
 

 

 
 

 

Edinburgh Research Explorer 
 
 

 
 

 
 

 
 

 

 
 

 
 

 
 

 
 

 
 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Modulation theory solution for nonlinearly resonant, fifth order
Korteweg-de Vries, non-classical, traveling dispersive shock
waves

Citation for published version:
Hoefer, MA, Smyth, N & Sprenger, P 2019, 'Modulation theory solution for nonlinearly resonant, fifth order
Korteweg-de Vries, non-classical, traveling dispersive shock waves', Studies in Applied Mathematics, vol.
142, no. 3, pp. 219-240. https://doi.org/10.1111/sapm.12246

Digital Object Identifier (DOI):
10.1111/sapm.12246

Link:
Link to publication record in Edinburgh Research Explorer

Document Version:
Peer reviewed version

Published In:
Studies in Applied Mathematics

General rights
Copyright for the publications made accessible via the Edinburgh Research Explorer is retained by the author(s)
and / or other copyright owners and it is a condition of accessing these publications that users recognise and
abide by the legal requirements associated with these rights.

Take down policy
The University of Edinburgh has made every reasonable effort to ensure that Edinburgh Research Explorer
content complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact openaccess@ed.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 10. Apr. 2024

https://doi.org/10.1111/sapm.12246
https://doi.org/10.1111/sapm.12246
https://www.research.ed.ac.uk/en/publications/925354be-bfd9-44eb-86d2-a383030415e6


Modulation theory solution for nonlinearly resonant, fifth
order Korteweg-de Vries, non-classical, traveling dispersive

shock waves

By Mark A. Hoefer1, Noel F. Smyth2 and Patrick Sprenger1

A new class of resonant dispersive shock waves were recently identified as
solutions of the Kawahara equation— a Korteweg-de Vries (KdV) type
nonlinear wave equation with third and fifth order spatial derivatives—
in the regime of non-convex, linear dispersion. Linear resonance result-
ing from the third and fifth order terms in the Kawahara equation was
identified as the key ingredient for non-classical dispersive shock wave
solutions. Here, nonlinear wave (Whitham) modulation theory is used
to construct approximate non-classical traveling dispersive shock wave
(TDSW) solutions of the fifth order KdV equation without the third
derivative term, hence without any linear resonance. A self-similar,
simple wave modulation solution of the fifth order, weakly nonlinear
KdV-Whitham equations is obtained that matches a constant to a het-
eroclinic traveling wave via a partial dispersive shock wave so that the
TDSW is interpreted as a nonlinear resonance. The modulation solution
is compared with full numerical solutions, exhibiting excellent agree-
ment. The TDSW is shown to be modulationally stable in the presence
of sufficiently small third order dispersion. The Kawahara-Whitham
modulation equations transition from hyperbolic to elliptic type for suf-
ficiently large third order dispersion, which provides a possible route for
the TDSW to exhibit modulational instability.
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1. Introduction

Dispersive shock waves (DSWs), also termed undular bores in geo-
physical fluids applications, are a nonlinear dispersive wave form with
widespread occurrence in many physical media, including fluid mechan-
ics (water wave theory), oceanography, meteorology, optics and con-
densed matter. Indeed, they are just as widespread in nature as the
more commonly known solitary wave or soliton [1]. In geophysics, bores
are of two general types: viscous bores, which are steady due to a bal-
ance between viscosity and dispersion [1, 2, 3], and undular bores, which
are unsteady and continually expand in time due to negligible viscous ef-
fects [4]. The present work focuses exclusively on dissipationless undular
bores, which we term DSWs throughout.

The classic example of a DSW occurs in coastal regions with strong
tidal dynamics and suitable coastal topography to enhance the flow,
examples being the Severn Estuary in England, the Bay of Fundy in
Canada and the Pororoca tidal bore on the Amazon River in Brazil.
DSWs also arise during the generation of waves in a fluid with imposed
forcing, such as by a ship or by fluid flow over topography when the
imposed flow velocity is near a linear long wave speed for the fluid
[5, 6, 7, 8, 9]. An example of the former are waves generated when
a ship moves through a fluid whose Froude number is near unity [10].
Similar DSWs generated by flow over topography are morning glory
clouds [11, 12, 13] and the internal DSWs generated by the flow of the
semi-diurnal internal tide over a shelf-break [14]. DSWs have also been
found as solutions of equations that model the buoyant flow of magma
through the Earth’s mantle [15, 16, 17, 18]. These equations, in fact,
coincide with the long wave interfacial equations for the conduit flow
of a buoyant, viscous fluid through a miscible, much more viscous fluid
[18, 19]. Other DSW application areas include nonlinear optics (pho-
torefractive crystals [20, 21, 22, 23], nonlinear optical fibers [24, 25],
nonlinear thermal optical media [26, 27], and colloidal media [28, 29])
and Bose-Einstein condensates [30, 31] and thin-film magnetic materials
[32].

Mathematically, a DSW can be understood as an unsteady, mod-
ulated wavetrain that consists of two distinguished limits: the zero
wavenumber, solitary wave limit and the zero amplitude, linear dis-
persive wave limit. Both limits allow for a smooth transition of the
oscillatory DSW to non-oscillatory states and are the key features com-
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mon to DSWs [4]. The DSW orientation— the location of the solitary
wave edge relative to the linear wave edge— is typically determined by
the sign of the governing equation’s linear dispersion relation curvature.
The solitary wave edge polarity, positive (wave of elevation) or nega-
tive (wave of depression), is determined by the combined effects of the
nonlinear hydrodynamic flux curvature and linear dispersion curvature
[33].

Until recently, most DSW research has focused on convex media,
i.e., nonlinear wave equations whose nonlinear hydrodynamic flux and
linear dispersion relation have no inflection points. We refer to DSWs
in convex media as classical in the sense that they generically resemble
the canonical DSW first constructed by Gurevich and Pitaevskii for
the Korteweg-de Vries (KdV) equation [34]. DSWs in the presence of
nonconvex flux, however, can exhibit non-classical structure, such as
in the undercompressive DSW and the contact DSW [33]. For non-
convex linear dispersion, non-classical DSW behavior can also emerge.
In the absence of resonance, non-convex linear dispersion can give rise to
modulational instability in the vicinity of the DSW’s linear wave edge,
originally termed DSW implosion [18]. In the recent work [35], non-
convex linear dispersion that coincides with a linear resonance between
a DSW and small amplitude, linear dispersive waves was shown to give
rise to new DSW types in the Kawahara equation [36]

∂u

∂t
+ 6u

∂u

∂x
+ ε

∂3u

∂x3
+
∂5u

∂x5
= 0. (1)

Here, ε > 0 is a parameter that signifies the strength of third order
dispersion relative to fifth order dispersion. The linear dispersion rela-
tion for the Kawahara equation (1) on the constant or slowly varying
background u is

ω(k) = 6uk − εk3 + k5, (2)

which is non-convex when ε > 0. In this case, there exist elevation
solitary wave solutions of equation (1) whose phase velocity coincides
with the phase velocity of linear waves, leading to resonance and the
decay of the solitary wave [37, 38, 39]. Note that for ε < 0 no resonance
occurs as depression solitary wave solutions have negative phase velocity,
whereas linear waves have only positive phase velocity.

An analysis of resonant, non-classical DSWs governed by the Kawa-
hara equation (1) has been presented in [35], which identified three dis-
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Figure 1. Non-classical dispersive shock wave types arising from a unit
jump initial condition (3), u− = 1, u+ = 0, for the Kawahara equation
(1). Initial condition: red (dashed) curve; solution at t = 30: black
(solid) curve. (a) resonant DSW (RDSW), a perturbed KdV DSW with
exponentially small radiation from the solitary wave, ε = 8. (b) crossover
DSW where the radiation amplitude is large and there are wave modula-
tions throughout the structure, ε = 5. (c) traveling DSW (TDSW), from
left, a partial, non-monotonic solitary wave rapidly transitions to non-
linear periodic traveling wave that is modulated to the constant u+ = 0,
ε = 1.
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tinct dynamical regimes as a function of the initial jump height for fixed
ε. By appropriate rescaling of dependent and independent variables, we
can restate these results for equation (1) in terms of variable ε with a
fixed initial jump height u− − u+, where

u(x, 0) =

{
u−, x < 0
u+, x > 0

. (3)

To simplify calculations here we will typically take u− = 1 and u+ = 0.
For large, positive ε, the long-time dynamics of the Kawahara equation
(1) subject to the initial data (3) consist of a perturbed KdV DSW
accompanied by a small resonant wavetrain (Figure 1(a)). For mod-
erate ε, a crossover DSW regime was identified for which the resonant
wavetrain’s amplitude is significant and has a major effect on the dy-
namics (Figure 1(b)). The final type, for small, positive ε, was termed
a traveling DSW (TDSW) because its trailing portion consists of a gen-
uine traveling wave solution of the Kawahara equation (1) (Figure 1(c)).
This traveling wave is an equilibrium heteroclinic to a periodic orbit and
was identified with a nonlinear resonance because it resembles a partial,
non-monotonic solitary wave solution of the Kawahara equation (1) mov-
ing with the same speed as a nonlinear periodic traveling wave. Aside
from its leftmost solitary wave edge and rightmost linear wave edge, the
TDSW has little qualitative resemblance to a classical DSW.

The analysis of the TDSW undertaken in [35] was based on the con-
struction of an approximate traveling wave solution for ε > 0. This ap-
proximate solution does not describe the full TDSW structure because
the nonlinear, resonant wavetrain eventually decays to the constant, far
field value u+, as shown in Fig. 1(c). Moreover, because ε in the Kawa-
hara equation (1) was fixed and the jump height was varied, the TDSW
was shown to exist only above a jump threshold.

In this paper, we construct approximate TDSW solutions of the fifth
order KdV equation (KdV5)

∂u

∂t
+ 6u

∂u

∂x
+
∂5u

∂x5
= 0, (4)

subject to the initial data (3). We obtain solutions for arbitrary nega-
tive jumps u− > u+ and demonstrate that neither linear resonance nor
non-convex dispersion are required for TDSW existence. In this regard,
the TDSW can be interpreted as a nonlinear resonance between a soli-
tary wave on the left and a nonlinear periodic wave on the right with
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coinciding phase speeds. We derive the Whitham modulation equations
for the KdV5 equation (4) in the weakly nonlinear regime and identify
a self-similar, simple wave solution that, along with a heteroclinic solu-
tion, yield a complete, self-consistent construction of the entire TDSW
structure that is missing from [35]. In addition, we derive the Whitham
modulation equations for the Kawahara equation with ε > 0 and demon-
strate their hyperbolicity, hence modulational stability of the TDSW, for
sufficiently small ε. We also demonstrate that the Kawahara-Whitham
equations are elliptic in certain parameter regimes. These results sug-
gest a possible route for the TDSW to transition to the crossover regime
for sufficiently large ε via modulational instability. We also provide
further analysis of the crossover regime, concluding that all the waves
contained in the DSW resonate, as opposed to just the solitary wave, as
was assumed in previous studies [40, 41, 42, 43].

Another context in which linear resonance and DSWs have been
studied is the defocusing nonlinear Schrödinger (NLS) equation when
higher order dispersion is included [40, 41, 42, 43]. Resonant DSWs
have also been found to occur for the equations governing nonlinear
optical beam propagation in nematic liquid crystals in the defocusing
regime [44, 45], described by an extended NLS equation. In both cases,
for sufficiently small hydrodynamic transitions, these NLS-type equa-
tions can be asymptotically reduced to the much simpler unidirectional,
scalar Kawahara equation [35, 45] or the KdV5 equation (4) at criticality
(ε = 0). Under appropriate degeneracy conditions, any Eulerian disper-
sive hydrodynamic system of equations can be reduced to the Kawahara
equation, e.g., shallow water waves with strong surface tension [35] and
internal water waves under an ice sheet, for which elasticity is coupled
to water wave motion [46]. It has been shown that, under certain condi-
tions, the Kawahara equation arises generically for slow modulations of
a periodic wavetrain [47]. Consequently, the results of the present work
apply to resonant DSWs in other physical media as well.

2. KdV5-Whitham modulation equations in the weakly
nonlinear limit

One approach to describing DSWs is Whitham’s averaging principle
[49, 48, 1], which treats the DSW as a slowly varying modulation of a
family of exact periodic, traveling wave solutions to the governing partial
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differential equation (PDE). When the resulting modulation equations
are hyperbolic, the wavetrain is modulationally stable [1, 54]. We now
obtain the KdV5-Whitham equations in the weakly nonlinear regime.

The KdV5 equation (4) possesses a Lagrangian formulation when
expressed in terms of the potential φ with

u =
∂φ

∂x
. (5)

The Lagrangian density is

L =
1

2
φtφx + φ3

x +
1

2
φ2
xxx, (6)

so that critical points of the Lagrangian
∫
Ldxdt satisfy (Lφt

)t+(Lφx
)x+

(Lφxxx
)xxx = 0, which is equivalent to the KdV5 equation (4). The

Whitham modulation equations are obtained by integrating the La-
grangian density (6) over a family of periodic traveling waves and taking
variations with respect to the periodic wave parameters, thus yielding
a closed system of equations that describe a modulated periodic wave
[1, 48, 49], though we are not aware of explicit traveling wave solutions to
(4). Here, we consider the weakly nonlinear limit of the KdV5-Whitham
equations by approximating the periodic traveling wave solution of equa-
tion (4) with amplitude a, mean u and phase θ = kx−ωt by the Stokes
expansion

u = u+ a cos θ + α2a
2 cos 2θ + . . . , 0 < a� 1. (7)

Without loss of generality, we have chosen the solution to be 2π periodic
in θ. For modulation theory, any period that is independent of the wave
parameters will do. We also expand the frequency in powers of the small
parameter a and substitute the expansion of u and ω into KdV5 (4).
Equating like powers of a and eliminating secular terms, the amplitude
correction is

α2 = − 1

10k4
(8)

and the nonlinear dispersion relation is

ω = 6uk + ω0 + ω2a
2, ω0 = k5, ω2 = − 3

10k3
. (9)

The Stokes expansion (7) can be used to find modulation equations
for KdV5 (4). This derivation of the modulation equations for the fifth
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order KdV equation is similar to that for the KdV equation [1, 49]. We
then seek a slowly varying Stokes wave

φ = ψ + Φ(θ), (10)

with the following wavetrain parameters— amplitude a, wavenumber k,
frequency ω and mean height u— functions of x and t, slowly varying
with respect to θ. The modulation wavenumber and frequency are de-
fined in terms of the phase θ by k = θx and ω = −θt. The function Φ
has zero period-mean and the function ψ accounts for the mean of the
varying wavetrain, given by u = ψx. We also set γ = −ψt. Substituting
the modulation wavetrain (10) into the Lagrangian density (6) gives

L =
1

2

[
−γ +

ω

k
u
]
u− 1

2

ω

k
u2 + u3 +

k4

2
u2
θθ, (11)

using u = φx = u + kΦθ. The averaged Lagrangian is now obtained
by substituting the Stokes expansion (7) into the Lagrangian (11) and
averaging by integrating over a wave period [1]. This results in the
averaged Lagrangian

L = −1

2
γu+ u3 +

(
3

2
u− 1

4

ω

k
+

1

4
k4

)
a2

− 1

200k4

[
ω

2k5
− 3

k4
u+ 7

]
a4 +O(a6). (12)

The modulation equations for the slowly varying parameters of the
Stokes wave are now obtained by taking variations of this averaged La-
grangian with respect to the phase θ, the mean phase ψ and the ampli-
tude a. For simplicity, we only retain up to O(a2) terms in the varia-
tions. Amplitude variation, La = 0, yields the linear dispersion relation
ω = 6uk+ k5. Mean phase variation −(Lγ)t + (Lu)x = 0 determines the
mean flow modulation

∂u

∂t
+

∂

∂x

[
3u2 +

3

2
a2

]
= 0. (13)

Phase variation −(Lω)t + (Lk)x = 0 leads to the conservation of wave
action

∂

∂t

[
a2

k

]
+

∂

∂x

[
6u
a2

k
+ 5k3a2

]
= 0. (14)
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This modulation system is closed by the conservation of waves θtx = θxt

∂k

∂t
+

∂

∂x

[
6uk + k5 − 3

10

a2

k3

]
= 0. (15)

The weakly nonlinear modulation equations (13)–(15) are valid to order
a2.

These modulation equations form a hyperbolic system— weakly non-
linear periodic waves are modulationally stable— and can be set in the
Riemann invariant form

u− 3

10
k−4a2 = Ru on P : λP =

dx

dt
= 6u+

18

5
k−4a2, (16)

24√
30
u+

5√
30
k4 − 2a = R− on Q : λQ =

dx

dt
= 6u+ 5k4 −

√
30a,

(17)

24√
30
u+

5√
30
k4 + 2a = R+ on R : λR =

dx

dt
= 6u+ 5k4 +

√
30a. (18)

Here Ru, R− and R+ are constant on their respective characteristics P ,
Q, and R. We note the ordering of the characteristic velocities λP <
λQ ≤ λR for a ≥ 0 and k > 0. To compute the approximate Riemann
invariants (16)–(18), we expand both the characteristic velocities and
Riemann invariants as an amplitude expansion with 0 < a � 1 and
retain the first nontrivial order of a. Higher order terms can be computed
by retaining more terms in the asymptotic approximation, as well as the
Stokes wave expansion. The TDSW for KdV5 will now be studied using
the approximate KdV5-Whitham modulation equations (13)–(15).

3. Traveling DSW modulation solution

We now consider DSW evolution governed by the KdV5 equation (4)
subject to the step initial data (3). For u− < u+, the dynamics cor-
respond to a dispersive regularization of a classical rarefaction wave
solution for the dispersionless equation ut + 6uux = 0. We are inter-
ested in the compressive case u− > u+, which leads to wave breaking
and DSW generation. By the scaling and Galilean symmetries of KdV5,
we can consider the specific case u− = 1 and u+ = 0, without loss of
generality. A numerical simulation for a smoothed initial step is shown
in Fig. 2. This solution differs substantially from a classical, KdV DSW
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u

Traveling wave Partial DSW

Figure 2. Numerical simulation of the KdV5 equation (4) for smoothed
step initial data (3) with u− = 1, u+ = 0. The dashed red curve is the
smoothed initial data.

solution with positive dispersion. The leftmost equilibrium, u−, rapidly
transitions to a nearly uniform wavetrain. Ahead of this wavetrain is
a modulated wavetrain that gradually transitions to the rightmost level
ahead u+. What we now show, depicted in Fig. 2, is that the leftmost
portion of the TDSW wavetrain is approximately a traveling wave solu-
tion to KdV5 and the modulated portion of the TDSW wavetrain is a
partial DSW.

Figure 2 is similar to Figure 1(c), the TDSW solution of the Kawa-
hara equation studied in [35]. In that work, the existence, via numerical
computation and asymptotics, of a genuine traveling wave solution link-
ing the level behind, u−, to the periodic nonlinear wavetrain was shown,
which agreed with time-dependent evolution of step initial data. Here
we demonstrate that the same kind of TDSW dynamics occur for the
KdV5 step problem but without the jump threshold required in [35].
Furthermore, we determine the modulation solution corresponding to
the partial DSW portion of the TDSW that was missed in [35].

As the partial DSW is traversed upstream from its linear edge— right
to left— its increasing amplitude and decreasing wavenumber eventually
terminate into the resonant wavetrain as seen in Figure 2. The fact that
the partial DSW terminates at an oscillatory wavetrain, rather than
a constant level, is the reason it is termed partial. Partial DSWs have
been observed in other contexts, such as initial-boundary value problems
[9, 50, 51, 52] and initial value problems [53].
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Figure 3. Depiction of leading partial DSW connecting resonant wave-
train to leading mean u = u+. The small variation of the mean, u is
shown in red.

We now use the approximate Riemann invariant form (16)–(18) of
the modulation equations to obtain the partial DSW modulation so-
lution. The DSW modulation solution for Riemann problems is often
obtained as a self-similar, simple wave solution of the Whitham modula-
tion equations, a first order, quasi-linear system of PDEs [34, 4]. Here,
the partial DSW modulation is a simple wave solution on the middle
characteristics Q in eq. (17) with R+ and Ru constant across the en-
tire modulation. The Riemann invariant R− depends on the self similar
variable R− = R−(ξ), ξ = x/t, and satisfies

λQ(Ru, R−(ξ), R+) = ξ. (19)

The constancy of Ru and R+ across the modulation implies that their
values at the downstream, harmonic wave edge— where (a, u, k) →
(0, u+, k+)— are related to their values at the upstream, resonant
wavetrain—where (a, u, k)→ (ar, ur, kr)— according to

u+ = ur −
3

10
k−4

r a2
r , (20)

24√
30
u+ +

5√
30
k4

+ =
24√
30
ur +

5√
30
k4

r − 2ar. (21)

For any DSW, the speed at the downstream, harmonic edge, s+ (see
Fig. 3), is the group velocity cg = ∂kω

s+ = lim
a→0

λQ = cg+ = 6u+ + 5k4
+, (22)



12 Mark A. Hoefer, Noel F. Smyth and Patrick Sprenger

for the linear dispersion relation ω = 6uk + k5 of the KdV5 equation
(cf. (9)). The modulation speed at the upstream, resonant wavetrain
edge, s− (see Fig. 3), is determined by evaluating the middle character-
istic speed λQ there

s− = λQ(Ru, R−|(a,u,k)→(ar,ur,kr)
, R+) = 6ur + 5k4

r −
√

30ar. (23)

In a partial DSW, the modulation speed at the resonant wavetrain edge
must equal the phase speed of the resonant wavetrain [9, 50, 51, 52].
Therefore, the nonlinear dispersion relation (9) and eq. (23) imply the
additional relation

6ur + 5k4
r −
√

30ar = 6ur + k4
r −

3

10

a2
r

k4
r

. (24)

Since u+ is given, the equations (20), (21), and (24) are three indepen-
dent relations between the four unknown parameter values ar, ur, kr and
k+. The final condition is determined by matching the resonant wave-
train to the nonlinear traveling wave structure that provides a transition
to the trailing level u−.

At the trailing edge of the partial DSW, there is a periodic
wavetrain— identified as a nonlinearly resonant wavetrain— behind
which there is a (negative polarity) solitary wave-like structure which
takes the wavetrain to the level u− behind, as can be seen in Figure
2. The resonant, approximately periodic wavetrain oscillates about the
mean level u = ur. Numerical simulations indicate that the trailing edge
is robust and propagates unchanged over long time intervals, which sug-
gests that it is in fact a traveling wave solution of the KdV5 equation
(4) in the form u(x, t) = f(ξ), ξ = x− Vst. This traveling wave solution
was studied for the Kawahara equation in [35] and links the equilibrium
level u− as ξ → −∞ lim

ξ→−∞
f(ξ) = u−,

lim
ξ→−∞

f ′(ξ) = f ′′(ξ) = f ′′′(ξ) = f (4)(ξ) = f (5)(ξ) = 0,
(25)

to a periodic orbit F as ξ →∞
inf

ϕ0∈[0,P )
lim
ξ→∞

‖f(ξ)− F (ξ − ϕ0)‖∞ = 0, F (ξ + P ) = F (ξ),

1

P

∫ P

0
F (ξ)dξ = ur.

(26)
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The function F is the nonlinear, periodic, resonant wavetrain, P is the
spatial period of the wavetrain and ϕ0 is a suitable phase shift that
continuously matches the traveling wave to the resonant wavetrain and
therefore the partial DSW. The traveling wave, resonant wavetrain, and
partial DSW together form an expanding shock-like structure that pro-
vides the dynamic transition between the downstream level u+ and the
upstream level u−. Following [35], we term this a traveling dispersive
shock wave or TDSW.

What remains is to determine the additional relation that, along
with equations (20), (21) and (24), uniquely determines the four TDSW
parameters ar, ur, kr, and k+. For this, we continue to utilize the Stokes
wave approximation (7) for the traveling wave’s periodic orbit F (ξ) with
amplitude ar, mean ur, and wavenumber kr. Then the traveling wave’s
velocity Vs is given by the Stokes wave phase velocity

Vs = 6ur + k4
r −

3

10

a2
r

k4
r

. (27)

Seeking a traveling wave solution u = f(x− Vst) for the KdV5 equa-
tion (4) yields

−Vsf
′ + 6ff ′ + f (5) = 0. (28)

Integrating and applying the boundary conditions (25)

−Vsf + 3f2 + f (4) = (3u− − Vs)u−. (29)

Integrating and applying boundary conditions a second time, we have

−Vs

2
f2 + f3 + f ′f ′′′ − 1

2
(f ′′)2 = (3u− − Vs)fu− +

u2
−
2

(Vs − 4u−) . (30)

The traveling wave equations (29) and (30) represent relations for the
traveling wave. Our sole interest with this TDSW solution is the dis-
persion relation for its trailing edge velocity Vs. This can be obtained
from the differential equations (29), (30) evaluated at the wave minimum
fmin. Hence,

−Vsfmin + 3f2
min + f ′′′′min = (3u− − Vs)u− (31)

and

−Vs

2
f2

min + f3
min −

1

2
(f ′′min)2 = (3− Vs)fminu− +

u2
−
2

(Vs − 4u−) . (32)
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We estimate fmin, f ′′min and f ′′′′min by utilizing the Stokes wave approx-
imation (7)

fmin = ur−ar−
a2

r

10k4
r

, f ′′min = ark
2
r +

2

5

a2
r

k2
r

, f ′′′′min = −ark
4
r−

8

5
a2

r . (33)

The differential equation expression (31) is used in place of the relation
between fmin and f ′′min which would be known if the traveling wave solu-
tion were known exactly. With these approximations, the TDSW— the
resonant wavetrain and the partial DSW that brings it down to the level
u+— is determined by (21), (20), (27), (31) and (32) on using (33).

The system of nonlinear algebraic equations is provided here to make
this process explicit

Vs = 6ur + k4
r −

3

10

a2
r

k4
r

, (34)

ur =
3

10
k−4

r a2
r , (35)

5√
30
k4

+ =
24√
30
ur +

5√
30
k4

r − 2ar, (36)

−Vsfmin + 3f2
min + f ′′′′min = (3u− − Vs)u− (37)

−Vs

2
f2

min + f3
min −

1

2
(f ′′min)2 = (3− Vs)fminu− +

u2
−
2

(Vs − 4u−) , (38)

where fmin and its derivatives are defined in Eq. (33). The system (34)–
(38) can be solved for the unknown variables ur, kr, ar, k+ and Vs to
determine the TDSW wave properties.

4. TDSW trailing edge: a genuine traveling wave

Rather than match the partial DSW to a resonant wavetrain that is
approximated by a Stokes wave as in the previous Section, in this sec-
tion, we match the partial DSW to a numerically computed traveling
wave solution to KdV5 that satisfies the boundary conditions (25) and
(26). The traveling wave solutions were obtained using Matlab’s bvp5c
collocation on the ode (29) for the truncated interval ξ ∈ [−L,L] with

f(−L) = u−, f ′(±L) = 0 (39)
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and f satisfying (32) at ξ = L, which is assumed to be a minimum of
the traveling wave.
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Figure 4. Comparison of the trailing edge of the TDSW numerical
solution for the KdV5 (4) with unit step initial data and the boundary
value problem from (28). (a) overlay of the two solutions, (b) absolute
difference between the two solutions.

An initial guess for the numerical solver is taken from simulations
of the initial value problem (3) with unit jump initial data u− = 1 and
u+ = 0. To obtain accurate comparisons with time-dependent numerical
simulations, the mean of the periodic portion of the traveling wave is
set to ur = 0.0298, which is estimated from time-dependent numerical
simulations. The domain is truncated to only include the traveling wave.
The parameters obtained from numerical solutions are

Vs = 2.703, ar = 0.498, kr = 1.265. (40)

Scaling invariants of the KdV5 (4) allows one to deduce that for arbitrary
step initial conditions (3), the traveling wave properties become

Vs = K1 (u− − u+) , ar = K2(u−− u+), kr = K3(u−− u+)1/4, (41)

where Ki, i = 1, 2, 3, are numerical constants with K1 = 2.703,
K2 = 0.498 and K3 = 1.265. The sole interest now is to determine
the matching of the traveling wave with the leading partial DSW via
the Riemann invariants R− and Ru (given by Eqs. (17) and (16), re-
spectively). To demonstrate the validity of the TDSW trailing edge as
a genuine traveling wave, in Figure 4 we have overlaid the numerical
solution of the initial value problem (3) for the KdV5 equation (4) on
this solution of the boundary value problem, Eq. (28) with boundary
conditions (25) and (26). The boundary value problem solution and the
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full pde solution only differ by O(10−2), verifying that the trailing edge
is, in fact, approximately a genuine traveling wave.

The remaining macroscopic TDSW properties can then be deter-
mined from the simple wave characteristic conditions (21) and (20),
where the leading wavenumber k+ and periodic wavetrain mean, ur are
given in terms of ar, krmr and Vs. In terms of the numerical constants
Ki, we have

k4
+ =

(
36

25

K2
2

K4
3

+K4
3 + 2

√
30

5
K2

)
(u− − u+) (42)

ur =
3

10

K2
2

K4
3

(u− − u+) + u+, (43)

which yield an alternative mechanism to compute the macroscopic wave
properties of the TDSW— both the traveling wave upstream edge and
partial DSW downstream edge.

5. Comparisons of KdV5 Modulation Theory with Numerical
Solutions

In this section, the modulation theory solution of Section 3 for the res-
onant wavetrain and partial DSW (the TDSW) will be compared with
numerical solutions of the KdV5 equation (4). These comparisons are
made for the scaled Riemann problem initial conditions (4) with u− = 1
and u+ = 0. Solutions for non-unit jumps for u− 6= 1 or u+ 6= 0
can be obtained by scaling and Galilean transformations. The numer-
ical solutions of the KdV5 equation (4) were obtained by a standard
pseudo-spectral Fourier scheme [58, 59, 60] on ux so that a truncated
Fourier series well approximates the initial data. The initial data was
taken to be a smooth hyperbolic tangent profile connecting the far-field
constant states. The numerical method uses fast Fourier transforms to
approximate spatial derivatives and then advances in time using the 4th
order Runge-Kutta (RK4) scheme. A typical time step used for simu-
lation ∆t = 0.005 and the spatial domain was chosen to be sufficiently
large so that wave interaction with boundaries was negligible.

Figure 5 illustrates comparisons between the modulation theory so-
lution of Section 3 for the TDSW and the numerical solution of the
KdV5 equation (4). Figure 5(a) shows a space-time contour plot of the
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numerical solution up to t = 50. It can be seen that modulation theory
gives an accurate estimation of the trailing and leading edge velocities
Vs and cg+, respectively. Figure 5(b) depicts a portion of the trailing
resonant wavetrain at t = 50 from direct numerical simulation and its
predicted envelope from the modulation solution’s mean height ur and
amplitude ar. Although the numerical solution develops a small envelope
modulation that is not predicted from leading order modulation theory,
as the resonant wavetrain approaches the trailing edge, its envelope is
well-approximated from modulation theory. The mean height from mod-
ulation theory is ur,theory = 0.0279, compared with that obtained from
the numerical solution ur,numerics = 0.0298.

Figure 5(c) shows a portion of the Fourier spectrum of the numerical
solution at t = 50. The peak due to the resonant wavetrain can be clearly
seen and is in excellent agreement with that given by the resonance
condition (27).

Finally, Figure 5(d) illustrates the leading edge partial DSW at t = 50
and its envelope predicted from modulation theory. The envelope was
computed using the simple wave solution (19). This solution expresses
the wavenumber k, mean height u and amplitude a in terms of the self-
similar variable ξ = x/t. The Stokes expansion (7) then gives the upper
envelope of the modulated wavetrain as u(x/t) + a(x/t) + α2a

2(x/t)
and the lower envelope as u(x/t) − a(x/t) + α2a

2(x/t), which yields a
good approximation to the numerical solution of the KdV5 equation
(4). The numerical solution shows no clear, definite linear edge to the
partial DSW, with a small amplitude wavetrain propagating ahead of
the structure. This is a common feature in DSW theory [4].

6. Linear resonance in the Kawahara Equation

In Section 3, a modulation theory solution was found for the TDSW
solution of the KdV5 equation (4). In the presence of weak third order
dispersion, the DSW structure arising in the Kawahara equation remains
familiar (see, e.g. Fig. 1(c)). Figure 6 presents numerical results for the
trailing edge velocity Vs, wavenumber kr, amplitude ar and mean height
ur of the resonant wave of the TDSW solution of the Kawahara equation
(1) as a function of the third order dispersion coefficient ε. In the range
0 ≤ ε ≤ 2, the DSW remains a TDSW. It can be seen that the trailing
edge velocity Vs is quite insensitive to the value of ε, with the ampli-
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Figure 5. Comparisons of modulation theory solution for the KdV5
equation (4) (dashed) with numerical solutions for unit step initial data
(3) u+ = 0 and u− = 1 (solid). (a) Space-time contour plot overlaid with
the trailing Vs and leading edge TDSW cg+ velocities from modulation
theory predictions, (b) trailing edge of the TDSW at t = 50 and the
resonant wavetrain envelope, (c) the Fourier transform of the numerical
solution at t = 50 with the resonant wavenumber prediction kr (dashed)
and the wavenumber k+ (dotted) of the partial DSW leading edge, (d)
leading edge of the TDSW at t = 50 and the partial DSW envelope.



Modulation theory solution for nonlinearly resonant, fifth order Korteweg-de Vries, non-classical, traveling dispersive shock waves19

0 1 2
0

2.7

2.8

2.9

V
s

0 1 2
0

1.2

1.4

1.6

1.8

k
r

0 1 2
0

0.3

0.4

0.5

a
r

0 1 2
0

0

0.01

0.02

0.03

u
r

Figure 6. Resonant wave (a) trailing edge velocity Vs, (b) wavenumber
kr, (c) amplitude ar and (d) mean height ur as a function of the coefficient
of the third order dispersion ε in the Kawahara equation (1). Here
u− = 1 and u+ = 0.

tude ar moderately sensitive. However, the periodic wave wavenumber
kr and amplitude ar vary extensively with ε, while the mean level ur

rapidly vanishes with the third order dispersion coefficient. This is to
be expected, since as ε increases the Kawahara equation approaches the
KdV equation, which does not have a TDSW solution. The amplitude
and mean height of the resonant wavetrain must then vanish as ε in-
creases. The reason for the more rapid decay of the mean height as
compared with the amplitude can be found on developing the weakly
nonlinear modulation theory for the Kawahara equation, as was done
for the 5th order KdV equation in Section 2. The inclusion of both
third and fifth order dispersion complicates the modulation equations,
however, and the simplicity of the analysis of the TDSW structure is
lost. In this section we will address some of the complications that arise
when the DSW is in the intermediate region exhibiting both features of
a classical, KdV-like DSW for large ε and the nonclassical TDSW for
small ε.
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In this section, we explore the effect of including moderate third order
dispersion in the Kawahara equation (1) which has the linear dispersion
relation (2) for linear waves on the mean level u. The dispersion rela-
tion is non-convex (ωkk = 0 at a point), which, in this case, leads to a
resonance between linear and nonlinear, e.g. solitary, waves [37, 38, 39].
The situation for a DSW is more complicated in that it consists of a
continuous series of modulated nonlinear waves. Hence, in principle, ev-
ery wave in the DSW could resonate and produce radiation of different
wavenumbers. Furthermore, the non-convexity of the dispersion rela-
tion (2) breaks a typical assumption of DSW theory [4]. All of this is
indicated by the modulation of the DSW and resonant wavetrain ahead
of it, as seen in Figure 1(b) [35].
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Figure 7. Dispersive shock wave for moderate third order dispersion,
ε = 5 in the Kawahara equation (1). The leading resonant wavetrain
is non-uniformly modulated. The nearly classical DSW at the trailing
edge is corrupted by small linear modulations due to the linear internal
resonance, shown in the inset.

Without loss of generality, we study the Riemann problem (3) with
u− = 1 and u+ = 0 for the Kawahara equation (1) with the parameter
ε > 0. We begin our analysis by revisiting the dispersive shock fitting
method applied to the Kawahara equation [35]. DSW fitting [4, 56,
57] is based on the observation that, for typical Whitham modulation
systems, the zero wavenumber and zero amplitude limits of the Whitham
modulation equations are degenerate. A consequence of this is that the
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linear edge of the DSW can be found through the ODE

dk

du
=

∂ω
∂u

6u− ∂ω
∂k

, k(u+ = 0) = 0, (44)

where ω(k, u) is the linear dispersion relation. The location of the bound-
ary condition u = u+ = 0 assumes negative dispersion, ωkk(k−, u−) < 0,
at the trailing, harmonic edge, so that the DSW’s oscillations remain
well-ordered. Using the dispersion relation (2), the solution for the trail-
ing edge wavenumber k− = k(u− = 1) is

k2
− =

3

5

{
ε−

[
ε2 − 40

3

]1/2
}
. (45)

Evaluating ωkk(k−, 1), we observe that ωkk(k−, 1) < 0 so long as ε >
4
√

10/3 ≈ 4.22.
The leading, solitary wave edge of the DSW is determined by so-called

conjugate wavenumber k̃ and frequency ω̃ that result in the conjugate
ODE problem

dk̃

du
=

∂ω̃
∂u

6u− ∂ω̃
∂k̃

, k̃(u− = 1) = 0. (46)

Here, the conjugate dispersion relation ω̃(k̃, u) is obtained from the linear
dispersion relation (2) upon setting k → ik̃ and ω → −iω̃:

ω̃ = 6uk̃ + εk̃3 + k̃5. (47)

The precise reasons for this substitution are related to the structure
of the Whitham modulation equations for KdV-type equations in the
solitary wave limit. As for the trailing, linear edge, this equation can
be solved to yield the conjugate wavenumber k̃+ = k(u+ = 0) at the
leading, solitary wave edge

k̃2
+ =

3

5

{
−ε+

[
ε2 +

40

3

]1/2
}
. (48)

It can be seen from the solution (45) that the trailing edge wavenum-
ber ceases to be real for ε2 < 40/3, which implies that the DSW is not
classical for sufficiently small ε. This change in behavior gives a rea-
son for the change from a RDSW to a crossover DSW. Unfortunately,
dispersive shock fitting only applies to the edges of a DSW and not
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Figure 8. Resonant wavenumbers generated by DSW. Wavenumber
krf generated by lead solitary wave: black (solid) line; wavenumber kr0
generated by wave with 0 velocity: red (dashed) line. (a) Resonant
wavenumber dependence on jump height for u+ = 0 and ε = 5, (b)
resonant wavenumber dependence on ε for u+ = 0 and u− = 1.

its interior. Without the full Whitham modulation equations for the
Kawahara equation (1) the detailed changes in the DSW as it goes from
a RDSW to a crossover DSW cannot be analyzed. This change in be-
havior at the trailing shock edge is backed up by Fig. 7 where it can be
seen that the trailing edge of a crossover DSW is truncated as compared
with the classical DSW of Figure 1(a).

The wavenumber of the resonant wavetrain generated by the lead
solitary wave in the DSW can now be calculated, so long as the resonant
wavetrain is linear. As stated above, each wave of the DSW generates
its own resonant wavenumber. The wavenumber krf generated by the
lead solitary wave of the DSW is obtained by equating the phase velocity
given by (2) with the lead solitary wave velocity ω̃/k̃+, see (47), giving

εk̃2
+ + k̃4

+ = −εk2
rf + k4

rf , (49)

so that

k2
rf =

1

2

[
ε+

[
ε2 + 4

(
εk̃2

+ + k̃4
+

)]1/2
]
. (50)

The RDSW and crossover DSW solutions of the Kawahara equation (1)
have a leading, solitary wave edge with positive velocity and a trailing,
linear wave edge with negative velocity, see Figure 1. Hence, there is
a wave in these DSWs which has zero velocity. The resonant wave
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generated by this particular DSW component then has 0 velocity, so
that from the linear dispersion relation (2) the wavenumber kr0 of this
particular resonant wave is

kr0 =
√
ε. (51)

These resonant wavenumbers are illustrated as functions of the rear level
u− and of ε in Figure 8. It can be seen that the range of wavenumbers
generated through the DSW is small, except in the limit ε→ 0+ in which
the Kawahara equation (1) becomes the KdV5 equation with fifth order
dispersion only. The DSW structure for the KdV5 equation is a TDSW
only, for which the analysis resulting in the leading, solitary wave edge
expression (48) does not apply.

As shown in Figure 8, the range of resonant wavenumbers generated
in the DSW for the Kawahara equation (1) is small when the coefficient
ε of the third order dispersion is not small, ε > 2 approximately. The
interaction of these resonant waves, a resonant wave packet, leads to the
modulations of the resonant wavetrain ahead of the crossover DSW seen
in Figure 1(b).

7. Complex Characteristic Speeds for the Kawahara Equation

The modulation theory of Section 2 for the KdV5 equation (4), can
be extended to find modulation equations for the Kawahara equation
(1) that incorporates third order dispersion. The derivation of these
modulation equations from the Stokes wave solution and the Lagrangian
for the Kawahara equation is similar to the derivation of Section 2 for
the KdV5 equation, so only the basic details will be given here. The
third derivative can result in the modulation equations being elliptic, so
that the underlying Stokes wave is modulationally unstable [1].

The Kawahara equation (1) has the Lagrangian for the potential φ,
with u = φx,

L =
1

2
φxφt + φ3

x −
1

2
εφ2
xx +

1

2
φ2
xxx. (52)

The Kawahara equation also possesses a weakly nonlinear Stokes wave
solution

u = ū+ a cos θ +
a2

2k2 (ε− 5k2)
cos 2θ + . . . (53)
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Figure 9. Existence of non-zero imaginary part of characteristic veloc-
ities (gray regions) for the Kawahara-Whitham modulation equations
(59) with wavenumber k and third order derivative coefficient ε.

for small amplitude a, so long as ε 6= 5k2 and a � k2|ε − 5k2|. The
phase θ and dispersion relation are

θ = kx− ωt, ω = 6ūk − εk3 + k5 +
3a2

2k (ε− 5k2)
. (54)

Substituting this Stokes expansion into the Lagrangian (52) and aver-
aging over the rapid phase θ it is found that the averaged Lagrangian
is

L = −1

2
γū+ ū3 +

(
3

2
ū− 1

4

ω

k
− ε

4
k2 +

1

4
k4

)
a2. (55)

Taking variations of the averaged Lagrangian (55) with respect to
the mean height ū, amplitude a, phase θ (k = θx and ω = −θt) and
the pseudo-phase ψ (u = ψx and γ = −ψt) results in the modulation
equations

∂ū

∂t
+

∂

∂x

(
3ū2 +

3

2
a2

)
= 0, (56)

∂

∂x
(a2) +

∂

∂x

(
6ūa2 − 3εk2a2 + 5a2k4

)
= 0, (57)

∂k

∂t
+

∂

∂x

(
6ūk − εk3 + k5 +

3a2

2k(ε− 5k2)

)
= 0 (58)
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to second order in the small amplitude a. The first two modulation
equations are conservation of mass and momentum, respectively. The
last equation (58) is conservation of waves. These modulation equations
can be set in the quasi-linear matrix form

qt +Aqx = 0, (59)

where

A =

 ū 3
2 0

6a2 6ū− 3εk2 + 5k4 −6εa2k + 20k3a2

6k 3
2k(ε−5k2) 6ū− 3εk2 + 5k4 + 3a2(15k2−ε)

2k2(ε−5k2)2

 . (60)

Three distinct, real eigenvalues of A (characteristic velocities) cor-
respond to hyperbolicity of the Whitham equations and modulational
stability of the Stokes wave. If any eigenvalues are not purely real, the
Stokes wave is modulationally unstable [1]. As a test case, let us consider
the nonlinear resonant wavetrain in the TDSW for the KdV5 equation
(4) where ū � 1, u− = 1, u+ = 0, and ε = 0. This case corresponds to
the modulation equations of Section 2 for the KdV5 equation for which
the modulation equations are hyperbolic. For these values,

a ≈ 0.49, k ≈ 1.26, ū ≈ 0.03. (61)

Numerical calculations and eigenvalue expansions show that =λ = 0 in
the regime ε = 0, which is expected as the modulation equations (56)–
(58) then reduce to the fifth order KdV modulation equations (13)–
(15). From numerical solutions, it is found that for ∆ = 1 the TDSW
starts to drastically change form near ε = 2.6, which implies there is
a nontrivial change in the nonlinear wavetrain as ε increases. In order
to completely quantify the transition to modulational instability of the
TDSW wavetrain we need to compute the eigenvalues of the matrix in
the modulation system (59).

To calculate the eigenvalues of the matrix (60), that is the character-
istic velocities of the modulation system (59), we re-write the matrix in
the form

A =

 6ū 3
2 0

6a2 ωk ωkka
2

6k β1 ωk + a2β2

 , (62)
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where

β1 =
3

2k(ε− 5k2)
(63)

β2 =
3
(
15k2 − ε

)
2k2 (ε− 5k2)2 =

15k2 − ε
2k

β1. (64)

It is known that in the zero amplitude limit, two of the characteristic
velocities coincide with the linear group velocity and the third is the long
wave speed 6u [1]. In the weakly nonlinear regime a� 1, the correction
to the long wave speed is of order a2, whereas the degenerate group
velocity ωk exhibits an order a correction. Therefore, in the weakly
nonlinear regime, complex eigenvalues must appear from the nonlinear
splitting of ωk. We seek a perturbation series solution of the form

λgv = ωk + aλ1 + . . . . (65)

It is then found that

λ ∼ ωk ± a
√

15k2

(
6

5k2 − 3ε
+

1

5k2 − ε

)
+ 9 + o(a), (66)

which reduce to the characteristic velocities in Eqs. (17) and (18) for
ε = 0. We first note that for ε ≤ 0, the characteristic velocities are purely
real in the weakly nonlinear regime. Thus, modulationally instability is
not expected. The Riemann problem for ε = −1 was studied in [35]
and shown to give rise to a classical DSW with positive dispersion for
sufficiently large jump heights. It would therefore be interesting to study
the transition from the non-classical TDSW to the classical DSW when
ε < 0 in future work.

On the other hand, when ε > 0, the characteristic velocities (66) can
become non-real, so the Stokes wavetrain is unstable. The gray regions
in Figure 9 depict the (k, ε) parameter space for which the character-
istic velocities are complex. Recent work characterizing modulational
instability of small amplitude periodic solutions to subharmonic pertur-
bations has shown that modulational instability occurs in the parameter
regimes considered here [61].

When the characteristic velocities are not real, a standard DSW can-
not exist. We speculate that this regime corresponds to a so-called
crossover DSW [35], exhibiting non-monotonic modulations, as seen in
Figure 1(b). Such non-monotonic structures have also been observed in
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DSWs for the focusing NLS equation for which the Whitham equations
exhibit complex characteristic velocities [62].

8. Conclusions

The nonlinear, resonant wavetrain, or traveling dispersive shock wave
(TDSW), generated by a dispersive shock wave (DSW) governed by
the fifth order Korteweg-de Vries (KdV5) equation, has been analyzed.
The TDSW was analyzed in detail using Whitham modulation theory.
Whitham modulation equations for the KdV5 equation (4) were found
in the weakly nonlinear limit, the regime that coincides with the small
amplitude resonant wavetrain for the TDSW. It was found that the res-
onant wavetrain for a TDSW consists of a (nearly) constant amplitude
wavetrain with a partial DSW that brings it down to the level u+ ahead.
The partial DSW consists of linear dispersive waves at its leading edge,
but terminates at a weakly nonlinear periodic wave at its trailing edge,
determined by the condition that the modulation characteristic velocity
matches the phase velocity of the resonant wave, in contrast to a full
DSW which terminates at a solitary wave. The partial DSW is accom-
panied by a mean level change, so that the resonant wavetrain behind it
is raised above the level u+. This modulation theory solution consisting
of a near-constant amplitude resonant wavetrain preceded by a partial
DSW was found to be in good agreement with numerical solutions.

The modulation theory developed in this paper can be extended to
describe TDSWs in the presence of sufficiently weak third order disper-
sion (ε 6= 0). While the Whitham modulation theory developed for the
full Kawahara equation (1) could be used to derive the full description
of the resonant wavetrain and its leading partial DSW, this is com-
plicated by the possible ellipticity of these modulation equations as ε
increases from 0. The weakly nonlinear modulation equations of Section
7 could benefit from further analysis in order to understand the role of
modulational instability in the resonant DSW solution of the Kawahara
equation. This question of modulational stability of a resonant DSW
and its connection to crossover DSWs is generic and relates to general
resonant DSWs and their various forms [4].
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