. We believe that, despite the risks, it is
important to provide some compact information as regards
the quality of a calculation. We stress, however, the impor-
tance of the accompanying detailed discussion of the results
presented in the various sections of the present review.

2.1 Systematic errors and colour code

The major sources of systematic error are common to most
lattice calculations. These include, as discussed in detail
below, the chiral, continuum and infinite-volume extrapo-
lations. To each such source of error for which systematic
improvement is possible we assign one of three coloured
symbols: green star, unfilled green circle (which replaced in
Ref. [2] the amber disk used in the original FLAG review [1])
or red square. These correspond to the following ratings:

the parameter values and ranges used to generate the
datasets allow for a satisfactory control of the system-
atic uncertainties;

O the parameter values and ranges used to generate the
datasets allow for a reasonable attempt at estimat-
ing systematic uncertainties, which, however, could be
improved;
the parameter values and ranges used to generate the
datasets are unlikely to allow for a reasonable control
of systematic uncertainties.

The appearance of a red tag, even in a single source of sys-
tematic error of a given lattice result, disqualifies it from
inclusion in the global average.

The attentive reader will notice that these criteria differ
from those used in Refs. [1,2]. In the previous FLAG edi-
tions we used the three symbols in order to rate the relia-
bility of the systematic errors attributed to a given result by
the paper’s authors. This sometimes proved to be a daunt-
ing task, as the methods used by some collaborations for
estimating their systematics are not always explained in
full detail. Moreover, it is sometimes difficult to disentan-
gle and rate different uncertainties, since they are inter-
woven in the error analysis. Thus, in the present edition
we have opted for a different approach: the three sym-
bols rate the quality of a particular simulation, based on
the values and range of the chosen parameters, and its
aptness to obtain well-controlled systematic uncertainties.
They do not rate the quality of the analysis performed
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by the authors of the publication. The latter question is
deferred to the relevant sections of the present review, which
contain detailed discussions of the results contributing (or
not) to each FLAG average or estimate. As a result of
this different approach to the rating criteria, as well as
changes of the criteria themselves, the colour coding of some
papers in the current FLAG version differs from that of
Ref. [2].

For most quantities the colour-coding system refers to the
following sources of systematic errors: (i) chiral extrapola-
tion; (ii) continuum extrapolation; (iii) finite volume. As we
will see below, renormalization is another source of system-
atic uncertainties in several quantities. This we also classify
using the three coloured symbols listed above, but now with
a different rationale: they express how reliably these quan-
tities are renormalized, from a field-theoretic point of view
(namely nonperturbatively, or with two-loop or one-loop per-
turbation theory).

Given the sophisticated status that the field has attained,
several aspects, besides those rated by the coloured symbols,
need to be evaluated before one can conclude whether a par-
ticular analysis leads to results that should be included in an
average or estimate. Some of these aspects are not so easily
expressible in terms of an adjustable parameter such as the
lattice spacing, the pion mass or the volume. As a result of
such considerations, it sometimes occurs, albeit rarely, that
a given result does not contribute to the FLAG average or
estimate, despite not carrying any red tags. This happens,
for instance, whenever aspects of the analysis appear to be
incomplete (e.g. an incomplete error budget), so that the pres-
ence of inadequately controlled systematic effects cannot be
excluded. This mostly refers to results with a statistical error
only, or results in which the quoted error budget obviously
fails to account for an important contribution.

Of course any colour coding has to be treated with caution;
we emphasize that the criteria are subjective and evolving.
Sometimes a single source of systematic error dominates the
systematic uncertainty and it is more important to reduce this
uncertainty than to aim for green stars for other sources of
error. In spite of these caveats we hope that our attempt to
introduce quality measures for lattice simulations will prove
to be auseful guide. In addition we would like to stress that the
agreement of lattice results obtained using different actions
and procedures provides further validation.

2.1.1 Systematic effects and rating criteria

The precise criteria used in determining the colour coding are
unavoidably time-dependent; as lattice calculations become
more accurate, the standards against which they are mea-
sured become tighter. For this reason, some of the quality
criteria related to the light-quark sector have been tightened
up between the first [1] and second [2] editions of FLAG.

In the second edition we have also reviewed quantities
related to heavy-quark physics [2]. The criteria used for light-
and heavy-flavour quantities were not always the same. For
the continuum limit, the difference was more a matter of
choice: the light-flavour Working Groups defined the ratings
using conditions involving specific values of the lattice spac-
ing, whereas the heavy-flavour Working Groups preferred
more data-driven criteria. Also, for finite-volume effects, the
heavy-flavour groups slightly relaxed the boundary between

and O, compared to the light-quark case, to account for
the fact that heavy-quark quantities are less sensitive to the
finiteness of the volume.

In the present edition we have opted for simplicity and
adopted unified criteria for both light- and heavy-flavoured
quantities.* The colour code used in the tables is specified as
follows:

e Chiral extrapolation:

My min < 200 MeV
O 200 MeV < My min <400 MeV
400 MeV < M7z min

It is assumed that the chiral extrapolation is performed with
at least a 3-point analysis; otherwise this will be explicitly
mentioned. This condition is unchanged from Ref. [2].

e Continuum extrapolation:

at least three lattice spacings and at least 2 points
below 0.1 fm and a range of lattice spacings satisfying
[amax/amin]2 >2

O at least two lattice spacings and at least 1 point below
0.1 fm and a range of lattice spacings satisfying
[amax/amin]2 >14
otherwise

It is assumed that the lattice action is O (a)-improved (i.e.
the discretization errors vanish quadratically with the lattice
spacing); otherwise this will be explicitly mentioned. For
unimproved actions an additional lattice spacing is required.
This condition has been tightened compared to that of Ref. [2]
by the requirements concerning the range of lattice spacings.

e Finite-volume effects:

[]‘47r,min/]w7r,ﬁd]2 exp{4 — Mn,min[L(Mn,min)]max}
< 1, or at least 3 volumes

O [Zwﬂ,min/]Mﬂ,ﬁd]2 exp{3 — Mﬂ,min[L(Mn,min)]max}
< 1, or at least 2 volumes
otherwise

4 We note, however, that the data-driven criteria can be used by indi-
vidual working groups in order to rate the reliability of the analyses for
specific quantities.
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It is assumed here that calculations are in the p-regime’

of chiral perturbation theory, and that all volumes used
exceed 2 fm. Here we are using a more sophisticated con-
dition than that of Ref. [2]. The new condition involves
the quantity [ L (M min)max, Which is the maximum box
size used in the simulations performed at smallest pion
mass My min, as well as a fiducial pion mass M 4, which
we set to 200 MeV (the cutoff value for a green star in
the chiral extrapolation).

The rationale for this condition is as follows. Finite-
volume effects contain the universal factor exp{—L My},
and if this were the only contribution a criterion based
on the values of My minL would be appropriate. This is
what we used in Ref. [2] (with My minL > 4 for
and My minL > 3 for O). However, as pion masses
decrease, one must also account for the weakening of
the pion couplings. In particular, one-loop chiral pertur-
bation theory [82] reveals a behaviour proportional to
M% exp{—L My }. Our new condition includes this weak-
ening of the coupling and ensures, for example, that sim-
ulations with My min = 135 MeV and L My pin = 3.2
are rated equivalently to those with M nin = 200 MeV
and L My min = 4.

e Renormalization (where applicable):

nonperturbative

O one-loop perturbation theory or higher with a reason-
able estimate of truncation errors
otherwise

In Ref. [1], we assigned a red square to all results which
were renormalized at one-loop in perturbation theory. In
Ref. [2] we decided that this was too restrictive, since the
error arising from renormalization constants, calculated
in perturbation theory at one-loop, is often estimated con-
servatively and reliably.

e Renormalization Group (RG) running (where applica-
ble):
For scale-dependent quantities, such as quark masses
or Bk, it is essential that contact with continuum per-
turbation theory can be established. Various different
methods are used for this purpose (cf. Appendix A.3):
Regularization-independent Momentum Subtraction
(RI/MOM), the Schrodinger functional, and direct com-
parison with (resummed) perturbation theory. Irrespec-
tive of the particular method used, the uncertainty asso-
ciated with the choice of intermediate renormalization
scales in the construction of physical observables must
be brought under control. This is best achieved by
performing comparisons between nonperturbative and

> We refer to Sect. 5.1 and Appendix A.4 in the Glossary for an expla-
nation of the various regimes of chiral perturbation theory.

@ Springer

perturbative running over a reasonably broad range of
scales. These comparisons were initially only made in
the Schrodinger functional approach, but are now also
being performed in RI/MOM schemes. We mark the data
for which information as regards nonperturbative run-
ning checks is available and give some details, but do not
attempt to translate this into a colour code.

The pion mass plays an important role in the criteria rele-
vant for chiral extrapolation and finite volume. For some of
the regularizations used, however, it is not a trivial matter to
identify this mass.

In the case of twisted-mass fermions, discretization effects
give rise to a mass difference between charged and neutral
pions even when the up- and down-quark masses are equal:
the charged pion is found to be the heavier of the two for
twisted-mass Wilson fermions (cf. Ref. [83]). In early work,
typically referring to Ny = 2 simulations (e.g. Refs. [83]
and [36]), chiral extrapolations are based on chiral pertur-
bation theory formulae which do not take these regulariza-
tion effects into account. After the importance of keeping
the isospin breaking when doing chiral fits was shown in
Ref. [84], later work, typically referringto Ny =2+ 1+ 1
simulations, has taken these effects into account [4]. We use
M+ for My min in the chiral-extrapolation rating criterion.
On the other hand, sea quarks (corresponding to both charged
and neutral “sea pions® in an effective-chiral-theory logic)
as well as valence quarks are intertwined with finite-volume
effects. Therefore, we identify My min with the root mean
square (RMS) of M+, M- and M_o in the finite-volume
rating criterion.®

In the case of staggered fermions, discretization effects
give rise to several light states with the quantum numbers of
the pion.” The mass splitting among these “taste” partners
represents a discretization effect of O (a?), which can be sig-
nificant at large lattice spacings but shrinks as the spacing is
reduced. In the discussion of the results obtained with stag-
gered quarks given in the following sections, we assume that
these artefacts are under control. We conservatively iden-
tify My min With the root mean square (RMS) average of the
masses of all the taste partners, both for chiral-extrapolation
and finite-volume criteria.®

The strong coupling «; is computed in lattice QCD with
methods differing substantially from those used in the calcu-
lations of the other quantities discussed in this review. There-

6 This is a change from Ref. [2], where we used the charged pion mass
when evaluating both chiral-extrapolation and finite-volume effects.

7 We refer the interested reader to a number of good reviews on the
subject [85-89].

8 InRef.[2], the RMS value was used in the chiral-extrapolation criteria
throughout the paper. For the finite-volume rating, however, My mi, was
identified with the RMS value only in Sects. 4 and 6, while in Sects. 3, 5,
7 and 8 it was identified with the mass of the lightest pseudoscalar state.
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fore we have established separate criteria for o results, which
will be discussed in Sect. 9.2.

2.1.2 Heavy-quark actions

In most cases, and in particular for the b quark, the dis-
cretization of the heavy-quark action follows a very different
approach to that used for light flavours. There are several
different methods for treating heavy quarks on the lattice,
each with their own issues and considerations. All of these
methods use Effective Field Theory (EFT) at some point in
the computation, either via direct simulation of the EFT, or
by using EFT as a tool to estimate the size of cutoff errors, or
by using EFT to extrapolate from the simulated lattice quark
masses up to the physical b-quark mass. Because of the use
of an EFT, truncation errors must be considered together with
discretization errors.

The charm quark lies at an intermediate point between the
heavy and light quarks. In our previous review, the bulk of the
calculations involving charm quarks treated it using one of
the approaches adopted for the b quark. Many recent calcu-
lations, however, simulate the charm quark using light-quark
actions, in particular the Ny = 2 + 1 + 1 calculations. This
has become possible thanks to the increasing availability of
dynamical gauge field ensembles with fine lattice spacings.
But clearly, when charm quarks are treated relativistically,
discretization errors are more severe than those of the corre-
sponding light-quark quantities.

In order to address these complications, we add a new
heavy-quark treatment category to the rating system. The
purpose of this criterion is to provide a guideline for the level
of action and operator improvement needed in each approach
to make reliable calculations possible, in principle.

A description of the different approaches to treating heavy
quarks on the lattice is given in Appendix A.1.3, includ-
ing a discussion of the associated discretization, truncation,
and matching errors. For truncation errors we use HQET
power counting throughout, since this review is focussed on
heavy-quark quantities involving B and D mesons rather than
bottomonium or charmonium quantities. Here we describe
the criteria for how each approach must be implemented
in order to receive an acceptable () rating for both the
heavy-quark actions and the weak operators. Heavy-quark
implementations without the level of improvement described
below are rated not acceptable (). The matching is evalu-
ated together with renormalization, using the renormaliza-
tion criteria described in Sect. 2.1.1. We emphasize that
the heavy-quark implementations rated as acceptable and
described below have been validated in a variety of ways,
such as via phenomenological agreement with experimental
measurements, consistency between independent lattice cal-
culations, and numerical studies of truncation errors. These
tests are summarized in Sect. 8.

Relativistic heavy-quark actions:

at least tree-level O(a) improved action and weak opera-
tors.
This is similar to the requirements for light-quark actions. All
current implementations of relativistic heavy-quark actions
satisfy this criterion.
NRQCD

tree-level matched through O(1/myj) and improved

through O(a?).
The current implementations of NRQCD satisfy this crite-
rion, and also include tree-level corrections of O(1/ m%) in
the action.
HQET

tree-level matched through O(1/mj) with discretization
errors starting at O(a?).
The current implementation of HQET by the ALPHA Col-
laboration satisfies this criterion, since both action and weak
operators are matched nonperturbatively through O(1/my,).
Calculations that exclusively use a static-limit action do not
satisfy this criterion, since the static-limit action, by defini-
tion, does not include 1/mj terms. We therefore consider
static computations in our final estimates only if truncation
errors (in 1/my,) are discussed and included in the systematic
uncertainties.

Light-quark actions for heavy quarks
discretization errors starting at O(a?) or higher.

This applies to calculations that use the tmWilson action,
a nonperturbatively improved Wilson action, or the HISQ
action for charm-quark quantities. It also applies to calcula-
tions that use these light-quark actions in the charm region
and above together with either the static limit or with an
HQET inspired extrapolation to obtain results at the physical
b quark mass. In these cases, the continuum extrapolation
criteria described earlier must be applied to the entire range
of heavy-quark masses used in the calculation.

2.1.3 Conventions for the figures

For a coherent assessment of the present situation, the quality
of the data plays a key role, but the colour coding cannot be
carried over to the figures. On the other hand, simply showing
all data on equal footing would give the misleading impres-
sion that the overall consistency of the information available
on the lattice is questionable. Therefore, in the figures we
indicate the quality of the data in a rudimentary way, using
the following symbols:

corresponds to results included in the average or estimate
(i.e. results that contribute to the black square below);
corresponds to results that are not included in the average
but pass all quality criteria;

corresponds to all other results;
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corresponds to FLAG averages or estimates; they are also
highlighted by a grey vertical band.

The reason for not including a given result in the average is
not always the same: the result may fail one of the quality
criteria; the paper may be unpublished; it may be superseded
by newer results; or it may not offer a complete error budget.

Symbols other than squares are used to distinguish results
with specific properties and are always explained in the cap-
tion.”?

Often nonlattice data are also shown in the figures for
comparison. For these we use the following symbols:

e corresponds to nonlattice results;
corresponds to Particle Data Group (PDG) results.

2.2 Averages and estimates

FLAG results of a given quantity are denoted either as aver-
ages or as estimates. Here we clarify this distinction. To start
with, both averages and estimates are based on results with-
out any red tags in their colour coding. For many observables
there are enough independent lattice calculations of good
quality, with all sources of error (not merely those related to
the colour-coded criteria), as analysed in the original papers,
appearing to be under control. In such cases it makes sense
to average these results and propose such an average as the
best current lattice number. The averaging procedure applied
to this data and the way the error is obtained is explained in
detail in Sect. 2.3. In those cases where only a sole result
passes our rating criteria (colour coding), we refer to it as
our FLAG average, provided it also displays adequate con-
trol of all other sources of systematic uncertainty.

On the other hand, there are some cases in which this pro-
cedure leads to a result that, in our opinion, does not cover all
uncertainties. Systematic error estimates are by their nature
often subjective and difficult to estimate, and may thus end
up being underestimated in one or more results that receive
green symbols for all explicitly tabulated criteria. Adopting
a conservative policy, in these cases we opt for an estimate
(or a range), which we consider as a fair assessment of the
knowledge acquired on the lattice at present. This estimate is
not obtained with a prescribed mathematical procedure, but
reflects what we consider the best possible analysis of the
available information. The hope is that this will encourage
more detailed investigations by the lattice community.

9 For example, for quark mass results we distinguish between pertur-
bative and nonperturbative renormalization, for low-energy constants
we distinguish between the p- and e-regimes, and for heavy flavour
results we distinguish between those from leptonic and semi-leptonic
decays.
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There are two other important criteria that also play a role
in this respect, but that cannot be colour coded, because a
systematic improvement is not possible. These are: (i) the
publication status, and (ii) the number of sea-quark flavours
Ny. As far as the former criterion is concerned, we adopt the
following policy: we average only results that have been pub-
lished in peer-reviewed journals, i.e. they have been endorsed
by referee(s). The only exception to this rule consists in
straightforward updates of previously published results, typ-
ically presented in conference proceedings. Such updates,
which supersede the corresponding results in the published
papers, are included in the averages. Note that updates of
earlier results rely, at least partially, on the same gauge-field-
configuration ensembles. For this reason, we do not average
updates with earlier results. Nevertheless, all results are listed
in the tables,'? and their publication status is identified by the
following symbols:

e Publication status:
A published or plain update of published results
P preprint
C conference contribution.

In the present edition, the publication status on the 30th of
November 2015 is relevant. If the paper appeared in print
after that date, this is accounted for in the bibliography, but
does not affect the averages.

As noted above, in this review we present results from
simulations with Ny =2, Ny =2+ 1land Ny =2+ 1+1
(except for ro Ayg where we also give the Ny = 0 result).
We are not aware of an a priori way to quantitatively estimate
the difference between results produced in simulations with a
different number of dynamical quarks. We therefore average
results at fixed Ny separately; averages of calculations with
different Ny will not be provided.

To date, no significant differences between results with
different values of Ny have been observed in the quanti-
ties listed in Tables 1 and 2. In the future, as the accuracy
and the control over systematic effects in lattice calcula-
tions increases, it will hopefully be possible to see a dif-
ference between results from simulations with Ny = 2 and
Ny = 2+ 1, and thus determine the size of the Zweig-
rule violations related to strange-quark loops. This is a very
interesting issue per se, and one which can be quantitatively
addressed only with lattice calculations.

The question of differences between results with Ny =
2+ 1and Ny = 2+ 1+ 1 is more subtle. The dominant
effect of including the charm sea quark is to shift the lat-
tice scale, an effect that is accounted for by fixing this scale

10 Whenever figures turn out to be overcrowded, older, superseded
results are omitted. However, all the most recent results from each col-
laboration are displayed.
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nonperturbatively using physical quantities. For most of the
quantities discussed in this review, it is expected that resid-
ual effects are small in the continuum limit, suppressed by
o (m.) and powers of A2 / mg Here A is a hadronic scale that
can only be roughly estimated and depends on the process
under consideration. Note that the A%/m? effects have been
addressed in Ref. [90]. Assuming that such effects are small,
it might be reasonable to average the results from Ny = 2+1
and Ny = 2+ 1+ 1 simulations. This is not yet a pressing
issue in this review, since there are relatively few results with
Ny = 2+1+1, butit will become a more important question
in the future.

2.3 Averaging procedure and error analysis

In the present report we repeatedly average results obtained
by different collaborations and estimate the error on the
resulting averages. We follow the procedure of the previous
edition [2], which we describe here in full detail.

One of the problems arising when forming averages is that
not all of the datasets are independent. In particular, the same
gauge-field configurations, produced with a given fermion
discretization, are often used by different research teams with
different valence-quark lattice actions, obtaining results that
are not really independent. Our averaging procedure takes
such correlations into account.

Consider a given measurable quantity Q, measured by M
distinct, not necessarily uncorrelated, numerical experiments
(simulations). The result of each of these measurement is
expressed as

Oi=xitoV+ 0P +...+ 5", (1)

where x; is the value obtained by the ith experiment (i =
1,...,M)and al.(k) (fork =1, ..., E) are the various errors.
Typically ai(l) stands for the statistical error and ai(k) (k>72)
are the different systematic errors from various sources. For
each individual result, we estimate the total error o; by adding
statistical and systematic errors in quadrature:

Qi = x; o,
E
(012, 2
k=1

Oj

With the weight factor of each total error estimated in stan-
dard fashion:

i
M 2 3)

the central value of the average over all simulations is given
by

M
X; w;. )

i=1

Xay =

The above central value corresponds to a xéin weighted aver-
age, evaluated by adding statistical and systematic errors in
quadrature. If the fit is not of good quality (Xr%lin/d.o.f. > 1),
the statistical and systematic error bars are stretched by a
factor § = x2/d.o.f.

Next we examine error budgets for individual calcula-
tions and look for potentially correlated uncertainties. Spe-
cific problems encountered in connection with correlations
between different data sets are described in the text that
accompanies the averaging. If there is reason to believe that
a source of error is correlated between two calculations, a
100% correlation is assumed. The correlation matrix C;; for
the set of correlated lattice results is estimated by a prescrip-
tion due to Schmelling [91]. This consists in defining

/
o1, )
(k)

Oi;j =

with /(k) running only over those errors of x; that are corre-
lated with the corresponding errors of measurement x ;. This
expresses the part of the uncertainty in x; that is correlated
with the uncertainty in x;. If no such correlations are known
to exist, then we take oy, ; = 0. The diagonal and off-diagonal
elements of the correlation matrix are then taken to be

Ci=d? (i=1,....,M),
@ #J)- (6)

Finally the error of the average is estimated by

Cij = 0i:j 0}

M M

Op = w; w;j Cij, @)
i=1 j=1

and the FLAG average is

Qav = Xay T Oay. (8)

3 Quark masses

Quark masses are fundamental parameters of the Standard
Model. An accurate determination of these parameters is
important for both phenomenological and theoretical appli-
cations. The charm and bottom masses, for instance, enter
the theoretical expressions of several cross sections and decay
rates in heavy-quark expansions. The up-, down- and strange-
quark masses govern the amount of explicit chiral symme-
try breaking in QCD. From a theoretical point of view, the
values of quark masses provide information as regards the
flavour structure of physics beyond the Standard Model. The
Review of Particle Physics of the Particle Data Group con-
tains a review of quark masses [92], which covers light as
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well as heavy flavours. Here we also consider light- and
heavy- quark masses, but focus on lattice results and dis-
cuss them in more detail. We do not discuss the top quark,
however, because it decays weakly before it can hadronize,
and the nonperturbative QCD dynamics described by present
day lattice simulations is not relevant. The lattice determi-
nation of light- (up, down, strange), charm- and bottom-
quark masses is considered in Sects. 3.1, 3.2, and 3.3, respec-
tively.

Quark masses cannot be measured directly in experiment
because quarks cannot be isolated, as they are confined inside
hadrons. On the other hand, quark masses are free parameters
of the theory and, as such, cannot be obtained on the basis
of purely theoretical considerations. Their values can only
be determined by comparing the theoretical prediction for
an observable, which depends on the quark mass of interest,
with the corresponding experimental value.

In the last edition of this review [2], quark-mass deter-
minations came from two- and three-flavour QCD calcu-
lations. Moreover, these calculations were most often per-
formed in the isospin limit, where the up- and down-quark
masses (especially those in the sea) are set equal. In addi-
tion, some of the results retained in our light-quark mass
averages were based on simulations performed at values
of m,4 which were still substantially larger than its phys-
ical value imposing a significant extrapolation to reach the
physical up- and down-quark mass point. Among the cal-
culations performed near physical m,; by PACS-CS [93—
95], BMW [7,8] and RBC/UKQCD [31], only the ones in
Refs. [7,8] did so while controlling all other sources of sys-
tematic error.

Today, however, the effects of the charm quark in the sea
are more and more systematically considered and most of the
new quark-mass results discussed below have been obtained
in Ny = 2+1+1 simulations by ETM [4], HPQCD [14] and
FNAL/MILC [5]. In addition, RBC/UKQCD [10], HPQCD
[14] and FNAL/MILC [5] are extending their calculations
down to up-down-quark masses at or very close to their phys-
ical values while still controlling other sources of systematic
error. Another aspect that is being increasingly addressed
are electromagnetic and (mg — m,,), strong isospin-breaking
effects. As we will see below these are particularly important
for determining the individual up- and down-quark masses.
But with the level of precision being reached in calculations,
these effects are also becoming important for other quark
masses.

Three-flavour QCD has four free parameters: the strong
coupling, oy (alternatively Agcp) and the up-, down- and
strange-quark masses, m,, mq and m. Four-flavour calcula-
tions have an additional parameter, the charm-quark mass
m.. When the calculations are performed in the isospin
limit, up- and down-quark masses are replaced by a single
parameter: the isospin-averaged up- and down-quark mass,

@ Springer

Myq = %(mu +mg). A lattice determination of these param-
eters, and in particular of the quark masses, proceeds in two
steps:

1. One computes as many experimentally measurable quan-
tities as there are quark masses. These observables should
obviously be sensitive to the masses of interest, prefer-
ably straightforward to compute and obtainable with high
precision. They are usually computed for a variety of
input values of the quark masses which are then adjusted
to reproduce experiment. Another observable, such as
the pion decay constant or the mass of a member of the
baryon octet, must be used to fix the overall scale. Note
that the mass of a quark, such as the b, which is not
accounted for in the generation of gauge configurations,
can still be determined. For that an additional valence-
quark observable containing this quark must be computed
and the mass of that quark must be tuned to reproduce
experiment.

2. The input quark masses are bare parameters which
depend on the lattice spacing and particulars of the lattice
regularization used in the calculation. To compare their
values at different lattice spacings and to allow a contin-
uum extrapolation they must be renormalized. This renor-
malization is a short-distance calculation, which may
be performed perturbatively. Experience shows that one-
loop calculations are unreliable for the renormalization
of quark masses: usually at least two loops are required to
have trustworthy results. Therefore, it is best to perform
the renormalizations nonperturbatively to avoid poten-
tially large perturbative uncertainties due to neglected
higher-order terms. Nevertheless we will include in our
averages one-loop results if they carry a solid estimate
of the systematic uncertainty due to the truncation of the
series.

In the absence of electromagnetic corrections, the renormal-
ization factors for all quark masses are the same at a given
lattice spacing. Thus, uncertainties due to renormalization are
absent in ratios of quark masses if the tuning of the masses
to their physical values can be done lattice spacing by lattice
spacing and significantly reduced otherwise.

We mention that lattice QCD calculations of the b-quark
mass have an additional complication which is not present in
the case of the charm- and light-quarks. At the lattice spacings
currently used in numerical simulations the direct treatment
of the b quark with the fermionic actions commonly used
for light quarks will result in large cutoff effects, because
the b-quark mass is of order one in lattice units. There are
a few widely used approaches to treat the b quark on the
lattice, which have been already discussed in the FLAG 13
review (see Section 8 of Ref. [2]). Those relevant for the
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