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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS�1

V.BETZ y , B.GODDARDz , AND TIM HURSTx2

Abstract. We consider non-adiabatic transitions in multiple dimensions, which occur when the3
Born-Oppenheimer approximation breaks down. We present a general, multi-dimensional algorithm4
which can be used to accurately and e�ciently compute the transmitted wavepacket at an avoided5
crossing. The algorithm requires only one-level Born-Oppenheimer dynamics and local knowledge6
of the potential surfaces. Crucially, in contrast to many standard methods in the literature, we7
compute the whole wavepacket, including its phase, rather than simply the transition probability.8
We demonstrate the excellent agreement with full quantum dynamics for a a range of examples in9
two dimensions. We also demonstrate surprisingly good agreement for a system with a full conical10
intersection.11

Key words. time-dependent Schr�odinger equation, non-adiabatic transitions, superadiabatic12
representations.13

AMS subject classi�cations. 35Q40, 81V5514

1. Introduction. Many computations in quantum molecular dynamics rely on15
the Born-Oppenheimer Approximation (BOA) [13], which utilises the small ratio "216
of electronic and reduced nuclear masses to replace the electronic degrees of freedom17
with Born-Oppenheimer potential surfaces. When these surfaces are well separated,18
the BOA further reduces computational complexity by decoupling the dynamics to19
individual surfaces.20

However, there are many physical examples (see e.g. [15],[16],[35] and [40]) where21
the Born-Oppenheimer surfaces are not well separated (known as an avoided crossing)22
or even have a full intersection. In these regions the BOA breaks down, and the23
coupled dynamics must be considered; when a wavepacket travels over a region where24
the surfaces are separated by a small but non-vanishing amount, a chemically crucial25
portion of the wavepacket can move to a di�erent energy level via a non-adiabatic26
transition. The existence of the small parameter " introduces several challenges when27
attempting to numerically approximate the dynamics. First, and independently of the28
existence of an avoided or full crossing, the wavepacket oscillates with frequency 1="29
and hence a very �ne computational grid is required. Furthermore, in the region of an30
avoided crossing, the dynamics produce rapid oscillations and, in turn, cancellations31
in the wavepacket; the transmitted wavepacket very close to the crossing is O("),32
but in the scattering regime the transmission is exponentially small. It is therefore33
necessary to travel far from the avoided crossing (in position space) with a small time-34
step to accurately calculate the phase, size and shape of the transmitted wavepacket.35
In order to calculate the exponentially small wavepacket, one must ensure that the36
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2 V. BETZ, B. D. GODDARD AND T. HURST

absolute errors in a given numerical scheme are also exponentially small, or they will37
swamp the true result. Finally, the number of gridpoints in the domain increases38
exponentially as the dimension of the system increases. Thus standard numerical39
algorithms quickly become computationally intractable.40

Many e�orts have been made to avoid computational expense by approximating41
the transmitted wavepacket while avoiding the coupled dynamics. Surface hopping42
algorithms discussed in [41, 33, 37, 29, 39, 23, 34, 36, 17, 18, 31, 4, 3] approximate43
the transition using classical dynamics, where the Landau-Zener transition rate [42],44
[30] is sometimes used to determine the size of the transmitted wavepacket. This45
method has enjoyed some success, and has been applied to higher dimensional systems46
(in particular see [31, 4]). However, the full transmitted quantum wavepacket is not47
always calculated; phase information is lost, although surface hopping approaches have48
been considered which try to incorporate phase information [21, 32, 14, 27, 24, 26].49
Such information is crucial when considering systems with interference e�ects, e.g.50
ones in which the initial wavepacket makes multiple transitions through an avoided51
crossing. In contrast, in [10] and [7], a formula is derived to accurately approximate52
the full transmitted wavepacket, in one dimension, using only decoupled dynamics.53
The formula has been applied to a variety of examples with accurate results, including54
the transmitted wavepacket due to photo-dissociation of sodium iodide [9].55

In this paper we construct a method to apply the formula derived in [10] and56
[7] to higher dimensional problems. We set up the problem, state assumptions, and57
the main result and algorithm in Section 2. Our derivation is motivated by the58
derivation of the formula in one dimension [10], which we outline in Section 3 and59
extend to d dimensions in Section 4. In Section 5 we create a d-dimensional formula60
for systems in which near the avoided crossing, when the derivatives of the adiabatic61
potential surfaces are slowly varying in all but the direction in which the wavepacket62
is travelling. We then extend this result via a simple algorithm to obtain a general63
d-dimensional formula. We provide some examples and results in Section 6 and note64
conclusions and future work in Section 7.65

2. Set-up and Main Results. We consider the evolution of a semiclassical66

wavepacket  : Rd ! C2 at time t,  =
�
 1(x;t)
 2(x;t)

�
, governed by the equation:67

i"@t (x; t) = H (x; t);(2.1)6869

where "2 is the ratio between an electron and the reduced nuclear mass of the molecule,70
i.e. "� 1 and H is a Hamiltonian operator. This system is derived after a standard71
rescaling of a full two level Schr�odinger equation involving the kinetic and potential72
terms between electrons and nuclei, which for example is given in [20]. We use the73
"-scaled Fourier transform to transform the wavepackets  1;  2 and operators such as74
H into momentum space:75

Definition 2.1. In d dimensions the wavepacket f : Rd ! C in scaled momen-76
tum space is given using the "-scaled Fourier transform77

bf"(k) =
1

(2�")d=2

Z

Rd
f(x) exp

�
�
i
"
k � x

�
dx:(2.2)78

79

For any (su�ciently nice) function f : Rd ! C 2 L2(Rd), the "-scaled Fourier80

transform bA" of an operator A is given by81

bA" bf"(k; t) := cAf
"
(k; t) =

1
(2�")d=2

Z

Rd
Af(x; t) exp

�
�
i
"
k � x

�
dx:(2.3)82

83
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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 3

We also de�ne the Weyl quantization [2] in multiple dimensions, which is used84
throughout this paper.85

Definition 2.2. For a symbol H(";p; q), given a test function  , we de�ne the86
Weyl quantization of H by87

(W"H )(x) =
1

(2�")d

Z

R2d
d� dyH("; �;

1
2

(x+ y))e
i
" (��(x�y)) (y):(2.4)88

89

The Hamiltonian in (2.1) is given by [7]90

H(x) = �
"2

2
r2
xI + V (x) + d(x)I;(2.5)91

92

where93

V (x) =
�
Z(x) X(x)
X(x) �Z(x)

�
(2.6)94

95

and d(x) is the part of the potential operator with non-zero trace. In general V (x)96
can be given by a Hermitian matrix, but as noted in [5], any Hermitian V (x) can be97
transformed into real symmetric form. This is known as the diabatic representation98
of the system. We de�ne V1 = Z(x) + d(x) and V2 = �Z(x) + d(x) as the two99
diabatic potentials, with the diabatic coupling element as the o�-diagonal element100

V12 = X(x). It is useful to de�ne �(x) = tan�1
�
X(x)
Z(x)

�
, so that we can write the101

polar decomposition of (2.5):102

cos (�(x)) =
Z(x)

p
X(x)2 + Z(x)2

; sin (�(x)) =
X(x)

p
X(x)2 + Z(x)2

:(2.7)103
104

Then, de�ning �(x) =
p
X(x)2 + Z(x)2, gives105

V (x) = �(x)
�

cos(�(x)) sin(�(x))
sin(�(x)) � cos(�(x))

�
:(2.8)106

107

Consider the unitary matrix U0 which diagonalises the potential operator V (x):108

U0(x) =

0

@
cos
�
�(x)

2

�
sin
�
�(x)

2

�

sin
�
�(x)

2

�
� cos

�
�(x)

2

�

1

A :(2.9)109

110

If we de�ne  0(x; t) =
�
 +(x;t)
 �(x;t)

�
= U0(x) (x; t), then we arrive at the adiabatic111

Schr�odinger equation112

i"@t 0(x; t) = H0 0(x; t):(2.10)113114

Here H0 = U0HU�1
0 is given by115

H0(x) = �
"2

2
r2
xI +

 
�(x) + d(x) + "2 krx�(x)k2

8 �"rx�(x)
2 � ("rx)� "2r2

x�(x)
4

"rx�(x)
2 � ("rx) + "2r2

x�(x)
4 ��(x) + d(x) + "2 krx�(x)k2

8

!

:

(2.11)

116
117
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4 V. BETZ, B. D. GODDARD AND T. HURST

The adiabatic potential surfaces are given by the diagonal entries of the adiabatic118
potential matrix to leading order,119

VU (x) = �(x) + d(x); VL(x) = ��(x) + d(x);(2.12)120121

where VU is the upper adiabatic potential surface, and VL is the lower adiabatic122
potential surface. The o�-diagonal entries of (2.12) are coupling terms, which are123
negligible when the two adiabatic surfaces are well separated. An avoided crossing124
occurs when two adiabatic surfaces become close to one another, and the coupling125
terms have a non-negligible e�ect. Note that, as we are considering semiclassical126
wavepackets, derivatives are of order 1=" and hence the leading order o�-diagonal127
elements are of order ".128

For a more precise de�nition of an avoided crossing, we direct the reader to [22]129
(although it should be noted that the precise meaning of avoided crossing does vary130
in the literature), but for the purposes of this paper we will work with a de�nition of131
an avoided crossing with respect to the wavepacket. We de�ne the centre of mass of132
the wavepacket  � at time t by133

xCOM(t) =
R

Rn dxxj �(x; t)j2R
Rn dxj �(x; t)j2

;(2.13)134
135

and the centre of momentum of  � as136

pCOM(t) =
R

Rn dppjc �
"
(p; t)j2

R
Rn dpjc �

"
(p; t)j2

:(2.14)137

138
139

Definition 2.3. Let VU and VL be the adiabatic surfaces de�ned in (2.12) such140
that VU (x) � VL(x) = 2�(x). A wavepacket  � on the upper/lower level is said to141
reach an avoided crossing at time t when �

�
xCOM(t)

�
reaches a local minimum of �142

along its trajectory. Furthermore, we say that the avoided crossing is tilted when,143
near the avoided crossing, the non-symmetric part d(x) of VU and VL can be written144
as d(x) = � � x+O(kxk2), where � is non-zero in the direction pCOM(t).145

We note that, at an avoided crossing, the derivative couplings in (2.11) are non-146
negligible, and it is in such regions that we expect the transitions between the adiabatic147
states to occur. In the following we consider only cases in which the avoided crossing148
is of dimension zero, either due to the nature of the potential energy surfaces, or the149
path of the wavepacket. In cases where the dimension is higher, for example, when150
the wavepacket travels along a ‘seam’ of avoided crossings, we expect the method to151
break down. For the case of ‘tilted’ crossings in 1D, we refer the reader to [8] and note152
that we will soon make the assumption that k�k is small in the direction of pCOM,153
and thus not treat the ‘tilted’ case here.154

We will assume that the initial wavepacket is purely on the upper level,  0(x) =155 �
 0;+(x)

0

�
and, without loss of generality, that the centre of mass of the wavepacket156

in position space reaches an avoided crossing of height 2� at position x0 at time tac,157
and is moving in the direction of q1. The adiabatic representation approximates the158
wavepacket transmitted through an avoided crossing to leading order by the pertur-159
bative solution [38]160

 �0 (x; t) = �i"
Z t

�1
e�

i
" (t�s)H�(x)��1 (x) � ("@x)e�

i
" sH

+(x) 0;+(x) ds;(2.15)161
162
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NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 5

where163

H�(x) = �
"2

2
r2
x � �(x) + d(x); ��1 (x) = �

@x�(x)
2

:(2.16)164
165

The perturbative solution in the adiabatic representation does not o�er much explana-166
tion as to the properties of the transmitted wavepacket. For instance, the constructed167
wavepacket at �rst looks to be O("). However due to the adiabatic coupling operator168
��1 , fast oscillations and cancellations between upper and lower transmissions occur169
near the avoided crossing, so that far from in position space the crossing the transmit-170
ted wavepacket is much smaller than the transition at the crossing point (Figure 1).171
For this reason, the transmitted wavepacket is better approximated using the per-

0 1 2 3 4

0

0:5

1

1:5

�10� 3

t

R R
d

j 
�

(x
)j

2
dx

Fig. 1: The total mass of wavepacket  �(x) on the lower potential surface against
time t, for the system described in Example 6.1 with parameters in (6.7). The centre
of mass of the wavepacket reaches the avoided crossing at t = 2.

172
turbative solution from the nth superadiabatic representation [10], for some optimal173
choice of n. The nth superadiabatic representation is produced by creating and ap-174
plying unitary pseudodi�erential operators Un, such that the o�-diagonal elements of175
the potential operator have prefactor "n+1, and the diagonal elements are the same176
to leading order as in the adiabatic representation. Existence of such operators is177
discussed in [10]. The Hamiltonian Hn in the nth superadiabatic representation is178
given by179

Hn(x) = �
"2

2
r2
xI +

�
�(x) + d(x) +O("2) "n+1K+

n+1
"n+1K�n+1 ��(x) + d(x) +O("2)

�
;(2.17)180

181

for some pseudodi�erential coupling operators K�n+1, which are of order one. The182
perturbative solution in the nth superadiabatic representation is then given by183

 �n (x; t) = �i"n
Z t

�1
e�

i
" (t�s)H�(x)K�n+1(x)e�

i
" sH

+(x) 0;+(x) ds;(2.18)184
185

Direct computation of the pseudodi�erential operators Kn+1 and Un is recursive in n186
(see Section 4), and leads to very complex operators, so we cannot produce a practical187
numerical scheme directly using superadiabatic representations. However we will use188
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6 V. BETZ, B. D. GODDARD AND T. HURST

superadiabatic representations to construct a simple and accurate algorithm.189
In [7], where a formula approximating the transmitted wavepacket in one dimension190
is constructed, �ve assumptions are made:191

(A1) The avoided crossing is ‘at’, i.e. k�k in De�nition 2.3 is small (in the direction192
of pCOM(tac)) compared to the energy gap, 2�. This approximation can be193
removed in 1D [8], but the resulting algorithm is more complicated; we will194
pursue the multidimensional version of this in future work.195

(A2) The momentum of the wavepacket near the avoided crossing is su�ciently196
large. Furthermore, by a coordinate rotation we can assume without loss of197
generality that the momentum is concentrated in the �rst dimension. This198
allows the quantum symbol of the coupling operatorKn+1 to be approximated199
by its highest order polynomial term, as discussed in Section 4.200

(A3) The �rst order Taylor approximation of the adiabatic (Born-Oppenheimer)201
energy surfaces near x0 leads to a dynamics that is a good approximation of202
the true dynamics near x0, i.e. we can write the adiabatic propagators near203
the avoided crossing as204

H� � �
"2

2
r2
x � � + � � x;(2.19)205

206

(A4) The width of the wavepacket is O("). For the 1D case, it has been shown[9]207
that, by the linearity of the Schr�odinger equation, we can consider wider208
wavepackets through a slicing method. We expect this to also hold in higher209
dimensions.210

(A5) The functions � and � are analytic in a strip containing the real axis.211
In the multidimensional derivation we will make one additional assumption:212

(A6) The adiabatic potential surfaces near the avoided crossing point vary slowly213
in all but the direction of pCOM(tac).214

We are now ready to state the main result of this paper. Under the assumptions215
(A2) to (A6), we approximate the transmitted wavepacket at the avoided crossing216
point using the formula:217

218

(2.20) c �
"
(k; t) = e�

i
" t

dH�
" �(k1) + k1

2j�(k1)j
e�

i
" (k1��(k1))(x0+ �r

2� )e�
�c

2�" jk1��(k1)j219

� �k2
1>4�

c�+
"
(�(k1); k2; :::; kd);220221

where �; �; �c and �r are the d-dimensional analogues of those quantities de�ned in222
one dimension in (D1) to (D4), and are discussed in Section 4 and Section 5. Here, as223
described precisely in Algorithm 2.4 below, �+ is the wavepacket on the upper level224
at the avoided crossing.225

We outline the method through which (2.20) may be used to compute the trans-226
mitted wavepacket using only one-level dynamics via the following algorithm and 2D227
diagrams available in Figure SM1:228

Algorithm 2.4.229
(B1) Begin with an initial wave packet  0;+(x) on the upper adiabatic energy230

surface, far from the crossing in position space, with momentum such that231
�
�
xCOM(t)

�
will attain a minimum value (Figure SM1a).232

(B2) Evolve  0;+ on the upper level, i.e. under the BOA, until its centre of mass233
reaches a local minimum at time tac. De�ne234

(2.21) �+(x) := e�
i
" tacH+(x) 0;+(x):235

This manuscript is for review purposes only.



NON-ADIABATIC TRANSITIONS IN MULTIPLE DIMENSIONS 7

(B3) Divide up the full d-dimensional space into d-dimensional strips parallel to236
pCOM(tac). The width of the strips in all directions perpendicular to pCOM(tac)237
should be of the order of the width of the transition region (along pCOM(tac))238
in the optimal superadiabatic basis. In practice we restrict these strips to the239
region of space where the wavepacket has signi�cant mass.240

(B4) On each strip, replace the true potential energy matrix by an approximation241
that is at perpendicular to the direction of pCOM(tac). In practice, we take242
the potential along pCOM(tac) in the middle of the strip and replicate it in243
the directions perpendicular to pCOM(tac). Note in particular that the new244
potential may be di�erent for each strip.245

(B5) Compute the transmitted wavepacket on the lower level for each strip by ap-246
plying the formula (2.20) along pCOM (Figure SM1c) and sum them together:247

c �
"
(k; tac) =

Pn
j=1

c �j
"
(k; tac).248

(B6) Evolve the transmitted wavepacket away from the avoided crossing on the249

lower level, say to time tac + s, using the BOA (Figure SM1e): c �
"
(k; tac +250

s) = e� i" sdH�
"c �

"
(k; tac).251

To summarise, we have derived an algorithm for approximating the transmitted252
wavepacket for an avoided crossing in any dimension, which only requires one-level253
dynamics, and local information about the adiabatic electronic surfaces, i.e. � and254
� cz. The dependence on the nth superadiabatic representation is also removed due to255
cancellations in the derivation. This seems peculiar to the case where (A1) applies256
and is not expected to be true in general. A similar method can be used to determine257
transmitted wavepackets from lower to upper levels. While we note that when the258
dimension of the system is large, we still require a high dimensional discretization for259
simulation of the one-level dynamics. However, methods (e.g. [28]) which improve260
performance of one-level dynamics can be applied to signi�cantly reduce computa-261
tional cost. In the following section, we derive Algorithm 2.4 and provide numerical262
examples. We note that for a particular asymptotic limit in one dimension, error263
bounds have been constructed for this approximation [10], but for general pCOM; "264
only empirical estimates are available.265

3. Motivation: Approximating the transmitted wavepacket in one di-266
mension. The formula is derived in one dimension using the superadiabatic pertur-267
bative solution (2.18) by268

(C1) Finding algebraic recursive di�erential equations to calculate the quantum269
symbol ��n+1, where K�n+1 is the Weyl quantisation of ��n+1.270

(C2) Introducing by a change of variables ~��(�(q)) = ��n+1(q), where271

�(q) = 2
Z q

0
�(r) dr;(3.1)272

273

(which is the natural scale discussed in [5]) then approximating ~��n+1 in an274
analogous way to the time-adiabatic case in [11].275

(C3) Applying the Avron-Herbst formula [1] to H� � "2

2 @
2
x��+�x by using (A3).276

(C4) Applying a stationary phase argument (with small �) to evaluate the remain-277
ing integral.278
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8 V. BETZ, B. D. GODDARD AND T. HURST

Following this derivation leads to an approximation of the transmitted wavepacket in279
scaled momentum space, far from the avoided crossing in momentum space:280

c �
"
(k; t) = e�

i
" t

dH�
" �(k) + k

2j�(k)j
e�

i
" (k��(k))(x0+ �r

2� )e�
�c

2�" jk��(k)j�k2>4�
c�+

"
(�(k));

(3.2)

281
282

where283
(D1) The indicator function �k2>4� (which is one when k2 > 4� and zero otherwise)284

relates to (classical) energy conservation: kinetic energy from the potential285
energy di�erence between two levels must be gained by the wavepacket.286

(D2) The dependence on the nth superadiabatic representation is removed during287
the formula derivation.288

(D3) �(k) = sgn(k)(
p
k2 � 4�), the initial momentum a classical particle would289

need to have momentum k after falling down a potential energy di�erence of290
2�, i.e. the distance between the potential surfaces at the avoided crossing,291
which shifts the wavepacket in momentum space. This arises naturally; it is292
often enforced in surface hopping algorithms.293

(D4) � cz := �r + i�c = 2
R qcz

0 �(q) dq, where qcz 2 C is the closest value to the local294
minimum of � such that �(qcz) = 0, when � is extended to the complex plane.295
The prefactor e�

�c
2�" j�(k)�kj determines the size of the transmitted wavepacket.296

In [20], we show that under appropriate approximations of the momentum and297
potential surfaces, this prefactor is comparable to the Landau-Zener transition298
prefactor used in surface hopping algorithms such as in [4]. An additional299
change in phase occurs due to �r, which is present when the potential is not300
symmetric about the avoided crossing.301

The constructed formula (3.2) allows us to approximate the size and shape of the302
transmitted wave packet due to an avoided crossing, and avoid computing expensive303
coupled dynamics. The method for applying the algorithm is as follows:304

Algorithm 3.1 (1D version of Algorithm 2.4).305
(E1) Begin with an initial wave packet  +

0 on the upper adiabatic energy surface,306
far from the crossing in position space, with momentum such that the wave307
packet will cross the minimum of � (Figure 2a).308

(E2) Evolve  +
0 according to the BOA on the upper adiabatic level until the centre309

of mass is at the avoided crossing, at time tac (Figure 2b),310

�+(x) := e�
i
" tacH+(x) 0;+(x);(3.3)311312

(E3) Apply the one dimensional formula to the "-Fourier transform of the wave313
packet at the crossing (Figure 2c):314

c �
"
(k; tac) =

�(k) + k
2j�(k)j

e�
i
" (k��(k))(x0+ �r

2� )e�
�c

2�" jk��(k)j�k2>4�
c�+

"
(�(k));

(3.4)

315
316

(E4) Evolve the transmitted wave packet far away enough from the crossing in317

position space, say to time tac + s, using the BOA (Figure 2d): c �
"
(x; tac +318

s) = e� i" sdH�
"c �

"
(x; tac).319

Applications of the one dimensional formula have been widely successful on a320
variety of examples. In addition to the sodium iodide example [9] already mentioned,321
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� 1

� 0:5

0

0:5
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0:8

j +
0 j

(a)

� 20 � 10 0 10 20
� 1

� 0:5

0

0:5

1

x

0

0:5

1

j� + (x; t )j

(b)

� 20 � 10 0 10 20
� 1

� 0:5

0

0:5

1

x

0

0:02

0:04
j � (x; t )j

(c)

� 20 � 10 0 10 20
� 1

� 0:5

0

0:5

1

x

0

0:01

0:02

j � (x; t + s)j

(d)

Fig. 2: Application of the 1D formula for a particular system discussed in [7]. The
centre of mass of the associated wavepacket (inset) is represented by a black point on
either the upper (blue) and lower (red) adiabatic potential surfaces.

tilted avoided crossings have been examined, and a formula developed which in con-322
trast is dependent on n. The formula has also been successfully applied to model323
interference e�ects in multiple transitions [20].324

Finally, the above derivation can also be modi�ed for reverse transitions (from325
lower to upper surface). If we consider an initial wavepacket  �0 far from the avoided326
crossing in position space on the lower energy level, the above algorithm can be327
applied analogously, where to approximate the wavepacket transmitted to the upper328
level, (3.4) is replaced by329

c +
"
(k; tac) =

~�(k) + k
2j~�(k)j

e�
i
" (k�~�(k))(x0+ �r

2� )e�
�c

2�" jk�~�(k)jc��
"
(~�(k); tac);(3.5)330

331

where ~�(k) = sgn(k)
p
k2 + 4� contributes a loss of momentum due to the potential332
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10 V. BETZ, B. D. GODDARD AND T. HURST

energy di�erence between the two surfaces.333

4. Coupling operators in higher dimensions. The �rst step in deriving334
(3.2) in [10] was to approximate the superadiabatic coupling operators K�n+1. We335
now consider these operators in higher dimensions. We restrict the calculations here336
to two dimensions for clarity, but they can easily be adapted to d dimensions.337

Lemma 4.1. In two dimensions, ��n+1 is given by338

��n+1(p; q) = �2�(q)(xn+1(p; q)� yn+1(p; q)):(4.1)339340

where xn+1(p; q); yn+1(p; q) are given by the following algebraic recursive di�erential341
equations (where we omit the arguments of symbols to ease notation):342

x1 = z1 = w1 = 0; y1 = �
i

4�
(p � rq�):(4.2)343

344

and345

yn = 0; n even; xn = zn = wn = 0; n odd;(4.3)346347

where � = �(q). For n odd, we have348

xn+1 = �
1
2�

"
1
i
(p � rqyn)� 2

nX

j=1

1
(2i)jj!

X

j�j=j

@�p (b�zn+1�j � a�xn+1�j)

#

;(4.4)349

350

and for n even351
352

(4.5) yn+1 = �
1
2�

"
1
i
((p � rqxn)� zn(p � rq�))353

� 2
nX

j=1

1
(2i)jj!

X

j�j=j

@�p (�a�yn+1�j + b�wn+1�j)

#

;354

355
356

1
i
((p � rqzn)� xn(p � rq�)) =

nX

j=1

1
(2i)jj!

X

j�j=j

@�p (b�yn+1�j + a�wn+1�j);(4.6)357

1
i
(p � rqwn) = 2

nX

j=1

1
(2i)jj!

X

j�j=j

@�p (a�zn+1�j + b�xn+1�j);(4.7)358

359

where � = (�1; �2), @�p = @�1
p1
@�2
p2

, and a� = a�(q); b� = b�(q) depend only on q,360
and are given by the recursions361

a0 = �(q); b0 = 0;362

a(�1+1;�2) = @q1a(�1;�2) + (@q1�)b(�1;�2); b(�1+1;�2) = @q1b(�1;�2) � (@q1�)a(�1;�2);363

a(�1;�2+1) = @q2a(�1;�2) + (@q2�)b(�1;�2); b(�1;�2+1) = @q2b(�1;�2) � (@q2�)a(�1;�2):364365

Proof. The method is a straightforward extension of [10, Sections 2 and 3], in366
particular we direct the reader to Proposition 3.3 (page 3654).367
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The result of Lemma 4.1 shows that xn; yn; zn; wn can be written as polynomials in368
p of order n, as the recursive de�nitions involve �nite products, derivatives and sums369
of the initial x0; y0; z0; w0, which are polynomials in p. We therefore write370

xn(p; q) =
nX

m=0

mX

k=0

pk1p
m�k
2 xk;m�kn (q);(4.8)371

372

for some xk;m�kn (q), and similarly for yn; zn; wn. For a given j, we write �j = (�; j��)373
for each � � j.374

Consider for example375

@�jp xn+1�j =
n+1�jX

m=0

mX

k=0

(@�p1
pk1)
�
@j��p2

pm�k2
�
xk;m�kn+1�j(q);376

377

where by a direct calculation378

@�jp pk1p
m�k
2 =

(
k!

(m�k)!
(m�k)!

(m�k�j+�)!p
k��
1 pm�k�j+�2 ; k � � and m � j;

0; otherwise.
(4.9)379

380

Therefore381

@�jp xn+1�j =
n+1�jX

m=j

m��+jX

k=�

k!
(k � �)!

(m� k)!
(m� k � j + �)!

pk��1 pm�k�j+�2 xk;m�kn+1�j(q);382

383

so that384

A(p; q) :=
nX

j=1

1
(2i)jj!

jX

�=0

a�j@
�
p1
@j��p2

xn+1�j(p; q)(4.10)385

386

can be rewritten as387

nX

j=1

1
(2i)jj!

jX

�=0

a�j
n+1�jX

m=j

m+��jX

k=�

k!
(k � �)!

(m� k)!
(m� k � j + �)!

pk��1 pm�k�j+�2 xk;m�kn+1�j(q):388

389

We now want to extract p1 and p2 from the �nal two summations, so that we can390
compare coe�cients on either side of the results of Lemma 4.1 to construct recursive391
equations for xA;Bn for A + B < n. Consider terms where j > n+1

2 . By the limits392
of the third summand, we �nd that m > n+1

2 , and that m < n+1
2 , a contradiction.393

Therefore we restrict the limits of �rst summand. De�ning b = k��, and c = m� j,394
we �nd395

A =
bn+1

2 cX

j=1

jX

�=0

n+1�2jX

c=0

cX

b=0

a�j (b+ �)!((c+ j)� (b+ �))!
(2i)jj!b!(c� b)!

pb1p
c�b
2 xb+�;(c+j)�(b+�)

n+1�j (q):396

397

We now want to switch the order of summation. We note that, for an arbitrary B,398

bn+1
2 cX

j=1

n+1�2jX

c=0

Bc;j =
n+1X

c=0

b c2 cX

j=1

Bn+1�c;j ;399

400
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12 V. BETZ, B. D. GODDARD AND T. HURST

which can be shown directly (note that the terms where c = 0, c = 1 are zero). Using401
this, we �nally have that402

403

(4.11) A =
n+1X

c=0

n+1�cX

b=0

pb1p
n+1�c�b
2404

�
b c2 cX

j=1

jX

�=0

a�j (b+ �)!(n+ 1� c+ j � b� �)!
(2i)jj!b!(n+ 1� c� b)!

xb+�;(n+1�c+j)�(b+�)
n+1�j (q):405

406

Importantly, p1 and p2 have been extracted from two of the summations. Note that407
(4.11) reduces to the 1D result in [10] for p2 and p1, by taking b = 0 and � = 0, or408
j � � = 0 and n+ 1� c� b = 0 respectively. We then obtain the following result.409

Proposition 4.2. The coe�cients xA;Bn (q) to wA;Bn (q) are determined by the410
following algebraic-di�erential recursive equations. We have (omitting arguments of411
symbols for ease of notation):412

xA;B1 = zA;B1 = wA;B1 = 0; A+B 2 f0; 1g;(4.12)413

y0;0
1 = y1;1

1 = 0; y1;0
1 = �

i
4�
@q1�; y0;1

1 = �
i

4�
@q2�:(4.13)414

415

Further, when n is odd,416
417

(4.14) xA;Bn+1 = �
1
2�

"
1
i
(@q1y

A�1;B
n + @q2y

A;B�1
n )� 2

bn+1�(A+B)
2 cX

j=1

jX

�=0

1
(2i)jj!

418

�
(A+ �)!

A!
(B + j � �)!

B!

�
b�jz

A+�;B+j��
n+1�j � a�jx

A+�;B+j��
n+1�j

�#

;419
420

When n is even, we have421
422

(4.15) yA;Bn+1 = �
1
2�

"
1
i
((@q1x

A�1;B
n + @q2x

A;B�1
n )� (zA�1;B

n @q1� + zA;B�1
n @q2�))423

� 2
bn+1�(A+B)

2 cX

j=1

jX

�=0

1
(2i)jj!

(A+ �)!
A!

(B + j � �)!
B!

424

�
�
�a�jy

A+�;B+j��
n+1�j + b�jw

A+�;B+j��
n+1�j

�#

;425
426
427
428

(4.16) 0 =
1
i
((@q1z

A�1;B
n + @q2z

A;B�1
n ) + (xA�1;B

n @q1� + xA;B�1
n @q2�))429

� 2
bn+1�(A+B)

2 cX

j=1

jX

�=0

1
(2i)jj!

(A+ �)!
A!

(B + j � �)!
B!

430

�
�
b�jy

A+�;B+j��
n+1�j + a�jw

A+�;B+j��
n+1�j

�
;431

432
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433
434

(4.17) 0 =
1
i
((@q1w

A�1;B
n + @q2w

A;B�1
n )435

� 2
bn+1�(A+B)

2 cX

j=1

jX

�=0

1
(2i)jj!

(A+ �)!
A!

(B + j � �)!
B!

436

�
�
a�jz

A+�;B+j��
n+1�j + b�jx

A+�;B+j��
n+1�j

�
:437

438

Proof. We substitute (4.8) into the results of Lemma 4.1 and compare coe�cients439
in powers of p1; p2 on either side, using (4.11).440

As with the coe�cients xn and yn in (4.1), ��n+1 has polynomial form:441

��n+1(p; q) =
nX

m=0

mX

j=0

pj1p
m�j
2 �(j;m�j)�

n+1 (q):(4.18)442

443

Here we apply assumption (A2): ��n+1 � pn1�
(n;0)�
n+1 (q). In the one dimensional case444

this has been shown to be accurate for su�ciently large p, but in practice holds for445

much smaller values. By directly constructing the Weyl quantisation of pn1�
(n;0)�
n+1 (q)446

as in [10, pg. 3570], we see that the e�ect of the coupling operator is negligible447
outside a small region near the avoided crossing, determined by the small parameter448
" which shows that it is reasonable to take the leading term in ��n+1. The 2D algebraic449
di�erential recursive equations then reduce to the one dimensional case in [10]:450

xn+1;0
n+1 �

i
2�

(@q1y
n;0
n );451

yn+1;0
n+1 �

i
2�

((@q1x
n;0
n )0 � (@q1�)z

n;0
n ); 0 � @q1z

n;0
n + (@q1�)x

n;0
n :(4.19)452

453

To ease notation, rede�ne xn+1 = xn+1;0
n+1 , and similar for yn+1; zn+1. It is unclear454

what the analogue of (3.1), introduced initially in [6] for the time-adiabatic case,455
would be for multidimensional systems. We introduce the natural scaling in the �rst456
dimension457

�(q) = 2
Z q1

0
�(r; q2) dr:(4.20)458

459

De�ning ~f(�(q)) = f(q) the recursive relations (4.19) then become460

~x0
n+1 = i~y0

n+1; ~y0
n+1 = i((~x0

n)0 + ~�0~z0
n); 0 = (~z0

n)0 + ~�0~x0
n;(4.21)461462

where ~�0 = d
d�(q1;q2)

~�. These recursive equations also occur in [11], where they are463

solved in one dimension, under the assumption that464

d
d�

~�(�) =
i

� � �� cz
�

i
� � � cz

+ ~�0r(�);(4.22)465
466

where � cz is a �rst order complex singularity of ~�, and ~�r has no singularities closer467
to the real axis than � cz. If the avoided crossing occurs at 0, we can write �2(q) =468
�2 + g(q)2, for some analytic function g such that g(0) � 0, and g2 is quadratic in the469
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14 V. BETZ, B. D. GODDARD AND T. HURST

neighbourhood of q = 0. Therefore a Stokes line (i.e. a curve with Im(�) = 0) crosses470
the real axis perpendicularly [25], and following this line leads to a pair of complex471
conjugate points qcz; �qcz which are complex zeros of �. De�ning � cz = �(qcz), it is472
shown in [6] that �rst order complex singularities of the adiabatic coupling function473
arise at these complex zeros. This derivation is still valid in our case, for each q2.474
The recursive algebraic di�erential equations solved in [11] then give us ��n to leading475
order:476

��n (q) � ��n;0(q) :=
in

�
�(q)(n� 1)!

�
i

(�(q)� �� cz(q2))n
�

i
(�(q)� � cz(q2))n

�
:

(4.23)

477
478

It is clear that the results of this section can be extended to higher dimensions, by479
assuming the direction of travel of the wavepacket is in the �rst dimension. We will480
now use this observation to design an algorithm for multi-dimensional transitions481
using only the 1D transition formula.482

5. Multi-dimensional formula derivation. The derivation of a multidimen-483
sional formula, under the assumptions above, follows similarly to the one dimensional484
case. We want to approximate the pseudodi�erential operator Kn, which is given by485
the Weyl quantisation of �n. The polynomial form of �n allows us to simplify the486
Weyl quantisation as follows.487

Proposition 5.1. Let �(p; q) = g(q)
Qd
i=1 p

Ai
i , for Ai 2 N. Then488

\(W"� )
"
(k) =

1
(2�")d=2

Z

Rd
bg"(k � �)

dY

i=1

�
ki + �i

2

�Ai
b "(�) d�:(5.1)489

490

Proof. The proof is a multi-dimensional extension of [7, Lemma 4.1]. Firstly,491

using that  (y) = (2�")�d=2 R
Rd d� b "(�) exp(i(� � y)="),492

(W"� )(x) =
1

(2�")d

Z

R2d
d� dy

 
dY

i=1

�Aii

!

g
�
x+ y

2

�
e
i
" (��(x�y)) (y);493

=
1

(2�") 3d
2

Z

R3d
d� dy d�

 
dY

i=1

�Aii

!

g
�
x+ y

2

�
e
i
" (��(x�y)+��y) b "(�):494

495

Now de�ne ~yi = (xi + yi)=2, i = 1; :::; d. Then496

(W"� )(x) =
2d

(2�") 3d
2

Z

R3d
d� d~y d�

 
dY

i=1

�Aii

!

g(~y)e
i
" (��x+(2 ~y�x)�(���)) (�);497

=
2d

(2�")d

Z

R2d
d� d�

 
dY

i=1

�Aii

!

e
i
" (x�(2���)) (�)ĝ"(2(� � �)):498

499

We perform a second change of variables ~�i = 2�i and �nd500

(W"� )(x) =
1

(2�")d

Z

R2d
d ~� d�

0

@
dY

i=1

 
~�i
2

!Ai1

A e
i
" (x�( ~���)) ̂"(�)ĝ"( ~� � 2�):501

502
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We apply the scaled Fourier transform to both sides of this equation:503

\(W"� )
"
(k) =

1
(2�") 3d

2

Z

R3d
d~� d� dx

0

@
dY

i=1

 
~�i
2

!Ai1

A e
i
" (x�( ~����k)) ̂"(�)ĝ"(~� � 2�):504

505

Using that (2�")�d
R

dx exp(i(a � x)=") = �(a) allows us to directly compute the x506
integral, giving (5.1).507

Next we linearise the dynamics near the avoided crossing. By (A3), to leading order508
the uncoupled propagators in (2.16) can be approximated by509

H�1 = �
"2

2
r2
x � � + � � x:(5.2)510

511

Then, by the fundamental theorem of calculus,512

e
i
" sH

�
1 � e

i
" sH

�
=
�Z s

0
e
i
" rH

�
1

�
i
"

(H�1 �H
�)
�
e�

i
" rH

�
dr
�
e
i
" sH

�
:(5.3)513

514

Since H�1 � H� is quadratic near zero, the integrand in (5.3) is of order 1 in an515 p
"-neighbourhood of zero. Outside of this region the coupling function provides a516

negligible result, as seen in the one dimensional case [10]. We also use the d dimen-517
sional Avron-Herbst formula [1], which shows that518

e�
i
" s

dH�1 " = e�
ik�k2s3

6" es(��@k)e�
i

2" ((kkk2�2�)s�(��k)s2):(5.4)519520

Then521

c �n
"
(k; t) � �i"ne�

i
" t

dH�
"
Z t

�1
e�

ik�k2s3
6" es(��@k)e�

i
2" ((kkk2�2�)s�(��k)s2)\K�n+1

"
522

� e�
ik�k2s3

6" es(��@k)e�
i

2" ((kkk2+2�)s�(��k)s2)c�+
"
(k) ds:(5.5)523524

Using Proposition 5.1 for the coupling function shows that525
526

c �n
"
(k; t) � �i

"n

(2�")d=2 e
� i" t

dH�
"
Z t

�1
dse�

ik�k2s3
6" es(��@k)e�

i
2" ((kkk2�2�)s�(��k)s2)527

�
Z

Rd
d�

8
<

:

n+1X

Ai=1;i=1;::;d

[�A;�n+1

"
(k � �)

 
dY

i=1

�
ki + �i

2

�Ai!
9
=

;
528

� e�
i(k�k2s3

6" es(��@�)e�
i

2" ((k�k2+2�)s�(���)s2)c�+
"
(�1);529530

where A = (A1:::Ad). The operator es��@k is a shift operator, so es��@kf(k) = f(k +531
�s). Instead of applying the shift operator to the right, we use the fact that the532
integral is invariant under the transform � 7! � � �s to apply it to the left: in533
this case f(�)e�s��@� = f(� � �s). The following transformations take place in the534
integrand:535

[�A;�n+1

"
(k � �) 7! [�A;�n+1

"
(k � �); k + � 7! k + � � 2�s;536

e
i

2" ((kkk2�2�)s�(��k)s2) 7! e
i

2" ((kk��sk2�2�)s�(��(k��s))s2):537538
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Rearranging gives539
540

(5.6) c �n
"
(k; t) � �i

"n

(2�")d=2 e
� i" t

dH�
"

541

�
Z t

�1

Z

Rd
dsd�

8
<

:

n+1X

A;B=1

[�A;�n+1

"
(k � �)

 
dY

i=1

�
ki + �i � 2�is

2

�Ai!
9
=

;
542

� c�+
"
(�) exp

�
i

2"
�
(kkk2 � k�k2 � 4�)s� (� � (k � �))s2�

�
:543

544

We approximate ��n+1 with (4.23), then calculate the scaled Fourier transform:545

c��n
"
(k) =

1
(2�")d=2

Z

Rd
e�(i=")k�q��n (q) dq;546

�
(n� 1)!
(2�")d=2

in

�

Z

Rd
�(q)

�
i

(�(q)� �� cz(qd�1))n
�

i
(�(q)� � cz(qd�1))n

�
e�(i=")k�q dq;547

548

where qd�1 = (q2; :::; qd). Using (A6) �(q) � �(q1) and consequently �(q) = �(q1),549
� cz(qd�1) = � cz. Therefore the Fourier transform in all other dimensions produces550

a Dirac function, 1p
2�"

R1
�1 e� ikx" dx =

p
2�"�(k). As �(q) � �(q1), we only need to551

consider the one dimensional case. This is discussed in [10]. A simple extension to d552
dimensions therefore shows that553

d��n;0
"
(k) =

i
p

2�"

�
k1

2�"

�n�1

e�i�r
k1
2�" e��c

jk1j
2�"
p

2�"
(d�1)

�(k2; :::; kd):(5.7)554
555

We insert (5.7) into (5.6), and rearrange to �nd556
557

c �n
"
(k; t) =

1
4�"

e�
i
" t

dH�
"
Z 1

0
ds
Z

R
d�1

�
k2

1 � �2
1

4�

�n�
1�

2�1s
k1 + �1

�n+1

558

� e�
i�r(k1��1)

2�" e�
�c(jk1��1j)

2�"559

�
�Z

Rd�1
d�2:::d�dc�+

"
(�)e

i
2" [(kkk2�k�k2)s���(k��)s2]�(k2 � �2; :::; kd � �d)

�
:560

561

By the identity f(x) =
R1
�1 �(x�a)f(a) da, the integral in the dimensions 2; :::; d can562

be evaluated to �nd563
564

c �n
"
(k; t) =

1
4�"

e�
i
" t

dH�
"
Z 1

0
ds
Z

R
d�1

�
k2

1 � �2
1

4�

�n�
1�

2�1s
k1 + �1

�n+1

565

� e�
i�r(k1��1)

2�" e�
�c(jk1��1j)

2�"566

� c�+
"
(�1; k2; :::; kd)e

i
2" [(jk1j2�j�1j2�4�)s��1(k1��1)s2]:567568

By (A1), �1 is small and so can be neglected, so that569

c �n
"
(k; t) =

1
4�"

e�
i
" t

dH�
"
Z 1

0
ds
Z

R
d�
�
k2

1 � �2
1

4�

�n
e�

i�r(k1��1)
2�" e�

�c(jk1��1j)
2�"570

� c�+
"
(�1; k2; :::; kd)e

i
2" (jk1j2�j�1j2�4�)s:(5.8)571572
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From here we can follow the derivation in [10] and obtain an extension of its main573
result to d dimensions, given by (2.20). In this derivation, cancellations in the integral574
remove all dependence on n. Therefore for implementation of (2.20) we do not need575
to calculate the pseudodi�erential operators K�n+1, or in fact �nd the optimal choice576
for n, but have utilised superadiabatic representations in its construction.577
As justi�cation for the proposed algorithm we note that we evolve the wavepacket578
on the new potential energy surface, restricted to each strip. As such, we discard579
any part of the wavepacket that leaves the strip and ignore any additional parts580
entering from other strips. Since the Schr�odinger equation is linear, this introduces581
two types of error, due to: (i) the modi�cation of the potential in each strip, and582
(ii) the wavepacket broadening out of the selected strip, or into it from the outside.583
Both errors are small, the �rst because the strip is quite narrow (so the potential is584
approximately constant), the second because the time that we actually evolve for is585
small (of the order of the crossing region in the optimal superadiabatic basis).586
In practice, for the examples in Section 6, we compute the BOA dynamics on a uniform587
2-dimensional grid. Once the centre of mass of the wavepacket reaches the avoided588
crossing, we interpolate the wavepacket onto a grid with the new p1 direction parallel589
to that of pCOM. Instead of treating strips of the appropriate width, we simply apply590
the formula (2.20) along each of the 1D lines parallel to p1 (or pCOM); this reduces to591
applying the 1D formula. For small ", this is essentially equivalent to the algorithm592
above as the approximate potentials of neighbouring lines are very similar and the593
evolution time in the optimal superadiabatic basis is very short.594

6. Numerical results. We perform the algorithm on a selection of examples,595
and compare it to the two level ‘exact’ computation, where the Strang splitting method596
is used. For all examples we consider two wavepackets given in momentum space by:597

c 0
"
(p) =

1
N 

exp
�
�
kp� p0k2

2"

�
exp

�
�i

(p� p0) � x0

"

�
;(6.1)598

b�"(p) =
1
N�

exp
�
�
kp� p0k6

2"

�
exp

�
�i

(p� p0) � x0

"

�
;(6.2)599

600

where N� are normalisation constants. To ensure that the wavepacket has su�cient601
momentum to travel through the avoided crossing, we choose to de�ne the wavepackets602
at the avoided crossing point, then evolve backwards in time away from the avoided603
crossing using one level dynamics, before evolving forwards and applying the formula.604
In practice the initial wavepacket can be given in any initial location, provided it is605
far enough from the avoided crossing to be una�ected by coupling e�ects.606

To compare the formula results to exact calculations we use the L2-relative error:607

Errel( 1;  2) = max
�
k 1 �  2k
k 1k

;
k 1 �  2k
k 2k

�
;(6.3)608

609

Where k � k is the standard L2-norm. For comparison to other algorithms which do610
not calculate phase, it is also bene�cial to consider the relative absolute error611

Erabs( 1;  2) = max
�
kj 1j � j 2jk
k 1k

;
kj 1j � j 2jk
k 2k

�
:(6.4)612

613

or the relative mass error614

Ermass( 1;  2) = max
�
k 1k
k 2k

;
k 2k
k 1k

�
� 1:(6.5)615

616
617
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Example 6.1. Consider the diabatic potential matrix618

V (x) =
�

tanh(x1) �
� � tanh(x1)

�
:(6.6)619

620

This is a direct extension of a one dimensional problem, and as there is no dependence621
in x2, the assumptions made in the derivation in Section 5 are exactly valid, if the622
direction of the wavepacket is independent of p2. The lower surface is given by VL =623
�VU . The upper adiabatic surface is shown in Figure 3a. We take parameters

� 20 � 10 0 10 20
� 10
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0:65

0:7

(a)

� 30 � 20 � 10 0 10 20 30
� 30

� 20

� 10

0

10

20

30

x1

x 2

5

10

15

20

25

30

(b)

Fig. 3: Contour plot of the upper adiabatic potential surfaces for Example 6.1 (left)
and Example 6.2 (right). In these examples, VU = �VL.

624

f"; �;p0;x0g =
�

1
30
;

1
2
; (6; 1); (0; 0)

�
:(6.7)625

626

Using a mesh of 213 � 213 points on the domain [�20; 20]2, starting at time 0, we627
evolve the wavepacket back to time -2 with time-step 1=(50kp0k), then evolve forwards628
to time 2, applying the algorithm, and compare to the exact calculation. For the629
Gaussian wavepacket  , Errel = 0:0151, Erabs = 0:0151, and Ermass = 0:0016. For630
non-Gaussian � Errel = 0:0389, Erabs = 0:0387, and Ermass = 0:0023. The result of631
the formula and corresponding error are shown in Figures 4 and 5.632

Example 6.2. We consider the diabatic potential matrix described in [14]633

V (x) =
�

x1
p
x2

2 + �2
p
x2

2 + �2 �x1

�
;(6.8)634

635

which is a modi�ed Jahn-Teller diabatic potential, where the conical intersection is636
replaced with an avoided crossing with gap 2�. The upper adiabatic surface is shown637
in Figure 3b. We use parameters638

f"; �;p0;x0g =
�

1
30
; 0:5; (5; 2); (0; 0)

�
;(6.9)639

640

a mesh of 213 � 213 points on the domain [�40; 40]2, we start at time 0, and evolve641
backwards with time-step 1=(50kp0k) to time �20=kp0k2, then forwards to 20=kp0k2,642
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Fig. 4: Results for Example 6.1, when using parameters in (6.7) with initial
wavepacket of form (6.1). Left: exact calculation (solid line) versus formula result
(dashed line). Contours for the formula result are at the same values as the neigh-
bouring exact contours. Right: relative error.
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Fig. 5: As in Figure 4, but with initial wavepacket (6.2).

we �nd Errel = 0:0351; Erabs = 0:0304, and Ermass = 0:0029 using Gaussian initial643
wavepacket  0, and Errel = 0:0679; Erabs = 0:0616, and Ermass = 0:0033 for non-644
Gaussian initial wavepacket �. Figures 6 and 7 display the result of the formula645
compared to the exact calculation. We now use the parameters646

f"; �;p0;x0g =
�

1
30
; 0; (5; 0); (0; 0:5)

�
:(6.10)647

648

In addition, we included the sign of x2 in the o�-diagonal elements of V (x),649
which then gives the standard Jahn-Teller Hamiltonian. However, let us stress that650
non-adiabatic transitions must be exactly the same for the Hamiltonian with and651
without the sign included. The reason is that by that choice, we have just chosen a652

This manuscript is for review purposes only.



20 V. BETZ, B. D. GODDARD AND T. HURST

7:8 8 8:2 8:4 8:6 8:8 9 9:2

2:5

3

3:5

4

4:5

p1

p 2

1

2

3

4

5

�10� 2

(a)

7:8 8 8:2 8:4 8:6 8:8 9 9:2

2:5

3

3:5

4

4:5

p1

p 2

0:5

1

1:5

2

2:5
�10� 3

(b)

Fig. 6: Results for Example 6.2, when using parameters in (6.9) with initial wavepack-
ets of form (6.1). Results are presented as in Figure 4.
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Fig. 7: As in Figure 6, but with initial wavepacket (6.2).

di�erent diabatic representation, but the (unique) adiabatic representation remains653
the same. It is an advantage of our method, which only uses the adiabatic energy654
surfaces, that it is insensitive to such a change. The Jahn-Teller Hamiltonian has655
a conical intersection. We have chosen momentum such that the centre of mass of656
the wavepacket does not cross the intersection. We evolve back to �25=kp0k2 with657
a time-step of 1=(50kp0k), then evolve forwards to 25=kp0k2 using the algorithm,658
and compare with the exact calculation. Then Errel = 0:0638; Erabs = 0:0550, and659
Ermass = 0:0309 for initial wavepacket of form  0 and Errel = 0:1511; Erabs = 0:0850,660
and Ermass = 0:0604 for �, the transmitted wavepacket and error is given in Figure 6.661
Although the relative error is large in this �nal calculation, the absolute error and662
mass error shows that the algorithm has performed well, given that it is not designed663
for systems where � is small or vanishing. Figure 9 also shows that the shape of the664
wavepacket is still well approximated qualitatively.665
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We note that the relative and absolute error in Example 6.2 di�er, while in Ex-666
ample 6.1 they are the same. We believe this is due to a change in phase when � is667
not at in q2, so the error due to the modi�cation of the potential surface for each668
strip is larger.
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Fig. 8: As in Figure 6, but with parameters (6.10).

(a) (b)

Fig. 9: As in Figure 8, but with initial wavepacket (6.2).

669

7. Conclusions and Future Work. In this paper we have constructed an670
algorithm which can be used to approximate the transmitted wavepacket in non-671
adiabatic transitions in multiple dimensions, by constructing a formula based on the672
one dimensional result in [7], and appealing to the linearity of the Schr�odinger equation673
to decompose the dynamics onto strips with potentials that are constant in all but674
one direction. Presented examples in two dimensions show similar accuracy to one675
dimensional analogues, and are accurate in the phase, which is beyond the capability676
of standard surface hopping models.677

Correctly approximating the phase of the wavepacket becomes important when678
more than one transition takes place. In [20] various one dimensional examples of679
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multiple transitions are explored using the formula, with accurate results. In future680
work we will consider multiple transitions in two dimensions using the algorithm.681
This will involve taking into account the e�ect of geometric phase [12] due to multiple682
avoided crossings, as well as constructing an approximation of the wavepacket which683
remains on the upper level after a transition has taken place. We also will compare684
the results of the algorithm considered in this paper with other algorithms designed685
to approximate non-adiabatic transitions, e.g. [19].686
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