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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS

V.BETZ Y, B.GODDARD?, AND TIM HURST*

Abstract. We consider non-adiabatic transitions in multiple dimensions, which occur when the
Born-Oppenheimer approximation breaks down. We present a general, multi-dimensional algorithm
which can be used to accurately and e ciently compute the transmitted wavepacket at an avoided
crossing. The algorithm requires only one-level Born-Oppenheimer dynamics and local knowledge
of the potential surfaces. Crucially, in contrast to many standard methods in the literature, we
compute the whole wavepacket, including its phase, rather than simply the transition probability.
We demonstrate the excellent agreement with full quantum dynamics for a a range of examples in
two dimensions. We also demonstrate surprisingly good agreement for a system with a full conical
intersection.

Key words. time-dependent Schrodinger equation, non-adiabatic transitions, superadiabatic
representations.

AMS subject classi cations. 35Q40, 81V55

1. Introduction. Many computations in quantum molecular dynamics rely on
the Born-Oppenheimer Approximation (BOA) [13], which utilises the small ratio "?
of electronic and reduced nuclear masses to replace the electronic degrees of freedom
with Born-Oppenheimer potential surfaces. When these surfaces are well separated,
the BOA further reduces computational complexity by decoupling the dynamics to
individual surfaces.

However, there are many physical examples (see e.g. [15],[16],[35] and [40]) where
the Born-Oppenheimer surfaces are not well separated (known as an avoided crossing)
or even have a full intersection. In these regions the BOA breaks down, and the
coupled dynamics must be considered; when a wavepacket travels over a region where
the surfaces are separated by a small but non-vanishing amount, a chemically crucial
portion of the wavepacket can move to a di erent energy level via a non-adiabatic
transition. The existence of the small parameter " introduces several challenges when
attempting to numerically approximate the dynamics. First, and independently of the
existence of an avoided or full crossing, the wavepacket oscillates with frequency 1="
and hence a very ne computational grid is required. Furthermore, in the region of an
avoided crossing, the dynamics produce rapid oscillations and, in turn, cancellations
in the wavepacket; the transmitted wavepacket very close to the crossing is O("),
but in the scattering regime the transmission is exponentially small. It is therefore
necessary to travel far from the avoided crossing (in position space) with a small time-
step to accurately calculate the phase, size and shape of the transmitted wavepacket.
In order to calculate the exponentially small wavepacket, one must ensure that the
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2 V. BETZ, B. D. GODDARD AND T. HURST

absolute errors in a given numerical scheme are also exponentially small, or they will
swamp the true result. Finally, the number of gridpoints in the domain increases
exponentially as the dimension of the system increases. Thus standard numerical
algorithms quickly become computationally intractable.

Many e orts have been made to avoid computational expense by approximating
the transmitted wavepacket while avoiding the coupled dynamics. Surface hopping
algorithms discussed in [41, 33, 37, 29, 39, 23, 34, 36, 17, 18, 31, 4, 3] approximate
the transition using classical dynamics, where the Landau-Zener transition rate [42],
[30] is sometimes used to determine the size of the transmitted wavepacket. This
method has enjoyed some success, and has been applied to higher dimensional systems
(in particular see [31, 4]). However, the full transmitted quantum wavepacket is not
always calculated; phase information is lost, although surface hopping approaches have
been considered which try to incorporate phase information [21, 32, 14, 27, 24, 26].
Such information is crucial when considering systems with interference e ects, e.g.
ones in which the initial wavepacket makes multiple transitions through an avoided
crossing. In contrast, in [10] and [7], a formula is derived to accurately approximate
the full transmitted wavepacket, in one dimension, using only decoupled dynamics.
The formula has been applied to a variety of examples with accurate results, including
the transmitted wavepacket due to photo-dissociation of sodium iodide [9].

In this paper we construct a method to apply the formula derived in [10] and
[7] to higher dimensional problems. We set up the problem, state assumptions, and
the main result and algorithm in Section 2. Our derivation is motivated by the
derivation of the formula in one dimension [10], which we outline in Section 3 and
extend to d dimensions in Section 4. In Section 5 we create a d-dimensional formula
for systems in which near the avoided crossing, when the derivatives of the adiabatic
potential surfaces are slowly varying in all but the direction in which the wavepacket
is travelling. We then extend this result via a simple algorithm to obtain a general
d-dimensional formula. We provide some examples and results in Section 6 and note
conclusions and future work in Section 7.

2. Set-up and Main Results. We consider the evolution of a semiclassical

wavepacket :RY ¥ C?attimet, = :gg , governed by the equation:
(2.1) "0 ) =H (1),

where "2 is the ratio between an electron and the reduced nuclear mass of the molecule,
i.,e. " 1and H is a Hamiltonian operator. This system is derived after a standard
rescaling of a full two level Schrodinger equation involving the kinetic and potential
terms between electrons and nuclei, which for example is given in [20]. We use the
"-scaled Fourier transform to transform the wavepackets 1; . and operators such as
H into momentum space:

Definition 2.1. In d dimensions the wavepacket f : R ¥ C in scaled momen-

tum space is given using the "-scaled Fourier transform
z

(2.2) (k) = f(X) exp 1k x dx:
Rd

For any (su ciently nice) function ¥ : R ¥ C 2 L?(RY), the "-scaled Fourier
transform R" of an operator A is given by

(2.3) RE@t) =AF (kt)= Af(x:tiexp  +k x dx:
Rd
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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 3

We also de ne the Weyl quantization [2] in multiple dimensions, which is used
throughout this paper.

Definition 2.2. For a symbol H("; p; ), given a test function , we de ne the
Weyl quantization of H by
z

@4  (WeH )9 = d dyH( 50cryDett &0 ()

1
2" r
The Hamiltonian in (2.1) is given by [7]

"

(2.5) H(x) = ?ril +V (X) + d()1;
where
(2.6) V(x) = )Z(((’)‘()) XZ(Z%

and d(x) is the part of the potential operator with non-zero trace. In general V (X)
can be given by a Hermitian matrix, but as noted in [5], any Hermitian V (x) can be
transformed into real symmetric form. This is known as the diabatic representation
of the system. We de ne V; = Z(X) + d(x) and V, = Z(X) + d(X) as the two
diabatic potentials, with the diabatic coupling element as the o -diagonal element

Vo = X(X). It is useful to de ne (x) = tan ?! % , S0 that we can write the
polar decomposition of (2.5):

o ZX . _ o X
(2.7) cos( (X)) = P + 2007 sin( (X)) Pz + 2007
Then, de ning (X)) = pX(x)2 + Z(X)?, gives
2.8) V) = (%) cos( (x)) sin( (X))

sin( (X)) cos( (X))

Consider the unitary matrix Uy which diagonalises the potential operator V (x):

© (x) (x) 1
cos 52 sin ¢
(2.9) Uo(x) = @ f() Z(X)
sin 52 cos 52
If we de ne o(x;t) = +E’;3 = Uo(X) (x;t), then we arrive at the adiabatic
Schrodinger equation
(2.10) I"@ o(X;t) =Ho o(X;1):

Here Ho = UgHU, * is given by

(2.11) .

2 2 -

Ho) = or2ps 00 +d0)+ i G (g Y
X ""XT(X) ("rx) + "2rxT(X) (X) + d(X) + --2%
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4 V. BETZ, B. D. GODDARD AND T. HURST

The adiabatic potential surfaces are given by the diagonal entries of the adiabatic
potential matrix to leading order,

(2.12) Vux) = (X)+d(X); VL(X)= (X)+d(X);

where Vy is the upper adiabatic potential surface, and V. is the lower adiabatic
potential surface. The o -diagonal entries of (2.12) are coupling terms, which are
negligible when the two adiabatic surfaces are well separated. An avoided crossing
occurs when two adiabatic surfaces become close to one another, and the coupling
terms have a non-negligible e ect. Note that, as we are considering semiclassical
wavepackets, derivatives are of order 1=" and hence the leading order o -diagonal
elements are of order ™.

For a more precise de nition of an avoided crossing, we direct the reader to [22]
(although it should be noted that the precise meaning of avoided crossing does vary
in the literature), but for the purposes of this paper we will work with a de nition of
an avoided crossing with respect to the wavepacket. We de ne the centre of mass of
the wavepacket at time t by

R : .
gr dXXj (G 0)j%
rndXj (X))

(2.13) Xcom(t) =
and the centre of momentum of as

R = .
g dPPI S (P;)j%
R

(2.14) Pcom(t) = - P
rn dpj € (p; 1)j?

Definition 2.3. Let Vy and V,_ be the adiabatic surfaces de ned in (2.12) such
that Vy(X) V(X)) =2 (X). A wavepacket on the upper/lower level is said to
reach an avoided crossing at time t when  Xcom(t) reaches a local minimum of
along its trajectory. Furthermore, we say that the avoided crossing is tilted when,
near the avoided crossing, the non-symmetric part d(x) of Vy and V. can be written
as d(x) = x+ O(kxk?), where is non-zero in the direction pcom(t).

We note that, at an avoided crossing, the derivative couplings in (2.11) are non-
negligible, and it is in such regions that we expect the transitions between the adiabatic
states to occur. In the following we consider only cases in which the avoided crossing
is of dimension zero, either due to the nature of the potential energy surfaces, or the
path of the wavepacket. In cases where the dimension is higher, for example, when
the wavepacket travels along a ‘seam’ of avoided crossings, we expect the method to
break down. For the case of ‘tilted’ crossings in 1D, we refer the reader to [8] and note
that we will soon make the assumption that k k is small in the direction of pcom,
and thus not treat the ‘tilted’ case here.
We will assume that the initial wavepacket is purely on the upper level, °(x) =
O;g(x) and, without loss of generality, that the centre of mass of the wavepacket
in position space reaches an avoided crossing of height 2 at position X at time tyc,
and is moving in the direction of q;. The adiabatic representation approximates the
wavepacket transmitted through an avoided crossing to leading order by the pertur-
bative solution [38]
Z¢

215) 0D = it e FEOH 00 g (ae MO 9T ds;
1
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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 5

where
"2
(2.16) H )= 5r: (0+de; 109= 0x 2(X) :
The perturbative solution in the adiabatic representation does not 0 er much explana-

tion as to the properties of the transmitted wavepacket. For instance, the constructed
wavepacket at rst looks to be O("). However due to the adiabatic coupling operator

, » fast oscillations and cancellations between upper and lower transmissions occur
near the avoided crossing, so that far from in position space the crossing the transmit-
ted wavepacket is much smaller than the transition at the crossing point (Figure 1).
For this reason, the transmitted wavepacket is better approximated using the per-

10 3

Fig. 1. The total mass of wavepacket  (x) on the lower potential surface against
time t, for the system described in Example 6.1 with parameters in (6.7). The centre
of mass of the wavepacket reaches the avoided crossing at t = 2.

turbative solution from the n'" superadiabatic representation [10], for some optimal
choice of n. The nt superadiabatic representation is produced by creating and ap-
plying unitary pseudodi erential operators U, such that the o -diagonal elements of
the potential operator have prefactor ""**, and the diagonal elements are the same
to leading order as in the adiabatic representation. Existence of such operators is
discussed in [10]. The Hamiltonian H, in the nt" superadiabatic representation is
given by

"2 n2 N+l +
d(x) + O("?) K
_ - 214+ (x) + a1 ]
(2 17) Hn(X) 2 r-xl nn+1Kn+1 (X) + d(X) + O(l|2) )
for some pseudodi erential coupling operators K, ;, which are of order one. The
perturbative solution in the nt" superadiabatic representation is then given by
Z¢ _
(218) N (X,t) — i.-n e 2t s)H (X)Kn+1(x)e IsH™ (x) O;+(X) dS,
1
Direct computation of the pseudodi erential operators Kn+1 and Uy, is recursive in n
(see Section 4), and leads to very complex operators, so we cannot produce a practical
numerical scheme directly using superadiabatic representations. However we will use

This manuscript is for review purposes only.
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6 V. BETZ, B. D. GODDARD AND T. HURST

superadiabatic representations to construct a simple and accurate algorithm.
In [7], where a formula approximating the transmitted wavepacket in one dimension
is constructed, ve assumptions are made:

(Al) The avoided crossingis ‘ at’, i.e. k kin De nition 2.3 is small (in the direction
of pcom(tac)) compared to the energy gap, 2 . This approximation can be
removed in 1D [8], but the resulting algorithm is more complicated; we will
pursue the multidimensional version of this in future work.

(A2) The momentum of the wavepacket near the avoided crossing is su ciently
large. Furthermore, by a coordinate rotation we can assume without loss of
generality that the momentum is concentrated in the rst dimension. This
allows the quantum symbol of the coupling operator K1 to be approximated
by its highest order polynomial term, as discussed in Section 4.

(A3) The rst order Taylor approximation of the adiabatic (Born-Oppenheimer)
energy surfaces near Xp leads to a dynamics that is a good approximation of
the true dynamics near X, i.e. we can write the adiabatic propagators near
the avoided crossing as

"2
(2.19) H Srx  * X%

(A4) The width of the wavepacket is O(""). For the 1D case, it has been shown[9]
that, by the linearity of the Schrodinger equation, we can consider wider
wavepackets through a slicing method. We expect this to also hold in higher
dimensions.

(A5) The functions and are analytic in a strip containing the real axis.

In the multidimensional derivation we will make one additional assumption:

(A6) The adiabatic potential surfaces near the avoided crossing point vary slowly
in all but the direction of pcom(tac)-

We are now ready to state the main result of this paper. Under the assumptions
(A2) to (A6), we approximate the transmitted wavepacket at the avoided crossing
point using the formula:

(220) C (kit)=e -‘-tl‘F‘"me Mo (o) sike (ki
1

=2 S ( (Ka)ike; i ka);

where ; ; . and , are the d-dimensional analogues of those quantities de ned in
one dimension in (D1) to (D4), and are discussed in Section 4 and Section 5. Here, as
described precisely in Algorithm 2.4 below, ™ is the wavepacket on the upper level
at the avoided crossing.

We outline the method through which (2.20) may be used to compute the trans-
mitted wavepacket using only one-level dynamics via the following algorithm and 2D
diagrams available in Figure SM1:

Algorithm 2.4.
(B1) Begin with an initial wave packet ©%(x) on the upper adiabatic energy
surface, far from the crossing in position space, with momentum such that
Xcom(t) will attain a minimum value (Figure SM1a).
(B2) Evolve %% on the upper level, i.e. under the BOA, until its centre of mass
reaches a local minimum at time tz.. De ne

(2.21) t(x)=e *tacHT00 O (.

This manuscript is for review purposes only.
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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 7

(B3) Divide up the full d-dimensional space into d-dimensional strips parallel to
Pcom(tac). The width of the strips in all directions perpendicular to pcom (tac)ll
should be of the order of the width of the transition region (along pcom(tac))
in the optimal superadiabatic basis. In practice we restrict these strips to the
region of space where the wavepacket has signi cant mass.

(B4) On each strip, replace the true potential energy matrix by an approximation
that is at perpendicular to the direction of pcom(tac). In practice, we take
the potential along pcom(tac) in the middle of the strip and replicate it in
the directions perpendicular to pcom(tac). Note in particular that the new
potential may be di erent for each strip.

(B5) Compute the transmitted wavepacket on the lower level for each strip by ap-
pIyi"ng the formula (2.20) along pcom (Figure SM1c) and sum them together:
C kit)= [ F Kitwo).

(B6) Evolve the transmitted wavepacket away from the avoided crossing on the
lower level, say to time tac + s, using the BOA (Figure SMle): C (K ty +
s)=e N C (k).

To summarise, we have derived an algorithm for approximating the transmitted
wavepacket for an avoided crossing in any dimension, which only requires one-level
dynamics, and local information about the adiabatic electronic surfaces, i.e. and

¢z The dependence on the n'" superadiabatic representation is also removed due to
cancellations in the derivation. This seems peculiar to the case where (Al) applies
and is not expected to be true in general. A similar method can be used to determine
transmitted wavepackets from lower to upper levels. While we note that when the
dimension of the system is large, we still require a high dimensional discretization for
simulation of the one-level dynamics. However, methods (e.g. [28]) which improve
performance of one-level dynamics can be applied to signi cantly reduce computa-
tional cost. In the following section, we derive Algorithm 2.4 and provide numerical
examples. We note that for a particular asymptotic limit in one dimension, error
bounds have been constructed for this approximation [10], but for general pcom;"
only empirical estimates are available.

3. Motivation: Approximating the transmitted wavepacket in one di-
mension. The formula is derived in one dimension using the superadiabatic pertur-
bative solution (2.18) by

(C1) Finding algebraic recursive di erential equations to calculate the quantum
symbol ., where K, is the Weyl quantisation of ;.
(C2) Introducing by a change of variables ~ ( (q)) = ,,.1(a), where

z q
G.1) (=2 . (r)dr;

(which is the natural scale discussed in [5]) then approximating ~,,; in an
analogous way to the time-adiabatic case in [11].
(C3) Applying the Avron-Herbst formula [1] to H 72@)2( + X by using (A3).
(C4) Applying a stationary phase argument (with small ) to evaluate the remain-
ing integral.
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8 V. BETZ, B. D. GODDARD AND T. HURST

Following this derivation leads to an approximation of the transmitted wavepacket in
scaled momentum space, far from the avoided crossing in momentum space:

(3.2)
C (k;t)=e i %e Tk (k))(xo+2—r)e S%ik  (Kj 24 G ( (K);
where

(D1) The indicator function 2~ (which is one when k? >4 and zero otherwise)
relates to (classical) energy conservation: Kinetic energy from the potential
energy di erence between two levels must be gained by the wavepacket.

(D2) The dependence on the nt™" superadiabatic representation is removed during
the formula derigation.

(D3) (k) = sgn(k)(" k2 4 ), the initial momentum a classical particle would
need to have momentum k after falling down a potential energy di erence of
2 , i.e. the distance between the potential surfaces at the avoided crossing,
which shifts the wavepacket in momentum space. This arises naturally; it is
often enforced in syrface hopping algorithms.

(D4) 2= (+i.=2 (? (q) dgq, where q°* 2 C is the closest value to the local
minimum of such that (q%*) =0, when is extended to the complex plane.
The prefactor e =% (0 K determines the size of the transmitted wavepacket.
In [20], we show that under appropriate approximations of the momentum and
potential surfaces, this prefactor is comparable to the Landau-Zener transition
prefactor used in surface hopping algorithms such as in [4]. An additional
change in phase occurs due to ,, which is present when the potential is not
symmetric about the avoided crossing.

The constructed formula (3.2) allows us to approximate the size and shape of the
transmitted wave packet due to an avoided crossing, and avoid computing expensive
coupled dynamics. The method for applying the algorithm is as follows:

Algorithm 3.1 (1D version of Algorithm 2.4).

(E1) Begin with an initial wave packet o on the upper adiabatic energy surface,
far from the crossing in position space, with momentum such that the wave
packet will cross the minimum of  (Figure 2a).

(E2) Evolve g according to the BOA on the upper adiabatic level until the centre
of mass is at the avoided crossing, at time t,. (Figure 2b),

(3.3) T(x) = HaeHT0O 0y,

(E3) Apply the one dimensional formula to the "-Fourier transform of the wave
packet at the crossing (Figure 2c):

3.9)
Gy o (K)+K
(6t = 5 i
(E4) Evolve the transmitted wave packet far away enough from the crossing in
position space, say to time tac + s, using the BOA (Figure 2d): C (X;tac +

s)=e S C (x:1,).

Applications of the one dimensional formula have been widely successful on a
variety of examples. In addition to the sodium iodide example [9] already mentioned,

e " (N0t )g z%ik (I L, G"( (k)):

This manuscript is for review purposes only.
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© (d)

Fig. 2: Application of the 1D formula for a particular system discussed in [7]. The
centre of mass of the associated wavepacket (inset) is represented by a black point on
either the upper (blue) and lower (red) adiabatic potential surfaces.

tilted avoided crossings have been examined, and a formula developed which in con-
trast is dependent on n. The formula has also been successfully applied to model
interference e ects in multiple transitions [20].

Finally, the above derivation can also be modi ed for reverse transitions (from
lower to upper surface). If we consider an initial wavepacket  far from the avoided
crossing in position space on the lower energy level, the above algorithm can be
applied analogously, where to approximate the wavepacket transmitted to the upper
level, (3.4) is replaced by

c

" ~kK)+k i r Lo
(k1) = O le ) Rk 1S (ot

2j~(k)j

where ~(k) = sgn(k)pk2 + 4 contributes a loss of momentum due to the potential

(3.5)
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10 V. BETZ, B. D. GODDARD AND T. HURST

energy di erence between the two surfaces.

4. Coupling operators in higher dimensions. The rst step in deriving
(3.2) in [10] was to approximate the superadiabatic coupling operators K, ,,. We
now consider these operators in higher dimensions. We restrict the calculations here
to two dimensions for clarity, but they can easily be adapted to d dimensions.

Lemma 4.1. In two dimensions, ., is given by

(4.1) ne1@P ) = 2 ()Kn+1(P;A)  Yn+1(P; Q)):

where Xn+1(P; Q); Yn+1(P; q) are given by the following algebraic recursive di erential
equations (where we omit the arguments of symbols to ease notation):

@) i=n=w=0 yi= ;O re)
and

4.3) ¥n =0; neven; X, =2z, =w,=0; n odd;
where = (q). For n odd, we have

" #
1 xX 1 X

1
(4-4) Xn+1 = ? -(p r-an)

2 T @ (b Zn+1 j a Xp+1 ) ;
2! o] ] J
| j=1 ( I) J i i=i

and for n even

11
(4.5 Yyn+1= 5 T((p rgXn) zn(p rq))
#
0 ( @ Yn+1 j+D Wnip j) ;
=i

x 1 X
2 NG =1

Jq!
j=1 G

1 X
@iy
j=1 (20 J'j i

1 X
!
j=1 (@) J'j j=

(46) (O raz) xn( rq )= B0 Y1 3 Wner ),

=]

1
4.7 T(p rgqWp) =2 @p (@ zZn+1 j+b Xn+1 j);

1

where = ( 1; 2), @, =0,@,2, and a =a (q);b =b (q) depend only on g,
and are given by the recursions

a= (q); bo=0;
aC 1+1; 2) = 0q8¢ 55 o) +(@ay IO 5; o) By o) = Coube 1 oy @ A 4 2
ac 4+ = @CIZa( 1; 2) +(@Q2 )b( 13 2) b( 1; 2+1) — @QZb( 1; 2) (@QZ )a( 1 2)

Proof. The method is a straightforward extension of [10, Sections 2 and 3], in
particular we direct the reader to Proposition 3.3 (page 3654). d
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The result of Lemma 4.1 shows that Xn;Yn; Zn; Wn can be written as polynomials in
p of order n, as the recursive de nitions involve nite products, derivatives and sums
of the initial Xg; Yo; Zo; Wo, Which are polynomials in p. We therefore write

XX m k k m k
(4.8) Xn(p;Q) = pkps Xk (a);
m=0 k=0

for some x™ K(q), and similarly for yn; zn; wn. Foragivenj, wewrite j=( ;j )
for each j.
Consider for example

i NI i kim K
O’ Xn+1 j = (@,,05) @1, P> ¥ xn (@)
m=0 k=0

where by a direct calculation

( ! k)! k j+ _
(4.9) 0’ pkp K = (rnk 9] (m(nll j-)i- )lpl py Tk andm j;
" 0; otherwise.
Therefore
0% X _:n*N(J m> (m k)! ok pm K i+ kim k(q)
p n+1 j - - (k )| (m Kk j+ )| 1 2 n+1 ]
so that
X o X _
(4.10) AP = G @ 10,00 X1 §(P;0)
j=1 To=
can be rewritten as
X X mamxd (m k) i+ km K
:1W =0a ! m=j k= k MNY(m k j+ )Ipl Py Xpa1 (@)

We now want to extract p; and p, from the nal two summations, so that we can
compare coe cients on either side of the results of Lemma 4.1 to construct recursive
equations for x4'B for A+ B < n. Consider terms where j > 21 By the limits

12

of the third summand, we nd that m > ”T“ and that m < 2=, a contradiction.
Therefore we restrict the limits of rst summand. De ning b = k ,andc=m j,
we nd

n+1

PR C K NI X ;O OME+T) O+ Ny b i) G+ (@):

A= 2)ijibic b)! PiP5 "Xns';

j=1 =0 c¢=0 b=0

We now want to switch the order of summation. We note that, for an arbitrary B,

b e g2 > Be
Bc;j = Bn+1 cijr
j=1 c=0 c=0j=1
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401 which can be shown directly (note that the terms where ¢ = 0, ¢ = 1 are zero). Using
402 this, we nally have that

403
> NDK ¢
01 (411) A= pipz ™t © °
c=0 b=0
- HXKa, 04 N0+t c+i b o oo e 00 g
jlb! | +1 !
o 1 o @ijbi(n+1 ¢ Db

407 Importantly, p; and p, have been extracted from two of the summations. Note that
408 (4.11) reduces to the 1D result in [10] for p, and pq, by takingb=0and =0, or
409 j =0andn+1 c¢ b=0 respectively. We then obtain the following result.

410 Proposition 4.2. The coe cients x2B(q) to wA*B(q) are determined by the
411 following algebraic-di erential recursive equations. We have (omitting arguments of
412 symbols for ease of notation):

413 (4.12) xXB =20 =wiB =0, A+B2f0;1g;

. . . i . i
114 (4.13) NOENT =0 0= 8 W= 0,
415 4 4

416 Further, when n is odd,
417

b n+1 (A+B)
X

c
: 11 . . X 1
m8 (4.14) xX55 = = Z(@uyA YBH0L,yAB Y 2 R
2 i . _2ij!
j=1 =0 #
A+ ) (B+] )! A+ B+j A+ B+j
419 A o b zpey 5 a ;Xpey'j ) ;
420 ' '
421 When n is even, we have
422 "
A;B _ 1 1 A 1B AB 1 A 1B AB 1
423 (4-15) yn+1_ ? ?((@%Xn ' +@Q2Xn' ) (Zn ’@(h +Zn' @QZ ))
|:)n+1 (A+B)C -
» ) XX 1 A+ 2B+ )
. _ @) Al B!
1 #
425 a vy 5 +b win S ;
426
427
428

1 . : : :
29 (416) 0= 7((@uzn "7 +05,20% )+ 0 P0e X 0g, )

b n+1 (A+B)
-

‘X 1 A+ NB+j )

430 2 T
ij! | |
j=1 -0 @jr - Al B!
A+ B+] A+ B+]
v, b ;Yn+1'j ta ;Wne'j ;
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1 : .
(4.17) 0= ?((@qlwﬁ\ LB+ @, wh® )
bn+1 (A+B)

) X 1 A+ NB+j )

_,@)ij Al B!

j=1

A+ ;B+j +b XA+ ;B+]j

a n+1 j in+1 j

;2
Proof. We substitute (4.8) into the results of Lemma 4.1 and compare coe cients
in powers of pp; p2 on either side, using (4.11). a0

As with the coe cients x, and yn in (4.1), 4, has polynomial form:

(4.18) 1 (Pi0) = plpd 1 3T P (a):
m=0 j=0

Here we apply assumption (A2): .1 P? E,Ti) (9). In the one dimensional case
this has been shown to be accurate for su ciently large p, but in practice holds for
much smaller values. By directly constructing the Weyl quantisation of p} 5{12) Q)
as in [10, pg. 3570], we see that the e ect of the coupling operator is negligible
outside a small region near the avoided crossing, determined by the small parameter
" which shows that it is reasonable to take the leading term in ;. The 2D algebraic
di erential recursive equations then reduce to the one dimensional case in [10]:

o 0y.
Xz:l 27(@(11)/2’0):
1;0 i : :0y. : 0.
(4-19) yzil ?((@Q1X2’0)0 (@fh )22'0)7 0 @fhzrq’O + (@(h )XR’O-
To ease notation, rede ne Xp+1 = xﬂifo, and similar for yn+1;zn+1. It is unclear
what the analogue of (3.1), introduced initially in [6] for the time-adiabatic case,
would be for multidimensional systems. We introduce the natural scaling in the rst

dimension

qu

(4.20) Q) =2 . (r;q2) dr:

De ning T( (q)) = f(q) the recursive relations (4.19) then become
(4.21) Koo = i¥oe1s Yoer =100 + 723); 0=(20)" + x;
where 7 = mﬁ These recursive equations also occur in [11], where they are
solved in one dimension, under the assumption that

(422) o=ty gy

where €% is a rst order complex singularity of =, and ~ has no singularities closer
to the real axis than ©%. If the avoided crossing occurs at 0, we can write 2(q) =
2 +9(q)?, for some analytic function g such that g(0) 0, and g2 is quadratic in the
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14 V. BETZ, B. D. GODDARD AND T. HURST

neighbourhood of g = 0. Therefore a Stokes line (i.e. a curve with Im( ) = 0) crosses
the real axis perpendicularly [25], and following this line leads to a pair of complex
conjugate points q%;q“* which are complex zeros of . De ning % = (q%), itis
shown in [6] that rst order complex singularities of the adiabatic coupling function
arise at these complex zeros. This derivation is still valid in our case, for each gs,.
The recursive algebraic di erential equations solved in [11] then give us |, to leading
order:
(4.23)

in i i

n(@ (@ :=— (@ 1!

(@ @)~ (@ =@)"

It is clear that the results of this section can be extended to higher dimensions, by
assuming the direction of travel of the wavepacket is in the rst dimension. We will
now use this observation to design an algorithm for multi-dimensional transitions
using only the 1D transition formula.

5. Multi-dimensional formula derivation. The derivation of a multidimen-
sional formula, under the assumptions above, follows similarly to the one dimensional
case. We want to approximate the pseudodi erential operator K, which is given by
the Weyl quantisation of . The polynomial form of | allows us to simplify the
Weyl quantisation as follows.

Proposition 5.1. Let (p;q) =49(q) Q?:l piA‘, for Aj 2 N. Then

. z v A
_ 1 " Ki+ i ! b .
Gh ) 0= Gk e A L

Proof. The proof is a mylti-dimensional extension of [7, Lemma 4.1]. Firstly,
using that  (y) = (2 ") %2 pod D' )exp(( y)="),

Z I
1 v '
(W- )(x):W d dy A g Ty e C <Y (y):
R2d i
Z v I
= il-,ﬂ d dyd ;Ai g ﬂ e%( x YY)+ y) b--( ):
2 "7 Rred - 2

Now de ne yi = (Xij +Vi)=2, i =1;::;d. Then

2d z Y Ai ! i +(2
We )09 = g 0 dyd gyt @ 00 (o,
B i=1
1
2 YA gxe » (g
2 dd i€ ()8 (( )):
Rd i=1
We perform a second change of variables 5 =2 ; and nd
7 (@) 1, 1
1 Y T e it WA, e
. - - ~d @ A Atx (o ~ .
W )09 = 5mg _ d7d ;A ()¢ 2

i=1
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We apply the scaled Fourier transform to both sides of this equation:
O r, 1
" 1 Z v - = Ai
W) (K= ——5 d7d dx@

@ F oo AeteC MO 2

i

i=1 2
. R . .

Using that (2 ") 9 dxexp(i(a x)=") = (a) allows us to directly compute the x

integral, giving (5.1). d

Next we linearise the dynamics near the avoided crossing. By (A3), to leading order
the uncoupled propagators in (2.16) can be approximated by

"2
Then, by the fundamental theorem of calculus,
. . Z s . i . -
(5.3) ersth  ersH = e*™M T(H, H ) e "™ dr et :
0

Eince H, H s quadratic near zero, the integrand in (5.3) is of order 1 in an

"-neighbourhood of zero. Outside of this region the coupling function provides a
negligible result, as seen in the one dimensional case [10]. We also use the d dimen-
sional Avron-Herbst formula [1], which shows that

(5.4) o bl L RS (g A(KKK 2)s ( WSD).
Then
" e Z ik k253 i 2 2 "
S (k1) ng At 1e B S( 0 A (kK2 2)s ( K)s )%
ik k2s3 A ((kkkZ+2 Ks) G
(5.5) e s S0 @g 2+(( +2)s ( Ks) G (K) ds:

Using Proposition 5.1 for the coupling function shows that

; " Ly )
() iin e Hu dse = a esC @ F((kkk?* 2)s ( K)s?)
@ V& 2 o
Z < o " v A=
: ki+ ; "' T
d . B« ) L
Rd T Ai=li=1;d i=1 ”

e (8 F( Kr2)s ()G ().

where A = (A1:::Aq). The operator e3 % is a shift operator, so 5 @f(k) = f(k +
s). Instead of applying the shift operator to the right, we use the fact that the

integral is invariant under the transform A s to apply it to the left: in
this case f( )e s @ =f( s). The following transformations take place in the
integrand:

Ex )2 E g ) k+ ak+ 25

n+1 n+1
e%((kkkz 2)s ( K)s?) a e%((kk sk? 2)s ( (k s))sz):
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539 Rearranging gives

540
521 (56) G (k1) iWe Lo
zZ, 2 19

t < " . . < AIT=
542 dsd _ L« ) % ]

1 Rd T AB=1 i=1 >
543 G (Yexp 2',, K2 kK2 4)s ( (kK ))S?
544

545  We approximate ., with (4.23), then calculate the scaled Fourier transform:

z
1

@7 . G=0ka - (q)da;
(n_prin i i
B W D T@ E@ Oy (@ @@ e

549 where 4 1 = (g2;:::;0q). Using (A6) (q) (g1) and consequently (gq) = (q1),

550  °2(q¥ 1) = 2. Thergfore the Fourier _transform in all other dimensions produces
551 a Dirac function, 2~ 11 e ™dx="2 " (k). As (q)  (qi), we only need to

552 consider the one dimensional case. This is discussed in [10]. A simple extension to d
553 dimensions therefore shows that

sa6 G (k)=

e (i="kq dq'

" ik "t iy i P~ (d
554 (5.7) (,?.IO K) = p= —1 g Trskeg E¥) w(@ D (k2; i kq):
555 ’ 2 2
556 We insert (5.7) into (5.6), and rearrange to nd
557 5 5
" 1 s T k2 2 " 2 s Mt

C (L) — it 1 1 1
558 k;t) = —e ds d 1

Ak =g 0 R -4 ki+ 1

Prks 1) c(ki 1D
559 . e 27 e Z
" i 2 2 2

520 ) 1d suid g @ ()ezwlkkk®™ ki kDs (kD] (1, Liikg g)
561 R

R
562 By the identity f(x) = 11 (x a)f(a)da, the integral in the dimensions 2;:::;d can
563 be evaluated to nd
564

" z 1 z n n+1
1 i " k? 2 2 1S

C (-4) — ey 101 1
565 k;t) = —e ds d 1

k)= Cds 4y ——

Pr(ki 1) c(ki 1D

566 e 2" e 2"
%@é G‘”( 1'k2,,kd)e%[0k1]2 i lj2 4)s  a(ke 1)52]:

569 By (Al), 1 issmall and so can be neglected, so that
L L

" . 2 2 n P i 7
570 (% (k;t) :i"e o ds d k1 1 e (|2<1" 1)e (szl.. 1)
4 ) 0 R 4
g7 (58) G (ko)1 kg)eUkai® 1”4,
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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 17

From here we can follow the derivation in [10] and obtain an extension of its main
result to d dimensions, given by (2.20). In this derivation, cancellations in the integral
remove all dependence on n. Therefore for implementation of (2.20) we do not need
to calculate the pseudodi erential operators K, 4, or in fact nd the optimal choice
for n, but have utilised superadiabatic representations in its construction.

As justi cation for the proposed algorithm we note that we evolve the wavepacket
on the new potential energy surface, restricted to each strip. As such, we discard
any part of the wavepacket that leaves the strip and ignore any additional parts
entering from other strips. Since the Schrodinger equation is linear, this introduces
two types of error, due to: (i) the modi cation of the potential in each strip, and
(ii) the wavepacket broadening out of the selected strip, or into it from the outside.
Both errors are small, the rst because the strip is quite narrow (so the potential is
approximately constant), the second because the time that we actually evolve for is
small (of the order of the crossing region in the optimal superadiabatic basis).

In practice, for the examples in Section 6, we compute the BOA dynamics on a uniform
2-dimensional grid. Once the centre of mass of the wavepacket reaches the avoided
crossing, we interpolate the wavepacket onto a grid with the new p; direction parallel
to that of pcom. Instead of treating strips of the appropriate width, we simply apply
the formula (2.20) along each of the 1D lines parallel to p1 (or pcowm); this reduces to
applying the 1D formula. For small ", this is essentially equivalent to the algorithm
above as the approximate potentials of neighbouring lines are very similar and the
evolution time in the optimal superadiabatic basis is very short.

6. Numerical results. We perform the algorithm on a selection of examples,
and compare it to the two level ‘exact’ computation, where the Strang splitting method
is used. For all examples we consider two wavepackets given in momentum space by:

2
kp 2'I'30k exp i(p Po) Xo

6
kp ZfJok exp i(p Po) Xo

where N are normalisation constants. To ensure that the wavepacket has su cient
momentum to travel through the avoided crossing, we choose to de ne the wavepackets
at the avoided crossing point, then evolve backwards in time away from the avoided
crossing using one level dynamics, before evolving forwards and applying the formula.
In practice the initial wavepacket can be given in any initial location, provided it is
far enough from the avoided crossing to be una ected by coupling e ects.

To compare the formula results to exact calculations we use the L2-relative error:

kK 1 ok k1 ok

k 1k 7 k 2k '
Where k k is the standard L2-norm. For comparison to other algorithms which do
not calculate phase, it is also bene cial to consider the relative absolute error

Kj ) J 20k Ki 1 j ok

(6.1) S () = - exp

62) b'(p) = - exp

(6.3) Erra( 1; 2) = max

(6.4) Eraps( 1; 2) = max K 1K ; K K
or the relative mass error

k k ok
(6.5) Ermass( 1; 2) = max K ;k; ” ik 1:
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18 V. BETZ, B. D. GODDARD AND T. HURST

Example 6.1. Consider the diabatic potential matrix

(6.6) tanh(xy)

V)= tanh(xy)
This is a direct extension of a one dimensional problem, and as there is no dependence
in X, the assumptions made in the derivation in Section 5 are exactly valid, if the
direction of the wavepacket is independent of p,. The lower surface is given by V| =

Vu. The upper adiabatic surface is shown in Figure 3a. We take parameters

10 07 30 30
20+ b 25
5 |- -
0:65 10 N 20
< 0f : < 0f @ 1 15
0:6 101 ) 10
5 | -
20 1 1 s
10 Il Il Il S| 30 Il Il Il L1
20 10 0 10 20 0:85 30 20 10 0 10 20 30
X1 X1
€Y (b)

Fig. 3: Contour plot of the upper adiabatic potential surfaces for Example 6.1 (left)

and Example 6.2 (right). In these examples, Vy = V..
. ’ ’pO! Og - 301 21 ’ ) 1]

Using a mesh of 2% 213 points on the domain [ 20;20]?, starting at time 0, we
evolve the wavepacket back to time -2 with time-step 1=(50kpgk), then evolve forwards
to time 2, applying the algorithm, and compare to the exact calculation. For the
Gaussian wavepacket , Erp = 0:0151, Ergns = 0:0151, and Ermass = 0:0016. For
non-Gaussian Er = 0:0389, Ergys = 0:0387, and Ermass = 0:0023. The result of
the formula and corresponding error are shown in Figures 4 and 5.

Example 6.2. We consider the diabatic potential matrix described in [14]

P
X1 X5+ 2

6.8
(6.8) 25T e

VixX)= P

which is a modi ed Jahn-Teller diabatic potential, where the conical intersection is
replaced with an avoided crossing with gap 2 . The upper adiabatic surface is shown
in Figure 3b. We use parameters

(6.9) ", Po;Xog = %;0:5; (5:2);(0;0) ;
213 points on the domain [ 40;40]2, we start at time 0, and evolve

20=kpok?, then forwards to 20=kpok?,

a mesh of 213
backwards with time-step 1=(50kpok) to time

This manuscript is for review purposes only.
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10 2 10 4
— 6
1.4 ST N B 1.4 B
ST T 3 |5
12} e RN 12} \ .
’ P \\ \
I’ ll “ \\ O (| \\ [ 4
’ { 1 % )
& 1 | I 4 kH28 1t \ N
K \ /) L 13
08| AR 08| \ x @ :
~ S—— /r, \ \
e L F 2
06| B . 0:6 | E
Il Il Il Il Il L Il Il Il Il Il L 1
5:8 6 6:2 6:4 6:6 58 6 6:2 6:4 6:6
Py P1
@ (b)

Fig. 4: Results for Example 6.1, when using parameters in (6.7) with initial
wavepacket of form (6.1). Left: exact calculation (solid line) versus formula result
(dashed line). Contours for the formula result are at the same values as the neigh-
bouring exact contours. Right: relative error.

10 2 10 3
2 T | 2 T
F2
5F .
' -H15
& 1 |
A1
051 i
105
Il 1 Il Il L1 Il | | | L1
0 55 6 6:5 7 0 55 6 6:5 7
P1 P1
€Y (b)

Fig. 5: As in Figure 4, but with initial wavepacket (6.2).

we nd Erp = 0:0351; Ergps = 0:0304, and Erpass = 0:0029 using Gaussian initial
wavepacket o, and Erp = 0:0679; Ergns = 0:0616, and Ermass = 0:0033 for non-
Gaussian initial wavepacket . Figures 6 and 7 display the result of the formula
compared to the exact calculation. We now use the parameters

(6.10) ', ;Po;Xog = %;0; (5;0); (0;0:5)
In addition, we included the sign of x, in the o -diagonal elements of V (x),

which then gives the standard Jahn-Teller Hamiltonian. However, let us stress that
non-adiabatic transitions must be exactly the same for the Hamiltonian with and
without the sign included. The reason is that by that choice, we have just chosen a
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T [ 10 8 25
T | .
45 1 F 5 451 B
s e 4 12
& 351 \ N 113 & 35} % @ 10 1%5
3+ J " 4112 | N
3 -1
25| 1Y 2s) .
Il Il Il Il Il Il | L Il Il Il Il Il | | 705
78 8 82 84 86 88 9 92 78 8 82 84 86 88 9 92 '
P1 p1
@ (b)

Fig. 6: Results for Example 6.2, when using parameters in (6.9) with initial wavepack-
ets of form (6.1). Results are presented as in Figure 4.

10 2 5 1036
5 .
45
L6
4l 4 l
F 4
8 s g
2f i} 20 ]
| | | L1 | | Il 71
7:5 8 85 9 75 8 85 9
P1 Py
@ (b)

Fig. 7: As in Figure 6, but with initial wavepacket (6.2).

di erent diabatic representation, but the (unique) adiabatic representation remains
the same. It is an advantage of our method, which only uses the adiabatic energy
surfaces, that it is insensitive to such a change. The Jahn-Teller Hamiltonian has
a conical intersection. We have chosen momentum such that the centre of mass of
the wavepacket does not cross the intersection. We evolve back to  25=kpgk? with
a time-step of 1=(50kpgk), then evolve forwards to 25=kpok? using the algorithm,
and compare with the exact calculation. Then Er. = 0:0638; Ergsss = 0:0550, and
Ermass = 0:0309 for initial wavepacket of form ¢ and Er. = 0:1511; Eraps = 0:0850,
and Ermass = 0:0604 for , the transmitted wavepacket and error is given in Figure 6.
Although the relative error is large in this nal calculation, the absolute error and
mass error shows that the algorithm has performed well, given that it is not designed
for systems where is small or vanishing. Figure 9 also shows that the shape of the
wavepacket is still well approximated qualitatively.
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We note that the relative and absolute error in Example 6.2 di er, while in Ex-
ample 6.1 they are the same. We believe this is due to a change in phase when s
not at in g, so the error due to the modi cation of the potential surface for each
strip is larger.

10 2
1.5 — 10

(@) (b)
Fig. 8: As in Figure 6, but with parameters (6.10).

€Y (b)
Fig. 9: As in Figure 8, but with initial wavepacket (6.2).

7. Conclusions and Future Work. In this paper we have constructed an
algorithm which can be used to approximate the transmitted wavepacket in non-
adiabatic transitions in multiple dimensions, by constructing a formula based on the
one dimensional result in [7], and appealing to the linearity of the Schrodinger equation
to decompose the dynamics onto strips with potentials that are constant in all but
one direction. Presented examples in two dimensions show similar accuracy to one
dimensional analogues, and are accurate in the phase, which is beyond the capability
of standard surface hopping models.

Correctly approximating the phase of the wavepacket becomes important when
more than one transition takes place. In [20] various one dimensional examples of
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multiple transitions are explored using the formula, with accurate results. In future
work we will consider multiple transitions in two dimensions using the algorithm.
This will involve taking into account the e ect of geometric phase [12] due to multiple
avoided crossings, as well as constructing an approximation of the wavepacket which
remains on the upper level after a transition has taken place. We also will compare
the results of the algorithm considered in this paper with other algorithms designed
to approximate non-adiabatic transitions, e.g. [19].
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