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ABSTRACT

We investigate the origin of ΛCDM parameter constraints in weak lensing, with a focus on
the Hubble constant. We explain why current cosmic shear data are sensitive to the parameter
combination S8 ∝ σ8 Ω0.5
m , improving upon previous studies through use of the halo model.
Motivated by the ongoing discrepancy in measurements of the Hubble constant from high
and low redshift, we explain why cosmic shear provides almost no constraint on H0 by
showing how the lensing angular power spectrum depends on physical length scales in the
dark matter distribution. We derive parameter constraints from galaxy lensing in KiDS and
cosmic microwave background weak lensing from Planck and SPTpol, separately and jointly,
showing how degeneracies between σ8 and Ωm can be broken. Using lensing and Big Bang
Nucleosynthesis to calibrate the sound horizon measured in projection by baryon acoustic
oscillations gives H0 = 67.4 ± 0.9 km s−1 Mpc−1 , consistent with previous results from Planck
and the Dark Energy Survey. We find that a toy Euclid-like lensing survey provides only weak
constraints on the Hubble constant due to degeneracies with other parameters that affect the
shape of the lensing correlation functions. If external priors on ns , the baryon density, and
the amplitude of baryon feedback are available then sub-percent H0 constraints are achievable
with forthcoming lensing surveys.
Key words: gravitational lensing: weak – cosmology:observations – distance scale – cosmological parameters

1

INTRODUCTION

Cosmic shear is a powerful tool for constraining cosmological models via the geometry and mass distribution of the Universe (see
Bartelmann & Schneider 2001; Munshi et al. 2008; Bartelmann
2010; Kilbinger 2015, for reviews). Current galaxy surveys with
lensing-quality imaging and photometric redshifts can place useful
constraints on certain combinations of ΛCDM parameters, as well
as on simple extensions to the standard cosmological model (Abbott
et al. 2018a; Troxel et al. 2018; Abbott et al. 2019; Hikage et al.
2019; Hamana et al. 2020; Heymans et al. 2021; Tröster et al. 2020;
Asgari et al. 2021). Considerable effort is currently going into forthcoming lensing surveys that aim to place percent-level constraints
on dark energy models and neutrino mass (Laureijs et al. 2011;
Euclid Collaboration et al. 2020; Ade et al. 2019).
For years now the ‘gold standard’ for constraining cosmological models has been the anisotropies in the cosmic microwave background (CMB), supplemented by low-redshift probes of the background expansion rate. Despite this, extracting information on the
post-recombination Universe from the CMB is fundamentally limited by its nature as a two-dimensional projected field. While there is
a wealth of information in secondary effects such as the thermal and
?
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kinetic Sunyaev-Zeldovich effects, CMB lensing, secondary scattering from reionization, and other non-linear sources (e.g. Aghanim
et al. 2008), all of which are being actively targeted by forthcoming
experiments (Matsumura et al. 2014; Abazajian et al. 2016; Sehgal
et al. 2019), the relative importance of low-redshift probes for constraining cosmological models is likely to increase substantially in
the near future.
Weak lensing is an attractive probe of large-scale structure because of its sensitivity to the total mass content of the Universe,
in contrast with probes that rely on baryonic tracers such as galaxy
clustering or the Lyman-α forest. Modelling the distribution of tracers is complicated even on large quasi-linear scales due to the nonlinear aspects of galaxy bias (e.g. Desjacques et al. 2018; Wechsler
& Tinker 2018) and redshift-space distortions (Taruya et al. 2010;
Reid & White 2011; Taruya et al. 2013; Senatore & Zaldarriaga
2014). While considerable progress has been made in mitigating
these uncertainties, having a direct probe of the underlying matter density field is clearly of great value. A caveat to this is that
weak lensing measures the projected density field and is hence insensitive to a large proportion of the available modes, but in the
case of cosmic shear a tomographic approach still provides useful information on the growth of structure if reasonably accurate
redshifts are available (Hu 1999; Huterer 2002). The information
content of shear maps may be boosted further by including small
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well-measured scales (albeit at the price of increased vulnerability
to imperfections in the modelling of baryon feedback in the matter power spectrum Semboloni et al. 2011; Copeland et al. 2018;
Huang et al. 2019), and exploiting non-Gaussian information in the
signal (e.g. Bernardeau et al. 2002; Takada & Jain 2004; Bergé et al.
2010; Yang et al. 2011; Pires et al. 2012; Petri et al. 2013). As is well
known, galaxy weak lensing comes with its own particular observational systematics, for which we refer the reader to Mandelbaum
(2018) for a review.
Given its potential constraining power and the enhanced role
that weak lensing is expected to play in shaping our understanding of
the Universe, it is timely to ask the following question: which of the
various outstanding questions of modern cosmology can lensing,
without recourse to other probes, be expected to answer definitively? The power of lensing to constrain models of dark energy,
massive neutrinos, and modified gravity has been well documented
and demonstrated (e.g. Schmidt 2008; Tereno et al. 2009; Huterer
2010; Martinelli et al. 2011; Das et al. 2012; Simpson et al. 2013;
Harnois-Déraps et al. 2015; Joudaki et al. 2017; Abbott et al. 2019)
so in this work we focus on the best-fitting cosmological model - flat
ΛCDM, with massive neutrinos. In particular we will pay special
attention to the ability of lensing to constrain the Hubble constant,
H0 . This is an interesting parameter to study with weak lensing for
two reasons.
Firstly, there is currently a moderate discrepancy between the
value of H0 inferred from Cepheid-calibrated Type-1a supernovae
measured by the SH0ES collaboration, which gives H0 = 74.03 ±
1.42 km s−1 Mpc−1 , (Riess et al. 2019), and that inferred from
the primary CMB anisotropies measured by Planck, which gives
67.27 ± 0.60 km s−1 Mpc−1 (Planck Collaboration et al. 2020a) or
67.44 ± 0.58 km s−1 Mpc−1 with the reanalysis of Efstathiou &
Gratton (2019). This represents a 4.3 - 4.4σ discrepancy known as
the ‘H0 tension’, for which there are many proposed solutions (see,
e.g. Bernal et al. 2016; Verde et al. 2019; Di Valentino et al. 2021,
for discussion). Having independent measurements of H0 is clearly
of great value for determining if the tension is due to undiagnosed
systematic errors or genuinely new physics. It is therefore timely
to investigate if weak lensing can, or ever will, constrain H0 to
useful precision. There is in fact reason to believe that lensing can
help constrain H0 , by combining with baryon acoustic oscillations
(BAO). Several works have used large-scale structure probes to
constrain Ωm , which allows H0 to be measured from BAO at a
single redshift if the baryon density Ωb h2 is constrained a priori, for
example from Big Bang Nucleosynthesis (BBN) modelling plus a
measurement of the primordial deuterium abundance (e.g. Addison
et al. 2013; Abbott et al. 2018b; Schöneberg et al. 2019). Such a
measurement of H0 is almost CMB-independent, requiring only the
temperature monopole to calibrate the sound horizon. Weak lensing
on its own does not constrain Ωm well due to a degeneracy with σ8
(a degeneracy known as the lensing ‘banana’), but this degeneracy
can be broken by combining galaxy lensing with CMB lensing the direction of the Ωm -σ8 degeneracy is different for CMB lensing
because the redshifts and scales probed are quite different to those
of galaxy lensing. Investigating how effective this combination of
probes is for constraining H0 is an aim of this work.
Secondly, there have been longstanding difficulties in the interpretation of H0 measurements from lensing due to inherent degeneracies in lensing observables, in particular strong lensing time delays (e.g. Saha 2000; Kochanek 2002). This stems from the fact that
the dimensionless quantities one can form from lensed images are
invariant under a scaling of H0 . Dimensionful quantities do change
with H0 , but this change is degenerate with a redefinition of the

(unknown) lens mass density and unlensed source positions (Falco
et al. 1985). For strong lensing this means that image positions,
fluxes, and time delays are invariant under this redefinition and a
simultaneous rescaling of H0 , known as the ‘mass sheet degeneracy’ (e.g. Schneider & Sluse 2013). In weak lensing the only effects
of changing H0 are to rescale angular diameter distances and the
mass density at every point, but given the observables (i.e. the shear
correlation functions) are dimensionless one might wonder if this
change can be entirely absorbed by a change in length and mass
units. The answer lies in the fact that some external information on
the statistical lens mass distribution is effectively included through
use of a model for the matter power spectrum. Rescaling H0 results
in a rescaling of Ωm h2 , changing the shape of the matter power spectrum as a function of wavenumber and hence changing the angular
correlation function of the lensing shear. There do exist weak lensing analysis techniques that try to discard all information from the
matter power spectrum, e.g. shear-ratio tests (Jain & Taylor 2003;
Bernstein & Jain 2004; Zhang et al. 2005; Taylor et al. 2007), and
we note that in these probes the sensitivity to H0 drops out entirely.
This discussion suggests there may be simple arguments one can
make to extract the H0 dependence of weak lensing observables.
A more general aim of this work is to study where information
on ΛCDM parameters comes from in weak lensing analyses. It is
well known that cosmic shear constrains the parameter combination S8 ∝ σ8 Ω0.5
m well, whereas all other parameters are weakly
constrained or unconstrained. The precision with which S8 is measured (a few percent in modern lensing surveys) is in stark contrast
with H0 , which is almost completely unconstrained (Heymans et al.
2021). The sensitivity of shear correlation functions to S8 is often
justified (e.g. Hildebrandt et al. 2017; Hamana et al. 2020; Heymans et al. 2021) by reference to the work of Jain & Seljak (1997).
Although the scales and redshifts used in that work are appropriate for those measured in modern surveys, Jain & Seljak (1997)
used a non-linear prescription for the matter power spectrum that
is quite different to the halo models used by modern surveys. We
will revisit the origin of the S8 dependence in cosmic shear in the
context of the halo model, in addition to paying special attention to
H0 . To aid this investigation we will also consider information from
CMB lensing. CMB lensing constraints currently have tighter error
bars than cosmic shear on most combinations of ΛCDM parameters (Planck Collaboration et al. 2020b; Wu et al. 2019; Bianchini
et al. 2020; Darwish et al. 2021), and although the redshifts of the
relevant gravitational potentials are quite different there are useful
analogies to be drawn between the two probes when it comes to
studying the origin of parameter information.
This paper is organised as follows. In Section 2 we review current cosmological constraints using weak lensing alone, either from
cosmic shear, CMB lensing, or their combination. In Section 3 we
dig into the origin of cosmological constraints from weak lensing,
paying particular attention to S8 and H0 . In Section 4 we study
whether forthcoming surveys will improve on our understanding of
H0 using weak lensing alone, before concluding in Section 5. Finally, in a series of appendices we investigate the sensitivity of our
results to various prior and modelling choices and investigate how
BAO analyses may be assisted by weak lensing to give a constraint
on H0 independent from both the primary CMB fluctuations or the
classical distance ladder.
We set c = 1 throughout unless otherwise stated. We will often
use ωm and Ωm h2 interchangeably, and likewise ωb and Ωb h2 . We
define the dimensionless quantity h via H0 ≡ 100 h km s−1 Mpc−1 .
MNRAS 000, 1–21 (2021)

Weak lensing and the Hubble tension
Planck WL + BBN
KV450 + BBN

CURRENT COSMOLOGICAL CONSTRAINTS USING
WEAK LENSING ALONE

Before focusing on H0 we will first briefly review cosmological
parameter constraints from weak lensing alone.
We consider two examples of weak lensing data sets: the power
spectrum of CMB lensing fluctuations from Planck (Planck Collaboration et al. 2020b), and the tomographic correlation functions of
galaxy ellipticities measured in KV450 (Hildebrandt et al. 2020)1 .
These data probe projected gravitational potentials at high redshift
(0.5 . z . 3) and low redshift (0.1 . z . 0.7) respectively2 . We
will first discuss constraints from the two data sets separately, and
then from their combination.
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Constraints from CMB lensing and galaxy lensing
separately

Since the published analyses of these data by the respective collaborations use different parameter priors, we first reanalyse the
KV450 likelihood using the same priors as the Planck lensing-only
analysis, listed in Table 1. The salient differences from the original
KV450 analysis are a broader prior on h and tighter priors on ns
and Ωb h2 , the latter motivated by standard BBN assuming the three
Standard Model neutrino species and the primordial deuterium estimate from Cooke et al. (2018); we will sometimes explicitly label
this choice as “+BBN”. As shown in Appendix A, these choices
result in negligible differences to the KV450 posterior.
We sample from the KV450 likelihood using the MultiNest (Feroz et al. 2009) nested sampling code within the MontePython package (Brinckmann & Lesgourgues 2018). The linear power spectrum was computed with the Boltzmann code
class (Blas et al. 2011), with non-linear and baryon feedback
corrections computed with hmcode (Mead et al. 2015). The posterior parameter constraints and Bayesian credible intervals were
computed with GetDist (Lewis 2019). Nuisance parameters in
KV450 are sampled using the same priors as in the original analysis
of Hildebrandt et al. (2020), and the Planck samples here are the
publicly available MCMC chains, with the primordial CMB power
spectra marginalised out of the lensing response and N (1) bias as
described in Planck Collaboration et al. (2020b).
Figure 1 shows constraints from the two lensing-only analyses in the parameter space Ωm , σ8 , and h. The parameter dependence of CMB lensing has been discussed extensively in Pan et al.
(2014); Planck Collaboration et al. (2016); Hang et al. (2021). The
Planck lensing constraints form a ‘tube’ in this parameter space,

1

Specifically we use cosmic shear measurements from the Kilo-Degree
Survey and the VISTA Kilo-Degree Infrared Galaxy Survey (Kuijken et al.
2015; Wright et al. 2019; Hildebrandt et al. 2020; Kannawadi et al. 2019),
hereafter referred to as KiDS+VIKING. The KiDS data are processed by
THELI (Erben et al. 2013) and Astro-WISE (Begeman et al. 2013; de Jong
et al. 2017), and the VIKING data are processed by CASU (GonzálezFernández et al. 2018). Shears are measured using lensfit (Miller et al.
2013; Kannawadi et al. 2019), and photometric redshifts are obtained from
PSF-matched photometry (Wright et al. 2019) and calibrated using external
overlapping spectroscopic surveys (Hildebrandt et al. 2020).
2 We note that KV450 has been superseded by recent weak lensing results
from KiDS-1000 (Asgari et al. 2021; Giblin et al. 2021; Heymans et al.
2021) which presents an improved constraint on the lensing amplitude S8
having 3% precision with lensing alone. We do not expect use of the older
data to impact the main results of this paper, since constraints orthogonal to
S8 in ΛCDM models have not improved significantly.
MNRAS 000, 1–21 (2021)
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Figure 1. 68% and 95% posterior credible regions on the parameters Ω m ,
σ8 , and h from the weak lensing correlation functions measured in KV450
(blue) and from the CMB lensing power spectrum measured with Planck
(red). The priors used are the ‘lensing only’ priors of Planck Collaboration
et al. (2020b), i.e. broad on h and informative on ns and Ω b h 2 , the latter
motivated by BBN.

with two well-constrained parameter combinations roughly corresponding to a measurement of the small-scale amplitude of the
φφ
lensing power spectrum CL proportional (at fixed ns and Ωb h2 )
φφ

to σ82 Ω−0.05
h−1 and a measurement of the peak in [L(L + 1)]2 CL
m
given by Leq ∝ Ω0.6
m h (Planck Collaboration et al. 2016). Projected
into the traditional ‘lensing banana’ plane of σ8 and Ωm , CMB
lensing constrains the combination σ8 Ω0.25
(measured with 3%
m
precision in Planck), which roughly follows from combining the
φφ
CL amplitude and peak constraints.
In contrast, the KV450 lensing posterior appears much broader
in every parameter plane except σ8 -Ωm , where the parameter combination S8 ∝ σ8 Ω0.5
m is constrained with roughly 5% precision.
The parameter dependence of galaxy lensing has been discussed
in Jain & Seljak (1997) and will be revisited later, but the difference
in well-constrained combinations compared with CMB lensing reflects the different scales and source redshifts probed. CMB lensing
probes linear potentials at high redshift, where the growth factor of
density fluctuations has not yet been suppressed by Λ and the angular diameter distance has non-negligible cosmology dependence
- both effects are controlled by Ωm . These features are in contrast
with galaxy lensing, which in addition probes non-linear scales
in the matter power spectrum that have a cosmology dependence
distinct from that of linear theory. Galaxy lensing also receives a
contribution from intrinsic alignments (IAs), which induces further
sensitivity to cosmological parameters through its scale and redshift dependence. Despite these differences however, the qualitative
degeneracy directions in the two posteriors roughly align in this
projected three-parameter space.
That the KV450 posterior is significantly broader than that of
Planck in the σ8 -h and Ωm -h planes reflects a combination of lower
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Table 1. Priors on cosmological parameters used in this work. Square brackets denote uniform priors between indicated limits, otherwise priors are Gaussian
with the indicated mean and standard deviation.
Planck lensing + BBN

KV450 + BBN

Parameter

Prior

Parameter

Prior

Parameter

Prior

h
Ωc h2
Ωb h2
ns
log(1010 A s )

[0.4, 1.0]
[0.001, 0.99]
0.0222 ± 0.0005
0.96 ± 0.02
[1.61, 3.91]

h
Ωc h2
Ωb h2
ns
log(1010 A s )

[0.64, 0.82]
[0.01, 0.99]
0.0222 ± 0.0005
[0.7, 1.3]
[1.7, 5.0]

h
Ωm
Ωb
ns
109 A s

[0.55, 0.91]
[0.1, 0.9]
[0.03, 0.07]
[0.87, 1.07]
[0.5, 5.0]

signal-to-noise in the data, posterior broadening from marginalising
over nuisance parameters, and lower sensitivity to these parameters
in the model. Although H0 in particular is poorly constrained, values
of h . 0.6 are clearly disfavoured over h & 0.6, for example.
Figure 1 suggests this reflects a trend in the KV450 posterior to
disfavour models with high Ωm and low h.
In Figure 2 we show marginalised constraints on all cosmological parameters in the model from KV450 assuming a broad prior
on ns and a BBN prior on ωb . In contrast with Figure 1 we plot
constraints on [S8, Ωm h2, h], where S8 ≡ σ8 (Ωm /0.3)0.5 , instead
of [σ8, Ωm, h] since the posterior covariance is more diagonal in
this basis. All parameters except S8 , AI A, and Ωm h2 are unconstrained by the data (similar statements can be made of DES Y1
cosmic shear Troxel et al. 2018). The constraint on Ωm h2 is weak
(Ωm h2 = 0.177+0.035
, i.e. 30% uncertainty) and potentially influ−0.064
enced by the hard priors on As and ns , but is orthogonal to S8 and
hints at what the more precise forthcoming weak lensing surveys
might provide. We will return to this point when we discuss the
parameter dependence of galaxy weak lensing.
Thus, in ΛCDM models with fixed neutrino mass, CMB lensing constrains the parameters σ82 h−1 and Ω0.6
m h well whereas galaxy
0.5
lensing constrains σ8 Ω0.5
m well and Ωm h (very) weakly.
2.2

DES

Constraints from CMB lensing and galaxy lensing
combined

It is clear from Figure 1 that inference of Ωm , σ8 , and h from the
joint data set will provide improved constraints on both σ8 and Ωm ,
due to the different degeneracy directions arising from the different
source redshifts.
In the top panel of Figure 3 we show the individual and combined constraints in the σ8 -Ωm plane from Planck and KV450,
confirming that this combination provides tighter constraints on
both these parameters than in either data set individually. We find
Ωm = 0.22 ± 0.04 and σ8 = 0.88 ± 0.05, with little sensitivity to the
ns prior, although there is a residual degeneracy between these two
parameters. For comparison, combining Planck lensing with DES
+0.041 and σ = 0.837+0.042 with ‘Planck
lensing gives Ωm = 0.266−0.033
8
−0.052
lensing’ priors. The preference for higher Ωm and lower σ8 at the
roughly 1σ level in this combination reflects a slight preference in
DES Y1 lensing for higher S8 values, as well as some non-trivial
non-Gaussianity in the DES lensing posterior due to intrinsic alignments (Planck Collaboration et al. 2020b). Planck primary CMB
data (TT,TE,EE+lowE) give Ωm = 0.3166 ± 0.0084, a discrepancy
with Planck lensing + KV450 of about 2.4σ, although we note that
Ωm and σ8 are correlated so the discrepancy is potentially weaker
in a higher dimensional parameter space. The preference for lower
Ωm is not surprising, as it follows from the preference in KV450
for models with lower S8 than Planck primary CMB.

Note that in making Figure 3 we have assumed zero correlation between the CMB lensing and galaxy lensing power spectra.
For Gaussian fields the neglected cross-covariance is proportional
to the square of the cross-correlation between the two signals. Although this is non-zero (see Hall & Taylor 2014 for its modelling
and Harnois-Déraps et al. 2017; Robertson et al. 2021 for its measurement in KiDS), it is small compared with the diagonal terms of
the covariance at each Fourier mode, which justifies treating these
the two data vectors as independent.
Cosmological constraints from combining CMB lensing with
galaxy lensing have been presented before, for example in Planck
Collaboration et al. (2020b) where Planck lensing was combined
with DES galaxy lensing, and more recently in eBOSS Collaboration et al. (2020) where redshift-space distortions are additionally included. Tröster et al. (2020) present constraints from Planck
CMB lensing combined with KiDS-1000 galaxy lensing, finding
Ωm = 0.269+0.026
and σ8 = 0.81+0.047
, with a residual degeneracy
−0.029
−0.029
between these two parameters. These constraints are both roughly
1σ away from our measurement along their degeneracy direction.
This is partly due to the tighter priors on h adopted in KiDS-1000;
adopting these priors in our analysis gives better agreement, with
Ωm = 0.23+0.02
and σ8 = 0.86 ± 0.04. A plot similar to Figure 3
−0.03
also appears in Bianchini et al. (2020), although without constraints
from the combination of the data sets. Comparatively little attention
has been paid to the sensitivity of such constraints to the assumed
priors and to the specific data sets entering the combination. In the
top panel of Figure 3 we show how the constraints change when
the baseline Planck lensing-only priors are relaxed. Keeping the
informative BBN prior on Ωb h2 , the only remaining informative
prior is that on the scalar spectral index ns , which we relax to its
less informative KV450 prior, see Table 1. Relaxing the prior on ns
broadens the CMB lensing parameter contours significantly, since
ns can now compensate for values of σ8 , Ωm , and h that previously
gave rise to power spectrum amplitudes and peaks not favoured by
the data. In contrast the galaxy lensing posterior does not change
significantly when relaxing the prior on ns , as shown in Figure A1,
suggesting that these new degeneracies between cosmological parameters are subdominant to noise and the broadening of contours
arising from marginalising over nuisance parameters. The constraint
on S8 is dominated by the KV450 data3 and is hence more stable
to changing the ns prior, giving S8 = 0.742 ± 0.030 (narrow prior
on ns ) and S8 = 0.744 ± 0.028 (broad prior on ns ), i.e. a modest
improvement from a 5% measurement in KV450 alone to 4% when
combined with Planck lensing.
3

The relative impact of CMB lensing on the S8 constraint is greater in
KiDS-1000 (Tröster et al. 2020), likely due to their tighter prior on h favouring a region of parameter space where the galaxy and CMB lensing contours
are more orthogonal.
MNRAS 000, 1–21 (2021)
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Figure 2. Constraints on cosmological parameters from KV450 with a broad prior on ns and BBN prior on ω b . Nuisance parameters have been marginalised
over, and we additionally show constraints on the IA amplitude A I A and baryon feedback parameter cmin , whose prior ranges are the same as the plotting
range in each case. The value cmin = 3.13 corresponds to no baryon feedback (i.e. dark matter only), while values smaller than this suppress the matter power
spectrum on small scales.

In the bottom panel of Figure 3 we show the constraints in the
Ωm -σ8 plane when swapping the Planck CMB lensing measurement
with that of SPTpol (Wu et al. 2019; Bianchini et al. 2020). We use
the SPTpol likelihood of Chudaykin et al. (2020), verifying that our
results agree with those of Bianchini et al. (2020) when adopting the
same priors (which are identical to the Planck lensing only priors
listed in Table 1). The SPTpol lensing constraints appear highly
consistent with those of Planck when projected into this parameter
space, but are broader due to the different scales probed; as discussed
in Bianchini et al. (2020), SPTpol is not as sensitive as Planck to
the large-scale break in the lensing power spectrum, and hence
struggles to distinguish As from Ωm h2 , both of which change the
small-scale amplitude of lensing. This leads to weaker constraints
in the Ωm -h plane (which is where the peak information is most
manifest), and a longer tail to high Ωm in the σ8 -Ωm plane. The
lensing power spectrum amplitude is still well measured in SPTpol
across a wide range of scales, so the parameter σ8 Ω0.25
m is still tightly
constrained with 4% precision. The combination with KV450 (again
neglecting covariance) gives constraints in the S8 direction that are
MNRAS 000, 1–21 (2021)

again dominated by KV450, with S8 = 0.756 ± 0.028 (narrow
ns prior) and S8 = 0.756 ± 0.027 (broad ns prior), i.e. ∼ 4%
measurements. The combination constrains Ωm = 0.22 ± 0.03 and
σ8 = 0.88 ± 0.04 with a narrow prior on ns , broadening to Ωm =
0.22 ± 0.04 and σ8 = 0.89 ± 0.06 with a broad prior on ns . As with
Planck+KV450, there is a residual degeneracy between these two
parameters even in the combined data set. Note that this low value
of Ωm implies a high value of H0 when fixing the angular scale
of the CMB acoustic peaks to the measurement from Planck, since
this essentially fixes Ωm h3 (Planck Collaboration et al. 2020a). The
naive combination implies roughly h = 0.76 ± 0.04, consistent with
the SH0ES value and 2σ higher than the published Planck value.
This highlights the interplay between the S8 and H0 ‘tensions’,
a point also discussed in Hill et al. (2020); Niedermann & Sloth
(2021); Jedamzik et al. (2021); Ivanov et al. (2020); d’Amico et al.
(2020); D’Amico et al. (2021); Hang et al. (2021).
Joint parameter inference from the combination of CMB and
galaxy lensing can thus offer improved constraints on Ωm and σ8
through the breaking of their degeneracy. In Appendix B we in-
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experimented with discarding the BBN prior entirely. Keeping the
informative ns prior, our full lensing + BAO combination yields
H0 = 70.0+8.4
km s−1 Mpc−1 , consistent with both Planck and
−4.6
SH0ES. On the lensing side this constraint is dominated by the
Planck CMB lensing measurement of the angular size of the matterradiation equality scale, with the uncalibrated BAO providing a measurement of Ωm that breaks the degeneracy with H0 (see Lin et al.
2021, for a discussion of how uncalibrated standard rulers can be
used to constrain Ωm ). Note that we are still assuming Neff = 3.046,
such that the equality scale is controlled purely by Ωm h2 at fixed
CMB temperature. Relaxing this would likely destroy almost all the
H0 -constraining power of lensing.
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Figure 3. Top panel: Marginalised 68% and 95% constraints on Ω m and
σ8 from KV450 (blue), Planck lensing (orange and green), and their combination (pink and brown) with either a broad or narrow prior on ns . Bottom
panel: Same as top, for SPTpol lensing instead of Planck lensing. A BBN
prior on Ω b h 2 has been imposed for each analysis.

vestigate whether this improved constraint on Ωm can be used to
calibrate the sound horizon (in combination with a BBN measurement of Ωb h2 ) in order to measure H0 in combination with BAO.
Despite the tighter Ωm constraint, constraints in the Ωm -H0 plane
are not improved substantially, with Ω0.6
m h still a degeneracy direction for this data combination. The reason for this is the fairly weak
dependence of the equality angular scale Leq on Ωm combined with
an improvement in the Ωm constraint that is only modest. Low redshift BAO+BBN give a constraint in the Ωm -H0 plane that is roughly
orthogonal to that from CMB lensing, so the additional coarse information on Ωm from galaxy lensing does not improve the constraint
on H0 significantly. The tightest constraint comes from combining
low and high redshift BAO with CMB and galaxy lensing, which
gives H0 = 67.4 ± 0.9 km s−1 Mpc−1 for Planck lensing priors +
BBN, and H0 = 67.6 ± 1.1 km s−1 Mpc−1 for KV450 lensing priors + BBN. These are 4.0σ and 3.6σ lower than the SH0ES value
respectively.
Our BBN prior on the baryon density depends on the assumption that the effective number of relativistic degrees of freedom,
Neff , takes its standard value Neff = 3.046 (e.g. Cooke et al. 2018).
To further decouple our analysis from early-Universe physics, we

3

DEPENDENCE OF COSMIC SHEAR ON H0

We have seen that current galaxy weak lensing data are not powerful enough on their own to improve H0 constraints significantly.
Given that CMB lensing gives comparatively tight constraints in
the Ωm -h plane with only a single source redshift, it is natural to
ask what is causing cosmic shear to be so poor at providing useful
H0 information. While the effects of noise and nuisance parameters
certainly contribute, it is interesting to note that constraints on the
amplitude of the lensing power spectrum (through S8 ) are comparable to that of CMB lensing, suggesting that these effects are either
relatively more important in the H0 direction or are subdominant
to a potential loss of sensitivity in the model to H0 over the scales
and redshifts probed. Given that forthcoming lensing surveys will
have significantly lower statistical noise, this motivates a more detailed investigation into the cosmology dependence of cosmic shear
two-point functions.
Jain & Seljak (1997) (hereafter JS97) studied the dependence
of the shear correlation function on cosmological parameters in the
linear and non-linear regime. JS97 found that the amplitude of the
correlations in flat ΛCDM models scales as σ8 Ωα
m , with α . 0.5 on
angular scales θ . 2 0 and α ≈ 0.7 on scales θ > 10 0 , with additional
(albeit sub-linear) dependencies on the source redshift. The amplitude scaling was found to be only weakly sensitive to the shape of
the matter power spectrum (i.e. ns and Γ ≡ Ωm h). In deriving these
scalings, JS97 applied a correction to the matter power spectrum
for non-linear growth from Peacock & Dodds (1996), showing that
non-linear evolution has an important role in dictating the scaling
of the lensing amplitude with cosmological parameters. The scales
and redshifts probed by modern lensing surveys is such that the
σ8 Ω0.5
m dependence predicted by JS97 closely approximates the actual parameter combination best constrained by the data, so much
so that this combination has been given its own name, S8 .
There are two points to make about this successful prediction
for the lensing amplitude scaling. Firstly, as pointed out by JS97 the
scaling with Ωm and σ8 changes with angular scale, with a stronger
dependence on Ωm seen on large linear scales. Forthcoming weak
lensing surveys will have enough sky area to measure precise shear
correlations on degree scales and larger, suggesting that the bestconstrained parameter combination from lensing may soon differ
from S8 . Secondly, the S8 scaling derived in JS97 was made using
an approximate non-linear model that has been largely superseded
in weak lensing by the halo model and its variants (Seljak 2000;
Peacock & Smith 2000; Cooray & Sheth 2002). Given this discrepancy, it is worth revisiting the arguments of JS97 in the context of
the halo model. In particular, the parameter H0 appears nowhere in
the scalings presented by JS97. We will therefore pay special attention to how (if at all) cosmic shear correlations depend on H0 , and
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correlation functions probe a broad range of scales 102 . ` . 104 .
The ellipticity angular power spectrum has contributions from
shear and intrinsic alignments, and can be written as
I I,i j

+ C`

,

where both cross-terms are included to allow for overlapping source
redshift bins. In the Limber and Born approximations the shear
power spectrum is given by


∫
qi (r)q j (r)
9 2 4 rmax
` + 1/2
γγ,i j
C`
= Ωm H0
P
; z(r) ,
(3)
dr
4
r
r2
0
where P(k; z) is the matter power spectrum at redshift z, rmax is a
maximum source conformal distance, and in flat models
∫ rmax
r
r0 − r
qi (r) =
(4)
dr 0 pri (r 0 ) 0 ,
a(r) r
r
where pri (r) is the source density of bin i in r-space and integrates
to unity, and a(r) is the scale factor at conformal distance r on the
background light-cone, normalized as a(0) = 1.
Following the fiducial KV450 analysis we adopt the ‘non-linear
linear alignment’ model for IAs (Hirata & Seljak 2004; Bridle &
King 2007) such that


∫ rmax
j
pi (r)p (r)
` + 1/2
I I,i j
C`
=
dr r 2 r A2I A(r) P
; z(r) ,
(5)
r
r
0
where
AI A(r) = −AI A



ρ0c
5 × 10−4
Ωm
1+z η
,
h2
M Mpc−3 D(z)/D(0) 1 + z0

(6)

where ρ0c is the critical density and D(z) is the matter density growth
factor (assuming scale-independent growth). An additional redshift
dependence arises when η , 0, but following KV450 we set η = 0
in our analysis. The factor AI A is a dimensionless scaling amplitude
with fiducial value of unity. The GI terms in Equation (2) follow
from the cross terms given in, e.g., Hildebrandt et al. (2017).
3.1

Dependence of the shear angular power spectrum on H0

How does the lensing power spectrum depend on H0 ? To answer
γγ
this, we will first focus on C` , given in Equation (3). Consider
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where Jn (x) is a Bessel function and C` is the angular power
spectrum of the ellipticity E-mode between tomographic bin pair [i,
j]. Equation (1) is then subsequently averaged (with an appropriate
weighting) over θ within angular bins. The cosmology dependence
of the correlation functions thus follows from that of C` , with the
scale dependence mapped to that of the data by the bin-averaged
Bessel functions.
In Figure 4 we plot the contribution per-` to the shear correlation functions in the KV450 angular bins, for a few different redshift
bin combinations. The sensitivity to each ` is additionally set by the
ij
covariance matrix of ξ+/− (θ), but this plot shows that the KV450

(5, 5)
+

(<

why S8 continues to be the only well-measured ΛCDM parameter
combination in modern lensing analyses.
The cosmological constraints from galaxy lensing we have
presented are derived from measurements of the shear correlation
ij
functions ξ+/− (θ) between pairs of galaxies in tomographic redshift
bins i and j separated by an angle θ. In the flat-sky approximation
and neglecting B-modes (e.g., Kilbinger 2015) these are given by
∫
`d` i j
ij
ξ+/− (θ) =
C J (`θ),
(1)
2π ` 0/4

7
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100

101

102

max

Figure 4. Cumulative contribution per angular wavenumber to the KV450
lensing correlation functions for the angular bins labelled in the top panel
(corresponding to those actually measured). The upper panel shows the ξ+
autocorrelation for bin 5 (central redshift z = 1, top row), the lower panel
shows the ξ− autocorrelation. The curves have been normalised by their
values when all multipoles are included. Other bin combinations follow
similar trends. The ξ− Fourier kernel is much more localised in ` than that
of ξ+ , which explains qualitatively the difference between these plots (see,
e.g., Figure 1 of Asgari et al. 2021 for an un-integrated version of this plot).

fixing Ωm and scaling H0 by a constant factor α such that
h → h(1 + α).

(7)
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Changing integration variables to the α-independent quantity rh ≡
r h and defining L ≡ ` + 1 we have


∫ rh,max
qi (rh )q j (rh ) 3 2 L
γγ,i j
r
∆
C`
;
z(r
)
(8)
∝ L −3 Ω2m
drh
h ,
h h r
r2
0
h

Following the notation of Planck Collaboration et al. (2016) and
taking ns = 1, we write the asymptotic limits of the linear power
spectrum at z = 0 as

h

∆2h (x)

up to numerical constants, where the function
is the usual
dimensionless matter power spectrum as a function of k/h, i.e.
∆2h (k/h) ≡ ∆2 (k) with ∆2 (k) = k 3 P(k)/2π 2 .
The functions qi (rh ) are invariant under the α-scaling (and
hence independent of h), and in ΛCDM are purely functions of Ωm .
From Equation (6) we see that the intrinsic alignment amplitude
is also invariant under the α-scaling, and an expression analogous
to Equation (8) can be written down for the I I and GI terms.
This shows that the dependence of lensing observables on h is
entirely captured by its influence on the dimensionless matter power
spectrum expressed in Mpc/h length units, or alternatively on the
dimensionful power spectrum P(k) in units of h−3 Mpc3 and with
k in h Mpc−1 units (i.e. the form in which it is usually presented).
This should come as no surprise of course since the equations of
lensing can equally well be derived from a conformally-rescaled
spacetime metric, i.e. no preferred length scale is introduced4 .
Dependence on H0 is thus imparted to the lensing power spectrum through length scales present in the matter power spectrum.
The most relevant scales will be features (peaks, breaks) in the matter power spectrum that survive the lensing projection, so we can
expect scales such as the matter-radiation horizon scale, the nonlinear transition scale, and scales associated with smaller scale halo
structure to be the most important.
3.2

Dependence of the matter power spectrum on H0 in the
halo model

The dependence of lensing on H0 follows from that of the matter
power spectrum, so we now study the effects of H0 in ∆2 (k). Since
non-linear scales determine much of the cosmological sensitivity of
present weak lensing surveys, we follow the fiducial KV450 analysis
and use hmcode (Mead et al. 2015) as our prescription for nonlinear matter clustering. This augments the original model of Seljak
(2000); Peacock & Smith (2000) with updated prescriptions for
the fundamental building blocks of the halo model (the halo mass
function, the density profile, and the halo bias) calibrated against
N-body simulations. The ΛCDM cosmology dependence of the
resulting matter power spectrum agrees with the accurate emulatorbased results of Heitmann et al. (2014) to a few percent down to
k ≈ 10 h Mpc−1 at z = 0 (see Figure A1 of Mead et al. 2015).
In the halo model, the matter power spectrum is written as5
∆2 (k) = ∆22H (k) + ∆21H (k),
∆22H

(9)

∆21H

where
and
are the 2-halo and 1-halo terms respectively.
We consider the h-dependence of these terms separately.
3.2.1

2-halo term

At current weak lensing precision it is a good approximation to
set the 2-halo term equal to the linear matter power spectrum, ∆2L .
4

The same effect gives rise to the mass sheet degeneracy familiar from
strong lensing. Indeed, the scaling in Equation (7) corresponds to scaling
the mean density of the Universe by (1 + α)2 .
5 Note that in hmcode this expression is modified slightly to improve the
modelling of the transition region.

∆2L (k)

∝

4


A g 2 (a = 1) k2


ωm
 s


k  keq

4

keq


 As g 2 (a = 1) ω 2 ln2 (k/keq ) αΓ2 (ωm, ωb )
m


k  keq
(10)

where keq ∝ ωm is the matter-radiation equality scale and g(a) is the
growth factor of the Newtonian potential normalised to unity at high
redshift. In ΛCDM models this depends on parameters as g(a = 1) ∝
Ω0.23
m in the vicinity of Ωm = 0.3, as found in Planck Collaboration
et al. (2016). The function αΓ accounts for the effects of baryons on
the matter transfer function; prior to decoupling from the photons,
baryons cannot cluster on scales below the sound horizon due to the
pressure support of the photon-baryon plasma. This suppresses the
gravitational potential relative to what it would be if all the matter
were in CDM (Eisenstein & Hu 1998). Note that we have assumed
small deviations around the best-fit ΛCDM cosmology, such that
the limit k  keq also corresponds to krdrag  1, where rdrag is
the sound horizon when the baryons decouple. Note also that we
have neglected the BAO wiggles, as well as Silk damping and other
subdominant effects. From Equation 31 of Eisenstein & Hu (1998)
0.36 ω−0.20 in the vicinity of our fiducial model.
we find αΓ ∝ ωm
b
Since we fix ωb throughout this section, this results in an extra
0.72 in the power spectrum in the limit that kr
factor of ωm
drag  1.
We will express the amplitude of the linear power spectrum in
terms of σ8 . In the vicinity of our model with ns ≈ 1 this depends
on parameters as (Planck Collaboration et al. 2016)
1.05 1.4
σ82 ∝ As Ω0.46
m ωm h
3.5
∝ As Ω1.51
m h ,

(11)

where the h-dependence follows from defining the variance in a
sphere σ 2 (R) in terms of a fixed Rh, with an additional dependence
at fixed Ωm from the shape of the power spectrum through ωm .
More generally, in the vicinity of R = 8 h−1 Mpc, we have σ(R) ≈
σ8 [R/(8 h−1 Mpc)]−0.7 with the steepness of this relation increasing
with R. This will be important when we discuss the 1-halo term.
At z = 0 we can thus approximate the linear power spectrum
(taking ns = 1) as
∆2L (k)



σ 2 Ω−3.05 h−3.5 (k/h)4

 8 m

∝



k/h

 σ82 Ω1.67
h1.94 ln2 Ω h
m
m


k  keq, z = 0
k  keq, z = 0.

(12)

At high redshift the potential growth factor tends to unity, so the
parameter dependence of ∆2L can be found by multiplying Equation (12) by Ω−0.46
.
m
We thus see that, at fixed σ8 , the amplitude of the linear power
spectrum depends strongly on Ωm and h on scales larger than the
equality scale, with the dependence on h dramatically weakening on
smaller scales. The break scale in the linear ∆2h occurs at k eq /h ∝
Ωm h, which immediately suggests that if a lensing experiment can
measure this break then an accurate constraint on Ωα
m h will be
possible, where α < 1 due to the Ωm -dependence of the comoving
angular diameter distance. This is exactly what causes CMB lensing
to be sensitive to the parameter combination of Ω0.6
m h. Current
galaxy lensing surveys however are not wide enough to measure
the equality scale, which immediately hints at why h is so poorly
constrained in current cosmic shear surveys.
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Figure 5. The scale dependence of the 1-halo term normalised by its largescale amplitude at z = 0 (blue), z = 0.5 (orange) and z = 1 (green).

From Equation (8) we see that the lensing power spectrum
receives an extra factor of Ω2+
m , where  < 0 arises from the
cosmology dependence of the comoving angular diameter distance.
The latter is weak given the low redshifts of the lenses probed
by current galaxy surveys, so we ignore it in these estimates. On
−3.5 ,
large angular scales therefore we can expect C` ∼ σ82 Ω−1
m h
2
3.7
1.9
transitioning to C` ∼ σ8 Ωm h on small (but still linear) scales
with the transition at `eq ≈ Ωm h.
3.2.2

(13)

where n(M)dM is the comoving number density of halos with mass
between M and M + dM, and W(k, M) is the Fourier transform of
the halo density profile normalized by the matter density at z = 0,
ρ̄ ∝ ωm . The quantities on the right-hand side of Equation (13) are
evaluated at the relevant redshift. We have
∫ ∞
sin(kr) ρ(M, r)
.
(14)
W(k, M) = 4π
r 2 dr
kr
ρ̄
0
We assume that the halo mass function can be written as a universal function of ν ≡ δc /σ(M), where δc ≈ 1.686 is the spherical
collapse threshold and σ 2 (M) is the linear variance in spheres of
mass M, where M/ ρ̄ = 4πR3 /3 and

2
∫ ∞
dk 2
3
σ 2 (R) =
∆ L (k)
(sin
k
R
−
k
R
cos
k
R)
.
(15)
k
(k R)3
0
Defining the function f (ν)dν ≡ (M/ ρ̄)n(M)dM, the largescale limit of the 1-halo term can be written as
∫
(k/h)3 h3 ∞
lim ∆21H (k) =
M(ν) f (ν)dν,
(16)
k→0
2π 2 ρ̄ 0
where M(ν) is the inverse of ν(M). Note that f (ν) integrates to unity
over the range of its argument, since all matter is assumed to be in
halos.
The amplitude of the 1-halo term is mostly determined by its
MNRAS 000, 1–21 (2021)

k → 0 limit where it tends to a constant shot noise term. On scales
comparable to the halo size the 1-halo term is suppressed relative to
the extrapolation of its large-scale amplitude, and the details of the
halo density profile become important. This behaviour is shown in
Figure 5 for a few relevant redshifts. Following the fiducial KV450
analysis and the hmcode prescription, we assume halos have the
density profile of Navarro et al. (1997, hereafter NFW), truncated
at a radius rv where the enclosed mass is a fraction ∆v of the
z = 0 background. In hmcode, ∆v is given redshift dependence and
is purely a function of Ωm in ΛCDM models. The scales probed
by lensing are mostly sensitive to the k → 0 limit of the 1-halo
term and the transition region where the density profile becomes
important. The cosmology dependence of the former can be studied
by examining Equation (16), where the details of the halo profile
are irrelevant.
Ignoring the weak cosmology dependence of δc , the cosmology dependence of the 1-halo amplitude follows from that of M(ν)
integrated against f (ν). As pointed out earlier, the slope of σ(R)
gets flatter at lower R, meaning M(ν) is increasingly sensitive to
ν at small values of ν, and asymptotes at large ν to M(ν) ∝ ν 3/2 .
Although the halo mass function is peaked around ν ≈ 1 (Sheth
& Tormen 1999), a steep M(ν) can push the relevant ν scales to
higher values resulting in a change to the cosmology dependence of
the integral. In general therefore it is necessary to simultaneously
determine the relevant values of ν that contribute to the integral in
Equation (16) and the slope of M(ν). At z = 0 we find the most
relevant scales are R ∼ 10 h−1 Mpc for which ν ≈ 2, where the
variance in spheres can be approximated (assuming ns = 1) in the
model of Equation (12) as
4
keq
a
σ 2 (R) ∝ As 2 g 2 (a = 1) ωm
(keq R)b,
ωm

(17)

Note that when R = 8 h−1 Mpc we have a ≈ 0.45 and b ≈ −1.4,
which gives the cosmology scaling of σ8 in terms of As . Plugging
this into the definition of ν gives

1-halo term

The 1-halo term at any redshift is written as
∫ ∞
k3
∆21H (k) = 2
dM n(M)W 2 (k, M),
2π 0

9

−3/b 1−3(2+a+b)/b
ωm
[g(a = 1)]−6/b ν −6/b
−6/b −(3a+3b+2.85)/b −(6a+6b+1.5)/b −6/b
ωm σ8
Ωm
h
ν
.

M(ν) ∝ As
∝

(18)

Using the scaling found for σ8 implies that
M(ν)/ ρ̄ ∼ σ84.3 h−3 ν 4.3

(19)

around ν ≈ 2, with no dependence on Ωm . The parameter dependence of the integral in Equation (16) can thus be approximated as
lim ∆2 (k)
k→0 1H

∝ (k/h)3 σ84.3 .

(20)

Remarkably, both h and Ωm have completely dropped out of the
parameter dependence of the 1-halo amplitude in this approximation. This is a result of normalizing by σ8 rather than As 6 and the
fact that most of the contribution to the 1-halo integral comes from
scales around R ≈ 8 h−1 Mpc. The latter is a consequence of σ8
being of order unity at z = 0 (indeed, this is why the parameter
was originally introduced into cosmology). In practice the 1-halo
integral is not purely sensitive to the slope of M(ν) around ν ≈ 2
and range of ν contribute, which leads to slightly different values
of a and b in Equation (18) and some non-zero dependence of the
This is a good reason for using σ8 rather than the σ12 parameter advocated
by Sánchez (2020).
6
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amplitude on Ωm and h; we find b ≈ −1.3 and a ≈ 0.3 give a
slightly better fit to the parameter dependence.
Reinstating the halo density profile, the full 1-halo term can be
written as
∫
k3 1 ∞
∆21H (k) = 2
dν f (ν)M(ν)F 2 (krs ),
(21)
2π ρ̄ 0
where F(krs ) = W(k, M)/W(0, M) and rs is the scale radius of the
NFW profile, whose cosmology dependence is given by
−1/3 −1/3 −1

ρ̄

rs ∝ M 1/3 ∆v

c (M, z)

(22)

where c(M, z) is the halo concentration parameter. Neglecting the
γ
weak M dependence of c, taking ∆v ∝ Ωm , and using Equation (18)
at z = 0 gives locally
1/b (2+a+b)/b

k s ≡ rs−1 ∝ As ωm
∝ σ8

2/b

γ/3

[g(a = 1)]2/b Ωm ν 2/b

(0.95+a+b)/b+γ/3 (0.5+2a+2b)/b 2/b

Ωm

h

ν

.

(23)

Taking the default value of γ = −0.35 used in (Mead et al. 2015)
and assuming the same values of a and b as used in the low-k limit,
we find
k s /h ∼ σ8−1.4 Ω0.1
m .

to the halo density profile, with small additional h and Ωm dependence entering. On scales where current lensing surveys have most
signal-to-noise the amplitude of C` scales as S8α with 2 < α < 4.
Therefore, information on Ωm and h separately can only come from
precise measurements of both large linear scales and small very
non-linear scales.
We close this section by noting that our discussion so far has focussed on shear two-point correlation functions and angular power
spectra. Several alternative two-point estimators have been successfully applied to weak lensing data, for example, the real-space
aperture mass statistics and the COSEBI statistics. The parameter information brought by a given estimator ultimately depends
on which physical scales receive highest weight in the likelihood
function after scale cuts have been applied, as well as the effects
of parameter degeneracies - both these effects depend on the estimator in question. Specialising our discussion to the angular power
spectrum is advantageous since many alternative estimators may
be written as a linear transform of the angular power spectrum. In
addition, the dominant (Gaussian) part of the covariance matrix is
diagonal for the angular power spectrum, which facilitates a study
of parameter information across angular scales.

(24)

The independence from h in this expression reflects the fact that
the two scales rs and rv both scale with the effective halo volume
(M/ ρ̄)1/3 in this model, and as discussed above the normalization
by σ8 absorbs almost all the h-dependence of the M(ν) relation. As
for the 1-halo amplitude, a range of ν values contribute to k s , which
imparts additional Ωm and h dependence to k s .
Since the density profile part of the 1-halo term suppresses
power (see Figure 5), increasing σ8 decreases k s and increases
this suppression, opposing the increase in power favoured by the
amplitude increase seen in Equation (20). This results in a ‘bump’
in the σ8 -dependence of the total matter power spectrum; as k
increases from linear the increasingly important 1-halo amplitude
enhances sensitivity through its steep σ8 scaling. As k is increased
further this sensitivity is suppressed by the density profile part of
the 1-halo term, ultimately causing its sign to change at very high
k. The bump is clearly visible around k ≈ 1 h Mpc−1 at z = 0 in the
halo model response plots of Mead et al. (2015); Copeland et al.
(2020) and can also be seen in the N-body responses of Heitmann
et al. (2014).
Putting these results together, we can see that when expressed
as a function of k/h, the 1-halo power spectrum at z = 0 is very
insensitive to changing h at fixed σ8 and Ωm . Moving to higher
redshifts, the growth factor g(a) tends to unity which changes the
range of ν contributing most to the 1-halo integral and imparts
additional cosmology dependence, although the effect is modest.
This suggests that the lensing power spectrum on 1-halo scales
will be very insensitive to h when expressed in terms of σ8 and Ωm .
From Equation (8) we see that the 1-halo lensing power spectrum
should scale roughly as C` ∼ σ84 Ω2m , i.e. roughly as S84 . This recovers the canonical S8 scaling in agreement with the results of JS97,
but now using an independent and more accurate model for the
non-linear matter power spectrum.
The cosmology dependence of the total lensing power spectrum depends on the relative contributions of the 1-halo and 2halo terms. We have shown that on large linear scales we ex−3.5 ∼ S 2 ω−2 h0.5 , transitioning first to C ∼
pect C` ∼ σ82 Ω−1
`
m h
8 m
2
3.7
1.9
2
2.7
σ8 Ωm h
∼ S8 ωm h−3.5 and then to C` ∼ σ84 Ω2m ∼ S84 as the
1-halo term becomes important. We expect the σ8 dependence to
decrease dramatically on smaller angular scales that are sensitive

3.3
3.3.1

Numerical results
Matter power spectrum

In Figure 6 we plot the parameter dependence of the matter power
spectrum as a function of k/h, for a few relevant redshifts in linear theory and in the halo model7 . Our toy model for the linear
power spectrum Equation (10) works well on all scales. On large
linear scales at z = 0 the dependence on parameters is roughly
−3.7 , which agrees well with the prediction of Equa∆2 ∝ σ82 Ω−3
m h
tion (12), and on small scales the dependence of the linear power on
Ωm and h asymptotes to values consistent with Equation (12). Note
that we do not attempt to model the detailed cosmology dependence
of the BAO feature, as this will be mostly washed out in the lensing
projection.
The parameter dependence of the total power spectrum on
non-linear scales is determined by that of the 1-halo term. Figure 6
confirms our analytical argument that the cosmology dependence
of the 1-halo term at z = 0 is almost entirely captured by σ8 (see
Equations (20) and (24)). As expected from the arguments above,
the dependence of ∆2 on σ8 is quadratic on large scales and displays
a ‘bump’ on small scales as the 1-halo comes to dominate the power.
Figure 6 clearly displays the falling sensitivity of the 1-halo term to
σ8 on scales where the density profile is important.
The power spectrum at z > 0 is generally more sensitive to all
parameters compared with at z = 0. In particular the σ8 dependence
of the 1-halo amplitude increases due to a decrease in the Lagrangian
length scales contributing to the halo shot noise. Smaller Lagrangian
patches where the local variance is higher are more likely to collapse
relative to large patches, and this is true to a greater extent at high
redshift than at z = 0 due to the lower amplitude of fluctuations
on all scales (‘hierarchical growth’). The slope of σ(R) is flatter at
lower R, so R(σ) is steeper at higher σ (and hence lower R). Since
the amplitude of the halo shot noise scales as R3 , this boosts the σ8
sensitivity at high redshift, and since the scales that contribute most
are now less than 8 h−1 Mpc additional dependence on Ωm and h

7

We use an implementation of the halo model packaged with hmcode.
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Figure 6. The parameter dependence of the matter power spectrum in linear theory (dot-dashed), the 1-halo term (dashed) and the total (solid) for the three
parameters σ8 (blue), Ω m (orange) and h (green) at z = 0 (left panel), z = 0.5 (middle panel) and z = 1 (right panel). Plotted are the exponents of a power
β
law dependence around the fiducial model, i.e. ∆2 (k/h) ∝ σ8α Ω m hγ . The derivatives were computed using the halo model. Flat behaviour over a range of k
indicates that only the amplitude is changing with the parameter, whereas linear behaviour indicates that the slope is also changing.

arises. Despite this, the dependence on non-σ8 parameters remains
weak (sub-linear) on all scales in the 1-halo term out to z = 1.

3.3.2

Lensing power spectrum

In Figure 7 we show the dependence of the lensing power spectrum
(both from shear and from intrinsic alignments) on parameters for
a few different KV450 redshift bins. The detailed dependence at
each ` follows from the mapping k to ` determined by the Limber
approximation, which is shown in Figure D1 of Mead et al. (2020).
Roughly speaking, most of the signal to noise in KV450 is from
102 . ` . 104 , which corresponds to 0.1 . k/h Mpc−1 . 10
across all redshift bins.
The total lensing power spectrum is dominated by the shearshear power spectrum for these redshift bin combinations, but we
note that the cosmology dependence of the IA amplitude is not
drastically different due in part to the fact that in the linear alignment
model (Hirata & Seljak 2004) IAs are proportional to the local
gravitational tidal field, just as in lensing.
As in the case of the matter power spectrum the dependence
on σ8 exhibits a ‘bump’ around ` ∼ 103 , arising from the interplay
of the 1-halo and 2-halo terms (now in projection). On large linear
−3.5 , recovering our
scales the dependence is roughly C` ∝ σ82 Ω−1
m h
analytic prediction almost perfectly. The dependence on Ωm and h
increases with `, again in agreement with our linear expectation.
On scales where the 1-halo term dominates the h dependence is
very weak (sub-linear), remaining so out to ` ∼ 104 . Across these
same scales the power spectrum depends on Ωm as roughly Ω1.5
m ,
which is comparable to our prediction based purely on the 1-halo
amplitude of Ω2m .
The net effect of these parameter dependencies is a scaling of
3
C` ∝ σ82 Ωm around ` ∼ 102 , rising to C` ∝ σ83 Ω1.5
m at ` ∼ 10 ,
2.5
1.5
0.5
4
before falling to C` ∝ σ8 Ωm h at ` ∼ 10 . Importantly, across
most of the angular scales where KV450 (and other current cosmic
shear surveys) have high signal to noise, the lensing power spectrum
depends primarily on the combination S8 with almost no additional
dependence on h. On the smallest angular scales measured well
this degeneracy is slightly broken, with the dependence more like
0.25 . These small scales are highly influenced by baryon feedS82.5 ωm
MNRAS 000, 1–21 (2021)

back so the implications for posteriors are unclear, but this may be
the origin of the weak constraint on ωm seen in Figure 2.
We have so far focussed on the scaling of the power spectrum
per-`, but we can also consider the parameter dependence of the
various power-law slopes and amplitudes present in the spectrum.
This information is partly contained in the logarithmic derivatives
plotted in Figure 7. These curves show the quantities α, β, and γ,
β
where C` ∝ σ8α Ωm hγ . If these curves are constant over some range
of ` this implies that only the amplitude of C` is being changed
across this `-range. If the curves are linear in ` with zero intercept
this implies that the slope is changing at fixed amplitude. Figure 7
shows that, at fixed σ8 and Ωm , changing H0 changes the slope of
the power spectrum on scales 103 . ` . 104 .
Break scales also contribute information on H0 . The lensing
power spectrum essentially contains three angular scales: the equality scale of matter-radiation equality `eq , the scale where the power
spectrum transitions between the 2-halo and 1-halo regimes `NL ,
and the angular scale associated with the NFW scale radius, which
we can define as `s = χ∗ /rs for a source at comoving distance χ∗ .
The scales `NL and `s are the most well placed to be measured by
current surveys, but their cosmological information content is contaminated by uncertainties in the baryon feedback model. We find
0.5
that `NL ∼ σ8−0.8 Ω0.4
m h ns Bbary , where Bbary is the baryon feedback amplitude. Furthermore, `NL is not a sharp break in the power
spectrum but more a broad transition region between linear and
non-linear scales, so carries little useful H0 information. As shown
in Equation (24), `s depends on parameters in the standard halo
model roughly as σ8−1.4 Ω0.1
m , which might raise hopes that one can
measure σ8 and Ωm separately by measuring this scale. However
the hmcode prescription for baryon feedback adds extra dependence
on Bbary , which complicates this argument. If neutrino mass is also
marginalised over we can expect the usefulness of these scales in
constraining H0 to be diluted further. `eq is in principle cleaner but
is not well measured in current lensing surveys. This scale should
however be accessible to forthcoming wide surveys aiming to measure shear over large fractions of the sky8 . A measurement of this

8 Note that there is likely to be some information on ` in current lensing
eq
surveys; Figure 4 demonstrates that ` < 100 contributes non-negligibly to
the two largest scale ξ+ measurements and the largest scale ξ− measurement.
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Figure 7. The parameter dependence of the lensing angular power spectrum, showing the individual contributions from the GG term (dashed), the GI term
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This information could be contributing to the weak ω m constraint seen in
Figure 2.
9 Obviously the redshift dependence will be crucial in measuring nonstandard expansion histories, such as those arising in dynamical dark energy
models.
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scale would provide information on the combination Ωα
m h with
α < 1.
To a reasonable approximation current lensing surveys measure
a range of scales where the matter power spectrum can be modelled
as a pure power law. There is also information on ΛCDM parameters
from the redshift evolution of the power spectra, but we found this
to be insignificant in the case of σ8 , Ωm , and h9 .
In Figure 8 we explicitly show how the low sensitivity to h
across well-measured scales in KV450 manifests in the likelihood
function. We show the change in the lensing power spectrum as h
is uniformly varied within its prior range while fixing σ8 , Ωm (and
hence S8 ), and all other parameters, along with the corresponding
change to the likelihood. The stark insensitivity to h in the region
102 . ` . 103 is clearly visible. The preference for values of
h ≈ 0.8 is mostly explained by the well-measured small scales where
residual h effects show up (although the sensitivity is suppressed
by non-diagonal terms in the covariance matrix that show up on
these scales) and large scales where the sensitivity is higher but the
contribution to the signal is lower.
In Figure 9 we show how the likelihood and power spectrum
changes when h is varied but ωm is kept fixed (along with S8 , hence
σ8 and Ωm are changed to compensate). The likelihood peak has
gone, but there is still preference for high h. The small residual
changes to the C` across this range of h, now barely visible in
Figure 9, actually sum coherently to give ∼ 10% changes in the
correlation functions on angular scales 10 0 . θ . 100 0 . Some of
these scales are measured with signal-to-noise of roughly a few in
some of the higher redshift bin combinations. It is therefore possible
that the weak h constraint in KV450 comes from sensitivity to linear
scales 50 . ` . 100 (based on Figure 4), in particular from changes
to the equality scale `eq ∝ ωm /h at fixed ωm that keep the smallscale shape roughly the same. The constraint is very weak, and
potentially influenced by the hard priors on other parameters, so we
choose not to investigate it further.
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Figure 8. Top panel: The KV450 likelihood as h is varied, fixing all other
parameters (including Ω m and σ8 ), with arbitrary normalisation. Bottom
panel: The corresponding change to the lensing angular power spectrum for
the highest redshift bin autospectrum. Note that the normalization of the
likelihood function is arbitrary here.
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Ω m to compensate. Note that the normalization of the likelihood function
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4

FUTURE PROSPECTS

We have seen that current cosmic shear experiments are not able
to constrain H0 without external data. In this section we investigate
whether this will be the case for forthcoming Stage-IV lensing surveys. We consider a future Euclid-like weak lensing survey mapping
cosmic shear across 15,000 sq. deg. with a source number density of
n̄ = 30 arcmin−2 . We assume that photometric redshifts are available such that source galaxies can be placed in one of ten redshift
bins, which we define to be equipopulated and broadened due to
photometric redshift errors as modelled in Euclid Collaboration
et al. (2020). These redshift bins are shown in Figure 10.
We compute the Fisher matrix assuming a diagonal Gaussian
covariance for angular power spectrum estimates across a range of
angular multipoles from `min = 10 to `max = 5000. The cosmic
variance part of this covariance is fixed to a fiducial ΛCDM model
with parameters given by the best-fitting Planck 2018 model (Planck
Collaboration et al. 2020a) with a total neutrino mass fixed to 0.06eV
assuming one massive and two massless neutrino species. For the
computations in this section we use camb (v1.3.0, Lewis et al.
2000; Howlett et al. 2012) to compute the linear matter power spectrum, with baryon feedback modelled with the one-parameter model
of Mead et al. (2021) included in the latest hmcode. Shape noise is
MNRAS 000, 1–21 (2021)

Figure 10. Fiducial set of redshift bins adopted for our Euclid-like lensing
forecast. Specifications have been taken from Euclid Collaboration et al.
2020.

included in the Fisher matrix assuming an ellipticity standard deviation of 0.21 per component. Derivatives of the power spectrum
are computed at the same fiducial model as the covariance matrix.
Intrinsic alignments are modelled with the ‘non-linear linear alignment’ model described in Section 3, modelled with a free amplitude
parameter AI A. We also vary the amplitude of baryon feedback using the parameter log10 TAGN /K described in Mead et al. (2021).
Our Fisher matrix differs slightly to that of Euclid Collaboration
et al. (2020); Copeland et al. (2020) due to our use of the more
recent hmcode as well as our implicit assumption that an E/B mode
decomposition can be made such that only the per-component shape
noise variance contributes to the data vector. We account for the loss
of modes due to the sky mask with an fsky factor in the Fisher matrix. Note that our constraints are likely over-optimistic given our
use of a diagonal covariance matrix10 and neglect of systematics,
and so the forecast constraints should be considered as lower limits.
In Figure 11 we plot the 1σ and 2σ constraints on cosmological parameters expected from our toy Euclid-like survey. Several
familiar degeneracy directions are apparent, such as the negative
correlation of σ8 and Ωm and the positive corelation between the
baryon feedback amplitude and ns due to their opposite effects on
the small-scale matter power spectrum. Constraints on all parameters are generally very tight due to the high statistical constraining
power of this toy survey, but intriguingly the forecast H0 constraint
is only ∼ 7%, i.e. not competitive with even current measurements.
The conditional error on H0 fixing all other parameters is 0.16%,
10

The dominant non-Gaussian contribution to the covariance of cosmic
shear two-point functions is that from super-sample covariance (SSC; Takada
& Hu 2013; Barreira et al. 2018; Joachimi et al. 2021). The SSC covariance
can be approximated as a rank-1 update to the total covariance matrix (Lacasa & Grain 2019), with degradations to parameter constraints roughly
determined by the alignment of the power spectrum response to a largescale density fluctuation with the response to the parameter of interest. For
the projected matter power spectrum, Lacasa & Grain (2019) find that H0
has the smallest overlap with the SSC mode amongst the ΛCDM parameters,
but a complete treatment of the SSC covariance for weak lensing is required
to quantify the residual variance.
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Figure 11. Forecast 1σ and 2σ constraints on ΛCDM parameters from a Fisher matrix forecast of a Euclid-like lensing survey. The parameter log10 TAGN /K
controls the amplitude of baryon feedback.

suggesting that degeneracies may severely limit the ability of future surveys to measure H0 . This gives strong support to the results
of Section 3 where we argued that H0 information can only come
from information in the power spectra beyond the power-law region
102 . l . 103 , requiring the breaking of degeneracies between Ωm
and Ωm h2 . This degeneracy breaking is inhibited by other parameters that control the shape of the matter spectrum such as ns , Ωb h2 ,
and baryon feedback, and indeed these three parameters show the
strongest degeneracies with H0 in Figure 11.
The degeneracy structure of the Fisher matrix is also shown in
Figure 12 where we show the fractional error on H0 as a function
of `max fixing each of the other parameters in turn. The conditional
error on H0 (fixing all other parameters in this space) is also shown,
and exhibits a plateau between 102 . ` . 103 in accordance with
the results of Section 3, although this is not particularly meaningful
since it depends on the specific model parametrization. The ratio of
the fully marginalised error on H0 to its conditional error generally
falls with `max as degeneracies are broken, but stalls at 20 . lmax .
60 where the power spectrum is roughly a pure power law and then
again at 300 . lmax . 3000. When only scales `max . 700 are
used the limiting degeneracies are with ns and Ωb h2 due to the
similar effects of these parameters on the slope of the linear power

spectrum, whereas at smaller scales baryon feedback is the limiting
degeneracy due to its similar effect on the slope of the 1-halo term.
Figure 12 shows that fixing any single parameter is not enough
to get the marginalised error on H0 below 1%. In Figure 13 we show
how the forecast error on H0 behaves with `max when combinations
of parameters are fixed. Sub-percent constraints are now possible if
`max & 103 if ns and Ωb h2 are fixed, with additional gains if a prior
on the baryon feedback parameter motivated from hydrodynamical
simulations, as prescribed in Mead et al. (2021), is imposed11 .
We find almost the same results if instead of fixing ns and Ωb h2
we impose priors with the marginalised errors on each parameter
reported by Planck Collaboration et al. (2020a).
We thus see that informative priors on both ns and Ωb h2 will
be required for sub-percent H0 constraints with cosmic shear alone
in our toy survey. This point is made further in Appendix C, where
instead of fixing ns , Ωb h2 we impose the ‘lensing only’ Planck
priors used in Section 2 and given in Table 1. Figure C1 shows that
these priors are not sufficiently informative to give sub-percent H0
11

Note that the prior recommended in Mead et al. (2021) is uniform between
7.6 < log10 TAGN /K < 8.0. To incorporate this into our Fisher matrix we
replace this with a Gaussian having the same mean and variance.
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parameters are fixed (‘conditional’ error, black dashed curve), all other
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Figure 13. Same as Figure 12 but fixing combinations of parameters that
contribute most to a degeneracy with H0 . Note that imposing priors on ns
and Ω b h 2 corresponding to the Planck 2018 marginalised constraints on
each parameter individually give almost the same result as fixing them.

constraints. We find that a 1% constraint is possible if ns is known to
the current Planck precision and a BBN prior on Ωb h2 is imposed
(with or without a prior on baryon feedback), but only if all modes
out to `max = 5000 are used, which we consider optimistic.
Figure C1 also shows constraints assuming `max = 5000 and
lowering the minimum scale included in the analysis. Sub-percent
constraints on H0 are reached by `min < 1000, showing that it is not
necessary to measure large scales to get H0 with sub-percent in this
toy survey – it is sufficient to probe the 1-halo regime where enough
MNRAS 000, 1–21 (2021)
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modes are in principle available to break parameter degeneracies,
although only if external information on ns and Ωb h2 is provided.
We caution however that off-diagonal terms in the covariance matrix
will lower the constraining power across these scales. In particular
we note that a measurement of `eq is not required in this scenario.
We also investigated H0 forecasts allowing the total neutrino
mass to vary. We find that H0 has a positive degeneracy with neutrino mass due to their opposite effects on small-scale lensing power
(see Figure 7). This tightens the requirements on any external information on other parameters that needs to be included to get H0 to
sub-percent, such that it is no longer sufficient to fix ns and Ωb h2 .
Instead, we find that a tight prior on the baryon feedback amplitude
is required for sub-percent H0 , and at least `max > 2000. This prior
must be narrower (in terms of allowed range of values the parameter
log10 TAGN /K is allowed to take) than the simulation-based prior
of Mead et al. (2021) by at least a factor of three. This prior must
be imposed additionally to informative priors on ns and Ωb h2 with
width comparable to their constraints from the CMB. Note that a
BBN prior on Ωb h2 is now not sufficient, even if tight ns and baryon
feedback priors are imposed.
We thus conclude from this section that sub-percent constraints
on H0 with lensing alone will be very challenging even with the high
statistical precision offered by forthcoming surveys. External priors
on parameters controlling the slope of the power spectrum, such as
ns , Ωb h2 , and the baryon feedback amplitude will all be required,
with the prior on ns in particular required to be highly informative.
The lack of features in the lensing power spectrum is the primary
hindrance to precision H0 with lensing. A constraint is only possible
due to the subtle effects of Ωm h2 on the shape of the power spectrum
- this needs to be distinguished from similar broad-band effects from
other parameters if H0 is to be measured well.

5

CONCLUSIONS

We have conducted a thorough study of the cosmological constraining power of weak lensing, paying special attention to the Hubble
constant. We have studied the cosmological constraints that current galaxy and CMB lensing surveys can provide separately, in
combination with each other, and in combination with BAO measurements. We have investigated the sensitivity of galaxy lensing
two-point functions to various cosmological parameters in ΛCDM,
within the framework of the halo model. Finally we looked at potential constraints from forthcoming lensing surveys on ΛCDM
parameters, in particular H0 . The main findings of this work are as
follows:
• Current lensing surveys alone do not provide useful constraints
on H0 . The combination of galaxy and CMB lensing does however
allow Ωm to be constrained due to their different degeneracies with
σ8 . Combining Planck lensing with KV450 we find Ωm = 0.22 ±
0.04 and σ8 = 0.88±0.05, with a residual degeneracy between these
two parameters. Using instead SPTpol lensing with KV450 gives
highly consistent results, Ωm = 0.22 ± 0.03 and σ8 = 0.88 ± 0.04
assuming a narrow prior on ns . These results are consistent with
recent measurements from KiDS-1000 (Tröster et al. 2020).
• Constraints in the Ωm -H0 plane are dominated by Planck
lensing due its measurement of the equality scale, so combining
Planck lensing with KV450 and BAO+BBN gives an H0 constraint
comparable to that from just Planck lensing and BAO+BBN. Out
tightest constraint on H0 comes from combining low and high
redshift BAO+BBN, Planck lensing, and galaxy lensing, and is
H0 = 67.4 ± 0.9 km s−1 Mpc−1 with a narrow prior on ns , and
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H0 = 67.6 ± 1.1 km s−1 Mpc−1 with a broad prior on ns . These
constraints are independent of the primary CMB fluctuations and
are 4.0σ and 3.6σ lower than the SH0ES measurement of Riess
et al. (2019) respectively. Constraining power is lost when the BBN
prior on Ωb h2 is dropped.
• We have shown that current cosmic shear measurements are
very insensitive to H0 . Using analytic arguments we were able to
derive accurate parameter dependences of the 1-halo and 2-halo
matter power spectrum, and hence the parameter dependence of
the lensing correlation functions. We updated the results of Jain &
Seljak (1997) by showing how the dependence of lensing on the
parameter combination σ8 Ω0.5
m follows from the halo model.
• We showed that the scales and redshifts probes by current
surveys are such that the shear power spectrum can be approximated
by a power law with amplitude proportional to S8 . There is almost no
sensitivity to H0 at fixed σ8 and Ωm across a broad range of scales
due to the length scales of the halo model being tied to the horizon
scale, and the fact that σ8 is roughly unity. H0 dependence can
emerge from measurements of large linear scales around the peak of
the lensing power spectrum, or from measurements of small scales
deep in the 1-halo regime. These features taken together explain
why current surveys are so insensitive to H0 . Angular scales such as
the linear-nonlinear transition scale or the angular size of the virial
radius of a typical NFW halo do not impart strong dependence on
H0 due to their lack of sharpness and sensitivity to baryon feedback.
H0 affects small and large scales in an opposite way, and as such is
partially degenerate with other parameters that change the slope of
the power spectrum, such as ns and Ωb h2 .
• We examined the potential of forthcoming lensing surveys to
constrain H0 . A toy Euclid-like survey only constrains H0 with
7% precision after marginalising over other parameters. The main
degeneracies are parameters that change the slope of the power
spectrum, specifically ns , Ωb h2 , and the baryon feedback amplitude. We showed that a tight prior on ns , comparable with current
constraints from the CMB, is necessary to measure H0 with subpercent precision, as well as a prior on Ωb h2 at least as informative
as that from BBN. Demands on the priors increase when neutrino
mass is additionally allowed to vary, necessitating a tightening of
baryon feedback prior by a factor of three over current bounds from
hydrodynamic N-body simulations.

Our focus in this work has been on parameter constraints from
the two-point function of lensing maps. The shear signal is nonGaussian, so there is considerable information contained in the
higher-order cumulants and other descriptors preserving more of the
information content. Folding in information from, say, the lensing
bispectrum or convergence peak counts may well break further
degeneracies and improve constraints on H0 . This is an interesting
avenue for future study.
One of the main motivations for this work was the observation
that CMB lensing combined with galaxy lensing can give a constraint on Ωm , which is all that is needed for a CMB-independent
constrain on H0 when combined with BAO+BBN. It turned out this
combination was no more constraining than CMB lensing alone
combined with BAO+BBN, due to the measurement of Leq ∝ Ω0.6
m h
in Planck lensing. The aim for future galaxy lensing surveys should
be a precise measurement of this scale, which should provide a constraint on Ωm h, and hence a constraint on H0 from lensing alone.
This would be a constraint independent of either CMB or BAO. If
the H0 tension persists, such a measurement could be very valuable
for disentangling systematics from new physics.
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APPENDIX A: CHOOSING DIFFERENT PRIORS IN
KV450
In Figure A1 we show posterior constraints on the parameters Ωm ,
σ8 , and h inferred from KV450, assuming various combinations
of prior on ns or Ωb h2 . For ns the prior is either a Gaussian with
ns = 0.96 ± 0.02 as in the ‘Planck lensing’ priors given in Table 1,
or uniform in the range [0.7, 1.3] as in the ‘KV450’ priors given in
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Figure A1. 68% and 95% posterior credible regions on the parameters Ω m ,
σ8 , and h from the weak lensing correlation functions measured in KV450,
with different choices of prior. ‘+BBN’ in this plot refers to a BBN prior on
Ωb h2 .

Table 1. These are referred to as ‘narrow’ and ‘broad’ respectively
in Figure A1. The prior on Ωb h2 is either a BBN prior given by
a Gaussian with Ωb h2 = 0.0222 ± 0.0005, or the original prior
used in Hildebrandt et al. (2020) of a uniform prior in the range
[0.019, 0.026].
Figure A1 demonstrates that the posterior constraints from
KV450 in this parameter space are insensitive to these various
choices of prior. The small residual differences are likely comparable to the error in the nested sampling contours from the finite
number of live points used, and in any case are negligible compared
with the width of the contours.

the radial BAO scale δzd ≡ H(zi )−1 /rd at a range of redshifts zi ,
where rd is the comoving sound horizon at the drag epoch given in
ΛCDM by


∫ ∞
dz
9 ρb (z) −1/2
rd =
3+
,
(B1)
4 ργ (z)
z d H(z)
where zd is the drag epoch redshift, ργ is the background CMB energy density (fixed by the CMB temperature), ρb is the baryon
energy density (proportional to Ωb h2 ) and H(z) is the Hubble
parameter. Since zd depends only weakly on parameters, rd is
mostly a function of the high-redshift H(z) and Ωb h2 . The former is mostly sensitive
to Ωm h2 , so to high accuracy in ΛCDM

2
we have rd = rd Ωm h , Ωb h2 . Since Λ is dynamically important at and below the redshifts where BAO are actually measured
both χ and H are functions of Ωm and h separately, so both the
transverse and radial BAO scales are functions of Ωm , h, and Ωb h2
separately. The baryon energy density is tightly constrained by our
BBN prior, so the BAO measurements considered here constrain
partially degenerate combinations of Ωm and h.
In Figure B1 we show constraints in the Ωm -h plane from
a compilation of BAO measurements using galaxy redshifts (labelled ‘BAO galaxies’) and measurements of the BAO scale using
the Lyman-α forest auto spectrum and its cross-correlation with
quasars (labelled ‘BAO Ly-α’). We also show the distance ladder constraint from SH0ES (Riess et al. 2019) in black, corresponding to H0 = 74.0 ± 1.4 km s−1 Mpc−1 . For our galaxy BAO
measurements we use the anisotropic measurements from BOSS
DR12 (Alam et al. 2017) combined with low-redshift measurements of the spherically-averaged BAO scale from the 6dF Galaxy
Survey (Beutler et al. 2011) and the SDSS DR7 Main Galaxy Sample (Ross et al. 2015). For our Lyman-α forest BAO measurements
we use the likelihood of Cuceu et al. (2019) which uses measurements of the BAO scale in the autospectrum of Lyman-α absorption
features in eBOSS DR14 (de Sainte Agathe et al. 2019) and from
the cross-correlation of Lyman-α absorption with quasars in eBOSS
DR14 (Blomqvist et al. 2019), both of which measure BAO at high
redshift (z ≈ 2.35)12 .
Constraints from galaxy weak lensing alone in this parameter
space are too broad to give useful information on H0 13 , but the
combination of BAO with CMB lensing is enough to give tight
12

APPENDIX B: WEAK LENSING + BBN AS A STANDARD
RULER CALIBRATOR
As anticipated, the combination of CMB lensing with galaxy lensing
does not improve constraints on H0 significantly due to the similar
degeneracy directions in the individual posteriors. Additional prior
information is required to measure H0 . For example, Baxter & Sherwin (2021) combine Planck CMB lensing, an external constraint on
Ωm from the Pantheon survey of Type 1a supernovae, and a prior on
the initial power spectrum amplitude As , breaking the degeneracies
shown in Figure 1 to obtain h = 0.735 ± 0.053, a 7% measurement
consistent with both primary CMB and local distance ladder results. However, as shown in Planck Collaboration et al. (2020b) and
suggested by Figure 1, lensing provides a constraint in the Ωm -h
plane which may be used to calibrate the BAO scale. This provides
a constraint on H0 independent from the primary CMB fluctuations,
in the spirit of the measurements of Addison et al. (2013); Aubourg
et al. (2015).
BAO experiments with high enough signal-to-noise are able
to measure both the transverse BAO scale, θ d (zi ) ≡ χ(zi )/rd , and

Recently, eBOSS DR16 (eBOSS Collaboration et al. 2020) released
galaxy and quasar BAO measurements in the range 0.6 . z . 2.2, filling the redshift gap between BOSS DR12 (0.2 . z . 0.6) and the high
redshift eBOSS Lyman-α measurements (z ≈ 2.35). Although we do not
include these more recent measurements in our analysis, we do not expect our
constraints to change significantly given the modest increase in constraining
power in the Ω m -h plane from the combined low and high redshift BAO
measurements (1.8% pre-DR16 to 1.4% post-DR16 on H0 with BAO+BBN
alone). The main effect of including the DR16 data is to rule out Ω m . 0.2
at 95% confidence in the high-redshift (z > 1) sample, and to increase the
consistency of z < 1 and z > 1 constraints for ΛCDM models. As the main
focus of this paper is a study of how H0 may be constrained with lensing,
we believe our omission of the eBOSS DR16 data is justified.
13 As shown in Jedamzik et al. (2021), galaxy lensing can help to constrain
models with high Ω m h 2 (and hence low sound horizon) if one is willing to
combine Planck primary CMB measurements and cosmic shear in a joint
analysis. Such models are favoured by trying to simultaneously fit the SH0ES
measurement of H0 and the angular size of the sound horizon measured with
Planck and BAO. Jedamzik et al. (2021) show that the S8 implied by Planck
in such models is several sigma away from that measured by lensing (a
similar result was found in the context of Early Dark Energy models in Hill
1.25 −0.75
et al. 2020). This can be understood by noting that S8 ∝ A0.5
s ωm h
MNRAS 000, 1–21 (2021)
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Figure B1. Marginalised 68% and 95% constraints on Ω m and h from various lensing and BAO data assuming a narrow (left panel) or broad (right panel) prior
on ns . Adding galaxy weak lensing to Planck lensing tightens constraints on Ω m considerably (see Figure 3), and additionally help to rule out low values of
h. The combination of Planck lensing with galaxy lensing (orange and green) gives constraints in this parameter space consistent with galaxy BAO (pink) and
Ly-α BAO (brown), particularly true when a narrow ns prior is imposed. The SH0ES constraint is shown in black. A BBN prior on Ω b h 2 has been imposed
for each analysis except in the left panel for the combination including DES, which uses the ‘DES priors’ described in the text.

constraints on H0 when a BBN prior on Ωb h2 is imposed, as previously found in Planck Collaboration et al. (2016, 2020b); Bianchini
et al. (2020); Pogosian et al. (2020). Figure B1 demonstrates a nice
consistency between the two sets of BAO constraints and Planck
lensing, all three contours intersecting around similar values of Ωm
and h. The almost orthogonal degeneracy directions of the two BAO
constraints are a result of the different redshifts being probed, and is
discussed in detail in Aubourg et al. (2015); Addison et al. (2018);
Cuceu et al. (2019); Schöneberg et al. (2019). Their combination
implies values of Ωm and h giving a CMB lensing power spectrum
peak aligned with that measured by Planck. The addition of galaxy
weak lensing adds little to the CMB lensing once BAO are included,
which could have been anticipated from the broad contours in this
parameter space from galaxy lensing. When either KV450 or DES
lensing (Abbott et al. 2018a) are combined with Planck lensing14
models with very low h . 0.6 are excluded, as also seen in Figure 1.
In the right panel of Figure B1 we show how the constraints
loosen when the informative prior on ns is dropped. The Planck
lensing constraints become substantially weaker in this parameter
space due to new parameter degeneracies which leave the shape of
the CMB lensing power spectrum fixed. The inclusion of galaxy
weak lensing information is hence relatively more important, with
the addition of DES lensing (green contours) bringing the weak
lensing constraint back into close agreement with the combined
BAO constraint. Instead using KV450 (orange contours) results in
slightly less perfect overlap, but the combination is still less than
2σ away from the combined BAO constraint.
The level of consistency between these data sets motivates
constraining H0 using their joint likelihood. In Figure B2 we show
the resulting constraints on h from such combinations, with an

at fixed ns and Ω b h 2 , so roughly speaking fixed A s implies a higher S8
when ω m is higher. Planck’s S8 is already slightly high compared with that
of galaxy lensing and these models exacerbate the tension. Note that in this
work we do not combine with any primary CMB measurements, and use
only data at low redshift.
14 For our DES+Planck constraints we use the public MCMC chains provided by the Planck collaboration.
MNRAS 000, 1–21 (2021)

informative (top panel) or uninformative (bottom panel) prior on
ns . The degeneracy direction in the Ωm -h plane from Lyman-α
BAO happens to be well aligned with that of CMB lensing (see
Figure B1) so the most constraining pair of data sets is Planck
lensing with galaxy BAO. With an informative prior on ns , the
combined constraints are (all constraints are plus BBN
−1
−1
H0 = 68.1+1.1
−1.3 km s Mpc (Planck lensing + BAO galaxies),
(B2)
−1
−1
H0 = 67.9+1.2
−1.2 km s Mpc (BAO galaxies + BAO Lyα),

H0 =
H0 =

−1
−1
67.7+0.9
−1.0 km s Mpc (Planck
−1
−1
67.4+0.9
−0.9 km s Mpc (Planck

lensing + all BAO),

(B3)
(B4)

lensing + KV450 + all BAO).
(B5)

When the informative prior on ns is lifted, the lensing constraints
weaken to
−1
−1
H0 = 70.4+2.5
−2.1 km s Mpc (Planck lensing + BAO galaxies),
(B6)
−1
−1
H0 = 67.8+1.2
−1.2 km s Mpc (Planck lensing + all BAO),

H0 =

−1
−1
67.6+1.1
−1.1 km s Mpc (Planck

(B7)

lensing + KV450 + all BAO).
(B8)

As anticipated from Figure B1, the loss of information from
lifting the prior on ns allows is mostly alleviated when adding both
sets of BAO constraints. Using only the BAO measurements from
galaxies, constraints on H0 weaken by roughly a factor of two15 . This
is comparable to the loss of information from allowing the neutrino
Í
mass mν to vary, which gives H0 = 70.6+1.8
km s−1 Mpc−1 for
−2.4
Planck lensing + galaxy BAO with Planck priors. Massive neutrinos
change the shape of the lensing power spectrum by suppressing the
15

When adopting DES priors instead of KV450 priors (see Table 1), Planck
Collaboration et al. (2020b) found that the H0 constraint from Planck lensing
plus galaxy BAO weakens to 68.0±1.5 km s−1 Mpc−1 (see their Table 2), i.e.
a less severe loss of information. The KV450 prior on ns is wider by a factor
of three, suggesting even the broad DES prior on ns is adding significant
information for the inference of H0 .
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Figure B3. Marginalised 68% and 95% constraints on Ω m and h from
BAO (green and pink) and CMB lensing with a broad or narrow prior
on ns imposed (blue and orange respectively) using SPTpol for the CMB
experiment. The SH0ES constraint is shown in black. Planck lensing exhibits
excellent consistency with both galaxy BAO and Ly-α BAO in this parameter
space. A BBN prior on Ω b h 2 has been imposed for each analysis.
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Figure B2. Constraints on h from various lensing and BAO data assuming a
narrow (top panel) or broad (bottom panel) prior on ns . The reported Planck
lensing + galaxy BAO constraint from Planck Collaboration et al. (2020b)
weakens significantly when the ns prior is relaxed, but this lost information
is recovered when adding the Ly-α BAO (with the addition of galaxy weak
lensing introducing a slight shift and tightening of the posterior). A BBN
prior on Ω b h 2 has been imposed for each analysis.

potential below their free streaming scale after they become nonrelativistic (Lesgourgues & Pastor 2006; Hall & Challinor 2012).
This is partially degenerate with a change in ns , and opens up more
freedom in Ωm , h and σ8 to change the shape of the power spectrum
at fixed amplitude. In the case of galaxy lensing, neutrino mass has
non-trivial degeneracies with the baryon feedback model as well
ΛCDM parameters that change the small-scale amplitude (Mead
et al. 2016; Copeland et al. 2020).
Our strongest constraint on H0 with Planck lensing comes
from the combination with BAO+BBN and KV450 (although the
information is dominated by BAO and Planck lensing), given in
Equations (B5) and (B8). These constraints are 4.0σ and 3.6σ
lower than the local measurement from Riess et al. (2019) adopting an informative or uninformative ns prior respectively, and
do not make use of primary CMB data at all except the temperature monopole. Moreover, these are consistent with primary
CMB measurements of H0 in ΛCDM from Planck, which give
H0 = 67.27 ± 0.60 km s−1 Mpc−1 (TT,TE,EE+lowE measurements
from Planck Collaboration et al. 2020a), 4.4σ lower than the local

measurement. The BBN prior plays an important role here - dropkm s−1 Mpc−1 , consistent with both
ping it yields H0 = 70.0+8.4
−4.6
Planck and SH0ES.
In Figure B3 we show constraints in the Ωm -h plane swapping
Planck’s lensing power spectrum for that of SPTpol. As discussed
above, the width of the contours in the well constrained direction
reflects the accuracy with which the peak in the deflection angle
power spectrum has been measured, so constraints from combining SPTpol with BAO+BBN are not as powerful at constraining
H0 compared with Planck. Bianchini et al. (2020) found that combining galaxy BAO+BBN with SPTpol lensing and an informative
ns prior gives H0 = 72.0+2.1
km s−1 Mpc−1 , i.e. almost double
−2.5
the uncertainty compared to Planck lensing plus BAO. This constraint relaxes further when we drop the informative prior on ns to
H0 = 73.1 ± 3.0 km s−1 Mpc−1 . As described in Bianchini et al.
(2020) and evident from Figures B1 and B3, the SPTpol lensingonly constraints intersect the galaxy BAO contours at higher values
of H0 than Planck, although the two are still statistically consistent.
This is consistent with the low lensing power in SPTpol compared
with the best-fitting Planck model on the largest scales (see Figure
4 of Wu et al. 2019) which shifts the inferred peak in the deflection angle power spectrum to slightly smaller angular scales, i.e.
a higher value of Ω0.6
m h. This also improves the overlap between
the parameter contours from SPTpol lensing-only and BOSS DR12
BAO compared with Planck lensing-only, driven on the galaxy side
by the preference of line-of-sight BAO for higher H0 (Wu et al.
2020).
To summarise this section, we have confirmed previous results
that current weak lensing data (from the CMB and galaxies) on
its own is unable to place constraints on H0 , due to a degeneracy
with Ωm . Combining with BAO and a prior on Ωb h2 breaks this
degeneracy, and we have extended previous results by showing that
the resultant constraint on H0 is sensitive to the prior on ns that is
imposed, with error bars inflating by a factor of two unless BAO at
widely separated redshifts are included. Cosmological constraints
from low-redshift BAO, high-redshift BAO, and CMB lensing (either from Planck or SPTpol) are consistent, leading to an improved
MNRAS 000, 1–21 (2021)
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constraint on H0 that is between 3.6σ and 4σ lower than the local
measurement of Riess et al. (2019) when a BBN prior is imposed.

APPENDIX C: EUCLID-LIKE CONSTRAINTS ON H0
WITH PRIORS
In Figure C1 we show forecast fractional constraints on H0 for our
toy Euclid-like survey as a function of both `max and `min . This
figure is the same as Figure 12 except rather than fixing other parameters or groups of parameters we instead impose priors on those
parameters. The priors we choose here are the ‘Planck lensing’ priors given in Table 1 in the case of ns and Ωb h2 , and the simulationinformed prior on the baryon feedback parameter log10 TAGN /K
recommended by Mead et al. (2021).
The Figure demonstrates that the informative priors usually
adopted in lensing-only analyses are not sufficient to give subpercent constraints on H0 in our toy survey. Further information
is required, particularly on ns , in order to break degeneracies between parameters that affect the slop of the lensing power spectrum
in the same way as H0 .
If all three of ns , Ωb h2 , and the baryon feedback amplitude are
fixed, the bottom rows of Figure C1 shows that very large scales are
not required to give sub-percent constraints on H0 . This suggests
that the constraint is not coming from a measurement of the equality
scale, but rather on the detailed shape of the power spectrum on
non-linear scales. This suggests that the information may be diluted
by correlations between measurements of the power spectrum at
different ` coming from non-Gaussianity in the shear signal. It
also hints at the potential for uncertainties in the baryon feedback
modelling to affect the H0 constraint.
This paper has been typeset from a TEX/LATEX file prepared by the author.
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Figure C1. Same as Figure 12 but imposing informative priors on ns , Ω b h 2 , and log10 TAGN /K individually (left column) or in pairs (right column) and
marginalising over the remaining parameters. The case where these three parameters are fixed is shown as the blue solid curve. In the top row we show
constraints as a function of `max fixing `min = 10, and in the bottom row we show constraints as a function of `min fixing `max = 5000.
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