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Rate-Splitting Robustness in Multi-Pair Massive
MIMO Relay Systems

Anastasios Papazafeiropoulos and Tharmalingam Ratharaja

Abstract—Relay systems improve both coverage and systemits benefits, we emphasize the substantial reduction of both

capacity. Towards this direction, full-duplex (FD) techndogy,
being able to boost the spectral efficiency by transmitting
and receiving simultaneously on the same frequency and time
resources, is envisaged to play a key role in future networks
However, its benefits come at the expense of self-interferea
(SI) from their own transmit signal. At the same time, massie
multiple-input massive multiple-output (MIMO) systems, bring-

intra-cell and inter-cell interference, which ultimatelgad to
high performance efficiency, both spectral and energy.

In a parallel direction, in-band full-duplex (FD) is a novel
technology that doubles the throughput induced by standard
half-duplex relaying by means of simultaneous transmissio

ing unconventionally many antennas, emerge as a promising and reception at the same frequency and time during a wéreles

technology with huge degrees-of-freedom (DoF). To this end
this paper considers a multi-pair decode-and-forward FD rday
channel, where the relay station is deployed with a large nuimer
of antennas. Moreover, the rate-splitting (RS) transmissin has
recently been shown to provide significant performance berfits
in various multi-user scenarios with imperfect channel stée in-
formation at the transmitter (CSIT). Engaging the RS approach,
we employ the deterministic equivalent (DE) analysis to deve
the corresponding sum-rates in the presence of interfererss.
Initially, numerical results demonstrate the robustness 6 RS in
half-duplex (HD) systems, since the achievable sum-ratedreases
without bound, i.e., it does not saturate at high signal-taoise
ratio (SNR). Next, we tackle the detrimental effect of Sl in .
In particular, and most importantly, not only FD outperform s
HD, but also RS enables increasing the range of Sl over which
FD outperforms HD. Furthermore, increasing the number of

communication[[B], [[6]. Moreover, its theoretical and erpe
mental progress towards its practical implementation [Bj]—

is notable. Actually, the theoretical progress can lead to a
practical achievement with new opportunities. Howevas, ih
quite demanding because the FD transmission is accompanied
by an inherent obstacle. Specifically, this obstacle is the s
called self-interference (Sl) due to the leakage from theyie
output to its input[[¥]. It is worthwhile to mention that the
main difference between S| and general interference is that
Sl is known at the receiver, which could be sufficient for SI
suppression. There are several challenges for the miiyafi

Sl, being crucial for FD operation. For example, the reagive
signal and the SI may exhibit a large amplitude difference

relay station antennas, RS appears to be more efficacious duegoing to exceed the dynamic range of the analog-to-digital

to imperfect CSIT, since Sl decreases. Interestingly, in@asing

converter at the receiver side [9]. Although the SI canceliey

the number of users, the efficiency of RS worsens and its their best to maximize the cancellation performance, tesid

implementation becomes less favorable under these conditis.
Finally, we verify that the proposed DEs, being accurate fora
large number of relay station antennas, are tight approximaions
even for realistic system dimensions.

Index Terms—Rate-splitting, massive MIMO systems, half-
duplex relaying, full-duplex relaying, deterministic equivalent
analysis.

I. INTRODUCTION

interference remains and rate saturation at high signabise

ratio (SNR) appears. Hence, the circumvention of the harmfu
consequences of the Sl takes a prominent position in the
research area of FD systems. Among the suppression methods
for SI, MIMO processing, specialized in the spatial domain,
provides an exceptionally effective means [7].][10],/[1AF

a result, driving to massive MIMO is a reasonable approach
for next-generation systems.

Massive multiple-input massive multiple-output (MIMO) To grasp the benefits of massive MIMO the accurate

technology is a key enabler for the fifth generation (5d()|10W|que of_ channel state information at the transmitter

wireless communication systems achieving energy-efficidiyS!T) is required. In fact, accurate CSIT becomes even more
transmission and high spectral efficiency [2]—[4]. Accagito challenging as the numt_)e_r of antennas increases [12], [13].

its characteristic topology, a large number of serviceramas SUch case, the Time Division Duplex (TDD) design has proved

per unit area performs coherent linear processing, andsadfe t© be a more feasible solution against Frequency D|V|S|o_n

unprecedented number of degrees-of-freedom (DoF). AmoRgPlex (FDD) schemes because the latter are accompanied
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with further channel estimation and feedback challengés [3
[4], [14]-[16]. The DoF decrease as the CSIT inaccuracy
increases. Especially, in realistic scenarios, where CSIT
imperfect, linear precoding techniques lead to a rateragili
at high SNR, if the error variance is fixed.

In order to enhance the sum DoF, the rate splitting (RS)
strategy has been proposed|[17]. The RS outperforms conven-
tional broadcasting at high SNR because it does not exparien



any ceiling effect [18]—-[2ﬂ. According to this strategy, theto several other users via an infrastructure-based retdipst
message intended for one user is split into a private padrving several roles such as a low power base station [34].
and a common part by using a fraction of the total powdforeover, having a MIMO relaying in the scene, we test
The private part is transmitted by means of zero-forcing) (ZRS in the basic scenario of just HD transmission. The main
beamforming, while the common part is superimposed aontributions are summarized as follows:

top of the precoded private pgrt by means of the_ remaining, Contrary to existing works such &s [5]-[11], which have
power. The common message is drawn from a public codebook : S :
. . . studied FD MIMO systems, we focus on massive MIMO
and decoded by all users. At the receiver side, the decoding . .
. ) . systems, and examine the impact of SI, when RS trans-
procedure involves first the decoding of the common message 7~ =" ™ : X
S . mission is applied at the second link. For the sake of
by means of successive interference cancellation, and then . .
comparison, we also present the results corresponding to

e was 1 HD 5k Syt s shoun it RS s robust o
9 ying In p 9 multipair HD and FD settings.

mostly used for coverage enhancement, in today’s cellular We derive the deterministic SINRs of NoRS and RS

. . . . [ )
networks, it is shown that it can improve both coverage in multipair FD systems with imperfect CSIT and use

LT i :
and system capacity [P3]. In this rega.rd, relaying h?‘s been them to investigate the performance benefits of RS over
already considered as one of the salient features in 3GPP . )

NoRS in the presence of Sl. Actually, first, we ob-

!_ong Term Evqut|qn (l.'TE) adyanced [24]. Especially, the tain the estimated channels of both links by means of
importance of relaying in massive MIMO systems has been L : .
. : MMSE estimation. Next, we apply RS in the second link

already demonstrated in several studies [25] . - .

in th f ve MIMO relavi both half-dupl by designing the precoder of the private and common
HIS edf;l:rgaho n;asswet died I'ZS aglzng,l 0 " al } l'JaptiX messages, and we consider suitable power allocation.
( )a? HD thave ee;n ls uﬁ_|e_ - '-# ]B N par |cutz_;1r,|t di Although the basic implementation of the RS strategy
case Ol » the Epec fra Ie 'C'?nt?y ast eenc‘lr]:/Ge]s 'gg]essor assumes just ZF precoding for the transmission of the
a very large number of relay station antenrias [26}-{30]].[ private messages except [17], we consider regularized

Orl the othe:jr;gnd, €.9. FD. relaying \l’lwth gahlargel_numbt;ir Of ZF (RZF) precoding because it is another low-complexity
antennas and finear processing as wefl as the scaiing AVl inear processing technique applicable in massive MIMO

W'thl the;gm?;lr O.f retlay antefntr;]as of (tjhf self(—jlnte:_e ren;eew ‘ systems. However, RZF provides better performance than
analyzed in[[31] in terms of the end-to-end achievable rate. Finally, we provide the DEs of the SINRs of the pri-

TO\(/jve;rds th'ds d|rect.|on;\/ltna gsyrpptotlctperforrr_lancde d(')tf' aﬁy;]pl d vate and common messages. Note that these deterministic
and-forward massive relay systems with additive hard- expressions allow avoiding any Monte Carlo simulations

ware impairments was determined in[32]. with very high precision

« Above this, RS is robust in HD and FD scenarios because
A. Moativation-Contributions it can mitigate the multi-user interference taking place in
the second link of both HD and FD cases. In fact, we
elaborate on the impact of the severity of Sl. Actually,
RS is able to mitigate the saturation due to the Sl in
spite of the knowledge of perfect or imperfect CSIT.
Furthermore, in the case of lower Sl, RS behaves better.
The same observation is made as the number of relay
station antennas is increased, since then, SI becomes
lower.
We show that an increase of the number of user elements
(UEs) in a multipair FD system results in a reduction
of the performance gain of RS over NoRS because
the common message has to be decoded by more UEs.
Moreover, we quantify this decrease exhibited due to a
less mitigated SI.

Following the research trends and needs in massive MIMO
and FD systems, we consider a collectionf6fsources com-
municating with another collection df destinations through
an intermediate massive MIMO FD relay station, and we focus
on the application of RS. In particular, in our architecture
scenario, two sources, leading to rate saturation, arelfades
first includes the multi-user interference with imperfe&IT
in the second link, and the second concerns the SI emerging
from the FD transmission. This work tackles the challenge of *
mitigating the rate saturation by leveraging the RS apgroac
In particular, we investigate the robustness of the RS nikitho
realistic massive MIMO FD settings suffering from both pilo
contamination and Sl. The motivation of this work started by
the observation that in FD systems the CSIT is altered due
to the presence of Sl. Furthermore, it is known that RS is The remainder of this paper is structured as follows. Sec-
applicable in multi-user settings with imperfect CSIT. lden tion [l presents the system and signal models for both links
these observations suggest that RS will be effective in tbe the multi-pair FD relay system. Sectignllll presents the
mitigation of the SI and the consecutive circumvention & thdata transmission phase, while in Section 111-B, we provide
rate saturation due to the overall imperfect CSIT. Note th#fe estimated channels obtained during the uplink training
our system setup is quite general, since it can model cellughase of the two links. Next, we present the RS approach.
networks with some users transmitting simultaneouslya®n In Section[TW, we present the end-to-end transmission by

obtaining the SINR of each link. Sectigd V exposes the DE

Uinterestingly, a further gain of RS over no RS (NoRS) can Héesed angalysis, which enables the design of the precoder of the
by optimizing the precoders [22], where for the sake of eitjpzs and . S .
comparison, henceforth, we denote by NoRS all the conwveaititechniques common message, and malnly, the derivation of the achievabl
to contrast with the RS techniques. rates in the presence of SI. The numerical results are placed



in Section’ V], while Sectiof VIl summarizes the paper. terms of thekth diagonal elements, which are denoted by
Notation: Vectors and matrices are denoted by boldfagésr » and Brp.x, respectively. Furthermore, assuming that
lower and upper case symbol(s)", (-)*, (-)", andtr(-) repre- there is no line-of-sight component, the Sl channel is mediel
sent the transpose, conjugate, Hermitian transpose, and tiby means of the Rayleigh fading distribution. Mathemaljcal
operators, respectively. The expectation operator is t@enoit is described by th&rr € CM >N channel matrix between
by E[-]. The diag{-} operator generates a diagonal matrithe relay’s transmit and receive arrays. In other words, the
from a given vector, and the symb@ldeclares definition. The elements of the SI channel matr&rr can be modeled as
notationsCM*1 andCM*N refer to complex\/-dimensional i.i.d. complex Gaussian random variables with zero mean and
vectors andM x N matrices, respectively. Finallyp ~ varianceo}, i.e.,CA (0,0%;). The physical meaning of;
CN(0,X) denotes a circularly symmetric complex Gaussiacan be seen as the level of Sl that is dependent on the distance

variable with zero-mean and covariance maffix between the transmit and receive antenna arrays. Also, the
assumption that the channels between the transmit and/eecei
Il. SYSTEM MODEL antennas are i.i.d. considers that the distance between the

The concept of our model involves a multipair FD relayin%ansmit and the receive arrays is much larger than thertista
system with a common relay statidh and X' communica- etween the antenna elements.

tion pairs (Sg,Dx), k = 1,..., K sharing the same time-

frequency resources. Specifically, we considéruser pairs, [1l. END-TO-END TRANSMISSION

where theith sources,, exchanges information through arelay Thjs section presents the data transmission and the uplink

operating in decode-and-forward protocol with thth UE  estimation phases of the multipair decode-and-forward FD
destinationD;.. Moreover, the system suffers from Sl due tgnodel as well as the RS approach.

the simultaneous transmission and reception, since itab@er

under an FD mode. Note that there is no direct link between .

the sourceS;, and the corresponding destinatiéy, because A Data Transmission

of heavy shadowing and large path-loss. The source and thét time instantn, the K user source$S; (k = 1,..., K)
destination pairs are equipped with a single antenna, wide transmit simultaneously their signals to the relay, whiich,
FD relay station is deployed witlV receive antennas and  turn, broadcasts the signal to &l destinations. Actually, we
transmit antennas, i.e., it includés = M + N antennas in denote,/psu; [n] the kth user transmit signal at time with

total. ps being the average transmit power of each source since
E{|ux [n][*} = 1, while at the relay station the received
A. Signal Model signal is interfered with its transmit signal.

Wi ider f fiat ch s bet th Herein, we present the conventional input-output signal
€ consider frequency-flal channels between Ine SOUlflyqq| (NoORS) as a measure of comparison. More precisely,

;J_serlljgnkd thedrellaé/ as \ge” Ia_s Eeé\;veinftt:f relfi\r):]andhdestii';e- signal received by the receive antenna array of the relay
lon » modeled as Rayleigh block 1ading. 1he channe, ., 5 the sources is given by [31]

are assumed static across a coherence block ahannel
uses with the channel realizations between blocks being in-  yg [n] = /psGsgru [n] + Grrs[n] +zr [n],  (3)
dependent. The size of the block is defined by the product . ) ) o

between the coherence tinde and the coherence bandwidthVhile the signal received by thé’ destinations from the
B,. Specifically, the frequency-flat channel matrices betwedi@NSmit antenna array of the relay station is written as
the K sources and the relay stat.ion’s receivg antenna array ¥ [n] = Gips [n] + zp [n] (4)
as well as between the relay station’s transmit antenng arra

and the K destinations, modeled as Rayleigh block fadingherezr ~ CN(0,Iy) andzr ~ CN(0,1x) are the additive
are denoted byGgsg € CV*K as well asGgrp € CM*K  white Gaussian noises (AWGNSs) at the relay station andsthe

respectively. We express each channel realizatifin as destinations, respectively. Note thgt] is a vector whose k-th
. 1/2 element isuy[n], and the vectog[n] expresses the transmitted
Gsr = HsrDgy @) signal from relay to destinations. For the sake of compjexit
Ggpp 2 HRDD%{/[?- (2) we assume that the relay station applies linear processing,

, i.e., the relay station achieves the decoding of the traitethi
These channel matrices account for both small-scale 35‘]5na|s from thekk sources by employing a linear receiver,

large-scale fadings. Specifically, the matriddsr andHrp, ang at the same time, the relay forwards the signals tdithe
having independent and identically distributed (i.idY (0,1)  gestinations by using linear precoding. In the general ,case
elements, describe small-scale fading, while the matli®e$ e |inear decoder and precoder are given W§" and F

and Drp are diagonal and express the large-scale fading jgpectively. Specifically, the received signal is seerato
T . . I
2This network configuration is of high practical interest.r kxample, it K streams after mUItlpllcatlon with the linear receive¥

can describe a cellular setup, where the communicationeestviwo users is according to
performed by means of a massive antenna low power basenstatio
3According to the favorable propagation assumption whicls been T [n] = W'yg [n]

validated in practicel [9], we consider that the channelsmftbe relay station - H H H
to different sources and destinations are independent [31] = VPsW"Gsru [n] + W"Grgs [n] + W"zg [n]. (5)



TABLE |
NOTATIONS SUMMARY

Notation Description
K Communication pairs
M, N Numbers of transmit and receive antennas
Sk, Dg The kth source and destination
Te, Be Coherence time, bandwidth
031 The variance of the elements of the self-interference matri
T Duration of the training phase
DS, Ptr Average transmit power per source and transmit power pet gyimbol
Gsr, Gip, GrRRr Channel matrices of the first link, second link, and seléifégrence
Hsgr, HrD Small-scale fading matrices of the first and second links
Dsr, DrD Large-scale fading matrices of the first and second links
fe, fi Precoding vectors of the common and private messages pongisg to UEL
Dey Pk Powers allocated to the common and private messages oondieg to UEk
A Normalization of the precoded message
Ysr, Rsr SINR and achievable rate of the first link
”fﬁD,k' fygD k SINR of the common and private messages of the second link
R% D, RIﬁD & Achievable rates of the common and private messages of tunddink

The kth element ofr [n], or equivalently, thekth stream B. Pilot Training Phase
enables the decoding of the signal transmitted from itre
sourceS;. More precisely, we have In practical systems, the relay station has to estimate both
the channelsGsg and Ggrp. A good transmission protocol
to implement the current design is TDD, which is the most
favorable scheme for massive MIMO. According to TDD, the
protocol consists of coherence blocks having duratiori’of
channel uses. In turn, each block is split inte> 2K training
pilot symbols to guarantee that the source and the destmati
where the first and second terms represent the desired sigpglr elements (UESs) are spatially separable by the reltigrsta
and the interpair interference, while the third and lasitergng the remaining channel uses are allocated for the data
express the S| and the post-processed noise. Notegthat  transmission symbdisNote that during the data transmission
andw, are thekth columns ofGsgr and W, respectively.  phase, the channel is known due to the property of the

Having detected the signals transmitted from ii@ources, channel reciprocity. After sending the pilots, the recdive

the relay station employs linear precoding to process thesiynal matrices at the receive and transmit antennas of the
Then, the relay station broadcasts the signals tdatlestina- relay are given by

tions. If we assume that the processing delay is equéltol,
we havH

K
ri; [n] = /PsWi8sr,kuk [n] + \/ZTSZWZgSR,jUj [n]
Jj#k
+ wiGrrs [n] + wizr [n], (6)

Y = /Pt (Gsr®s + Gro®p) + 2V, 9)

s[n] =uln—d, @) Y{" = /7P (Gsr®s + Gro®p) + ZY,  (10)
where u[n —d] includes the linear precoding matrix. B,y
substituting of [[¥) into[{4), we obtain the received signal
D, as

here the channel matrices from thesources to the transmit
Antenna array of the relay station and from #tielestinations

to the receive antenna array of the relay station are given by
Ggr € CM*K and Ggp € CN*K| respectively. Similarly,
Z" and Z!* denote AWGN matrices having i.i.A (0,1)
elements. Also, théth rows of®g € CX*™ and®p € CK*7

are the pilot sequences transmitted from the corresponding

Choosing MMSEIRZE processing, L. emloing SEXUCe S04 SSsnaton tsere 18 400 D Al e
for the decoder and RZF for the precoder, we achieve & P q P y 9

. . . . . i i > i H = H =
maximize the received SNR by not taking into account th& ich requires that > 21, since®s & = I, p &y, = I,

W .
interpair interference [16]. In other words, MMSE and RZ nd (I>S. p = 0. Note thatp,, denotes the transmit power of
each pilot symbol.

behave quite well. Hereafter, we omit the time index from our ] ) ] )
Under the assumption that the relay station applies min-

analysis for the sake of simplicity. ] Ay -
imum mean square-error (MMSE) estimation to estimate the
channel€Gsg andGgrp, the estimated channels can be written

Yok [n] = grppuln —d] + zpk (0] (8)

with grp . being thekth column of Ggp, while zp i is the
kth element ofzp.

4This common assumption in the existing literature for FDtays, enables
us to assume that at a given time instant, the receive angntitisignals at
the relay station are uncorrelated. Also, we assume thatelhg can obtain
the source signals without any error. Otherwiss] in (@) would include a
noise term.

5The pilot sequences of symbols are transmitted simultaneously by all
the sources and destinations.



by following the corresponding procedure in [31] as

Gsr = YU @ Dsr
TPtr
= GsgDsg + mNsﬁSR (11)
and
Grp = YU ®Y Drp
TPtr
N 1 N
= GrpDrp + = NpDgp, (12)
tr
where Ng = Z{®} and Np = ZY®Y. In addition,

we have Dsg = (f)s_;{/(Tptr)—f—IK) and Drp =

(f);{[l)/(rptr) +Ix ). Given that the rows ofPg and ®p

are pairwisely orthogonal, the elements N and N are
i.i.d. obeying to theC A/ (0, 1) distribution.

motivates us to investigate the potential benefits of RS én th
presence of the Sl, since the Sl has the effect of altering the
CSI between the estimation stage and the transmission. stage
According to the RS method, the message, intended for
destination UEE, is split into two parts, namely, the common
and private parts. Regarding the common part, it is drawm fro
a public codebook and it has to be decoded by all UEs with
zero error probability. As far as the private part is coneelrit
has to be decoded only by destination KBt is worthwhile to
mention that the messages, intended for the other UEs,stonsi
of a private part only. In mathematical terms, the transmit
signal is written as

K
u= pofue + Y aekeur, (15)
N—_——

k=1
~—_——

private part

whereu,. andu; are the common and the private messages

common part

Taking into account the property of orthogonality of MMSHor UE k, while f. denotes the precoding vector of the
estimation, we decompose the current channels in termsof fbmmon message with unit norm afidis the linear precoder

estimated channels &s [35]
Gsr = Gsr + Esr (13)
Grp = Grp + Erp, (14)

corresponding to UE. More concretely, the private message
uy Vk is superimposed over the common messagend sent

with linear precoding. In additions, is the power allocated to

the common message. Regarding the decoding procedure, the

where Esg and Egrp are the estimation error matricedfirst step is the decoding of the common message by each UE,
of Gsg and Ggrp. Actually, the rows of Ggr, Egg, While all private messages are treated as noise. The next ste
Grp, and Egp are mutually independent and distributedncludes the subtraction of the contribution of the common

asCN (O,ﬁSR), CN (O,DSR - ]f)SR), CN (O,f)RD), and
CN (0, Drp — Drp ). Note thatDsg andDgp are diagonal
matrices with {]ADSR L= U§R7€ and {]ADRAD}% = okp,
being the diagonal elements ®sg, and Dgp, which are
equal t003g , = TPpufig 1/ (TPufsrk +1) and ogp . =

message in the received signal by each UE, and thus, each
UE is able to decode its own private message. Herein, we
focus on the application of the RZF precoder for the private
messages, as mentioned before.

Remark 1 (Conventional Transmission (NoRS Approach)):
According to the conventional approach, there is no common
message transmission. Thus, since no common part ekiSjs, (1

TpuBap r/ (TPuBrD K + 1), respectively. degenerates to

K
C. RS Approach u—= Z NS
After having described the conventional multipair with k=1

relay transmission (NoRS) in Sectign]lll, we focus on th@/here/\ is a normalization parameter insidig given by A =

application of the promising RS transmission method that is K___
going to be applied in the second link between the rela]\E)L"F Fl

station and the destination users. Below, we provide shortl IV. END-TO-END ACHIEVABLE RATE

Its phresent_angn. it of th . K | _This section considers the presentation of the transmmissio
The main benefit of the RS transmission, taking place [y een thekth source user and the corresponding destina-
multi-user scenarios, is the achievement of unsaturated Son user through the multiple antennas relay station, i.e

rate with increasing _SNR despite the presence of imperfﬁg}C — R — D,). Reasonably, this rate depends on the weakest
CSIT as was shoyvn in_[18]. [.L9], [‘22]'_[36]' The NoR?_stra ink between the two hops, or else, this rate is limited by the
egy treats as noise every multi-user interference origigat minimum of the achievable rates of the two links[10]. More

from the imp_erfect CSI_T' Qn the other hand, _the RS Strategéfncretely, the achievable user rate from end-to-end isngiv
is able to bridge treating interference as noise and perfo

interference decoding through the presence of a common
message. Thus, the key to boost the sum-rate performance is
the ability to decode part of the interferefic&his observation

(16)

(17)

where Rsr , and Rrp i, denote the achievable rates of the
6 At the time of demodulation, a user needs to know the precatiadnel correspondlng links.
to perform coherent demodulation. Actually, the user dazsneed to know In the first transmission link, a conventional MAC is consid-
the channel itself and the precoder itself, but just the irpreduct of the ared with an MMSE decoder at the re|ay station, while, in the
two, i.e. the precoded channel. The same action takes ptacenventional .
second hop, we employ the RS scheme with an RZF precoder

MU-MIMO. In practice, this is achieved through the use of delmation A )
reference signals, called DMRS in LTE-A[37]. for the transmission of the private messages.

Ry, = min{Rsgr &, RrRD &},



A. S — R (Conventional Transmission) V. DETERMINISTIC EQUIVALENT PERFORMANCE

ANALYSIS
During the first hop, we seis = p, wherep refers to the .
SNR, since the AWGN is assumed to have unit variance. Thys The DEs of the SINRs for both links are such that for each

a.s. :
the SINR of the source UE is expressed by means &1 (6) aynk it holds thatyy, — 7 (01, where is the SINR of
the kth user andy; is the correspondmg DE. In this direction,

plwigsr k|2 the corresponding deterministic rate of UEis obtained by
TSR,k = ZK (wigsr 2 + ”“;HG 2+ HWHHQ' (18)  the dominated convergence [39] and the continuous mapping
j#k PIWLESR.] kRR k theorem[[40] by means of (119], (23) for both links as
Note that we have relied on the worst-case assumption by Rix — Riy & 0, i=SR,RD (24)

treating the multi-user interference and distortion neiss
independent Gaussian noisés|[38]. According to this SINRhereR; ; is the DER; .
we obtain the achievable sum-rate, being a lower bound of

the mutual information between the received signal and tIAe DE of the Achievable Rate of the First Hop (S, — R)

transmitted symbols, as
The design of the first hop, being basically a MAC, follows

K a standard uplink transmission scheme. We choose the MMSE
Rgp = Z RsR &, (19) linear decoder, in order to keep the implementation conitylex
k=1 to a reasonable level and at the same time achieve a high rate.
The MMSE decoder is designed by means of the channel
whereRsg,r = L57 log, (1 + Ysr,k)- estimateGgg, as [16]
Wisr = (WSR-l-ZSR—i-NOéRSRIM) Gsr, (25)
B. R — Dg where we define
During the second link, we employ the RS transmission Siep & (WSR+ZSR+NCYSRIAI)_ (26)

scheme, in order to mitigate the saturation of the system at
high SNR. Specifically, we apply uniform power allocatiofyith Wer 2 GSRGER- The matrix Zsg € CV*N s an
for the private messages, however, the power allocated dgbitrary Hermitian nonnegative definite matrix ang is a
the common part is different. The allocation scheme assumegularization parameter scaled b in order to converge to
pe = p(1 —t) to the common message apgd = pt/K to the g constant, asV, K — co. Although agrp and Zgrp can be
private message of each UE, where (0, 1]. Thet parameter optimized, this is outside the scope of this paper and weeleav
is used to adjust the fraction of the total power spent on thefor future work.
transmission of the private messages. The data transmission during this hop has a duration of

Following the RS principles, we have to evaluate the SINRB — 7 time slots. The DE of thé& user rate, whers, N go
of both common and private messages. Assuming that perfecinfinity with a given ration3 = N/K, is provided by the
CSl is available at the receivers and given that the transrfotlowing theorem.
signal is given by[(15), the corresponding SINRs are given by Theorem 1: The DE of the SINR of UE; for the first link

of a multipair FD system with MMSE decoding and imperfect

. pelghp ifel? CSIT is given by[(2FF), where
YRD,k = (20) )
Z] 1 K|gRD WEilP+1 , 515 o
Ykp = min (’VRD k) (21) Wik < 6—J + I il 2Re L . (28)
e BTN N (14 0,)? N(1+6)
p _|gRD ok 22 . ,
TRDk = (22) A|SO, we have dsp i = % tr Dsr .« Tsr .k, 6SR &
Zﬁek K|gRD 1fi 12 +1 A , M Vo AT :
N trDsrxTg oy dspp = w1t Dsr kTR 4 OSR,jk =
trDsR kTsr gk, Osp i = L ~ ' Dsr i Tog iy O =

Note thatygp = mkln (v&p,x) andvgp, ;. correspond to the N

SINRs of the common and private messages, respectively.¥n
this case, the achievable sum-rate is written as

tr DSR ik TSR, jk» S = ZSR/N anda = agr Where
* Tgrr = Tsri(@) andd = [61,--- ,0k]|" = d(a) =
e(a) are given by [[41, Thm. 1] forS = S, D =

K DSR ks L*DSR’ka e K,
Rep = Riip + > Rip s (23)  * Tsrux = Ty, (a) is given by [16, Thm. 2] forS = S,
Jj=1 D= DSR b K = DSRk—DSR & Vk € K,
where, S|m|lar to[(19), we have§;, = L=~ log, (1+75p) and  "Note thatMa;sW denotes almost sure convergence, and < b,
—00
R%D k= 1032 (1 + VRD k) correspondlng to the achiev-expresses the equivalence relation— b, M—> 0 with a,, andb, being

able rates of the common and private messages, respectively infinite sequences.



2
_ . POSR &
VSR,k = T

5 1 5 1 K psr,jk (27)
POsr it MOy + WL TRR + 020520 =

* Tsrx = T/S/R,k(&) is given by [16, Thm. 2] forS = S, where we define
D = Dgr., K = Iy, Vk €K, Qo (v -1
+ Trr = Trr(@) is given by [16, Thm. 2] forS = S, Trp = (WRDJFZRDJFM aRDIM) (30)

A . rp = GrpGjp and A being a normalization pa-
* Tsr ik = Tsr, jx(a) is given by [16, Thm. 2] folS = S, e o K CR ]
. :J]f)SR,k, b Do Nh ek rameter tlhat sat|§f|e$ T E[wFR Frp]’ v;]IhICh| is as.lo.r:::_]1

¢ Tsnjp = T/SRijC) is given by [16, Thm. 2] foiS = S, term total transmit power constraint at the relay. Similar t

L MM s
D = Den, K — Dsnp, L — ﬁsa,ﬁk c K. ;hrzit?::ml:on (_)f_ the MMSE _decod(_eZ_RD € (C is an
i G X y Hermitian nonnegative definite matrix andp is a
* Tsrji = Tgp ;4 () is given by [16, Thm. 2] foS =8, regularization parameter scaled by, in order to converge to
D = Dsg iy K = Dsgr, L = DsriVk € K. a constant, ad/, K — oo. In addition,arp andZgrp can be
Proof: The proof of Theorernl1 is given in AppendiX M. optimized as well, but this is outside the scope of this paper
and we leave it for future work.

B. DE of the Achievable Rate of the Second Hop with RS ~ 2) Precoding of the Common Message: Herein, we provide
(R — Dg) the design of the precoddy of the common message by

This section presents the DE of the user rate during the chR owing a S|m|Ia_r procedure to [19]. In particular, t?‘@'”
o ; . : . into account that in the large number of antennas regime the
transmission with RS in the second link, which takes place f8
T — 7 time slots. In fact, we derive the DE of thigh UE in
the asymptotic limit ofK, M for fixed ratio( = K/M. . . ) ,
In addition, we provide the precoder design for the commd&@f Grp, & = Span (GRD)' In other wordsf. is designed as
message, implemented to be used under the RS appro@dieighted matched beamforming. Mathematically, we have
Moreover, among the main results, we present the DEs of the £ — Z o —— 31)
SINRs characterizing the transmissions of the common and ¢ - '
the private messages of UE

ifferent channel estimates tend to be orthogonal, we sgpre
f. as a linear sum of these channel estimates in the subspace

The objective is to maximize the achievable rate of the

. common messagRy;, ... This optimization problem is formed
C. Precoder Design ’

as

F_or the sake. of.simplicity, we employ linear precoding P, : max mianD7k|gHRD7ka|2’
during the application of the RS method. Actually, the RS fees k (32)
method includes two different types of precoders for the st )P =1
transmission of the private and common messages, respec- DA . oy
tively. In the case of a MISO broadcast channel (BC) with "¢'€ IRD.k = T5-F 2 i =5y The optimal{aj} is

imperfect CSI, the optimal precoder has to be optimizetelded by the following proposition. _ .
numerically [22]. However, we consider that the transmoissi Proposition 1. In the large system limit, the optimal solution
of the private message takes place by using RZF due to fethe practical problem set bif; is given by

prohibitive complexity, as mentioned in a previous sefion . 1 i 33
Further elaboration follows. o = P —— k. (33)
1) Precoding of the Private Messages: Given that the \/ MY, %%“7213%

complexity increases in large MIMO systems/&s— oo, the _ _ . o
choice of RZF for the transmission of the private messages Froof: We achieve to result in an optimization problem

is the prevailing solution. In such case, the relay statid(ﬁith deterministic variables by obtaining the DEs of the &qu

implements its RZF precoder, constructed by means of {fign and the constraint oP;. Indeed, applying Lemma_[42,

channel estimat&gp, as [16] Lem. B.26] to [32), we have
A e P2 @ max min L|a trD |2
Frp = \/X(WRD-FZRD-HVICYRDIM) Grp 20 TR MR ARDk |k BERD (34)
. . 1
= VAZrpGro, (29) s.t. zk:ag =

8Note that an extra gain of RS over NoRS can be achieved byhjoint . P . .
optimizing the power allocation as well as the precodershefdommon and Use of Lemma in [43] indicates that the optlmal solution,

private messageB [22]. However it is not really practicatesort to this type Satisfying Pz, results, if all terms are equal. Specifically, the

of optimization for large-scale systems such as massive ™IMhere the use gptimal solution is found When]RD,kO[i ﬁ tr2 ]f)RD_’k =
of deterministic equivalent analysis is commonly used ideorto get some 2 1 2 ]f) Vi . d th fi luded
further insight into the system behaviour in terms of differaspects such as 4RD.; ¢ 37z T DRD j, # J,» and the proof is concluded.
the impact of hardware impairmenis_[20]. |



Theorem 2: The DEs of the SINRs of UE for the second emitted energy into the proper destination users. Moregtiver
link of a multipair FD system, corresponding to the privatd a transmission towards the receive antennas of the relaipstat
common messages with RZF precoding and imperfect CSi§ avoided. Hence, the Sl reduces almost to zero.
are given by Remark 3 (Reduction to HD transmission): Changing the
system model, describing the FD transmission, to HD trans-

<ot o
Topk = — ARIRD i (35) mission by neglecting the SI term and changing the prelog
3ot Z QRD,jk F(+6 )2 factor in the achievable rate, we reduce to the expressions
K M RD.k providing the DE rates of the private and common messages
ik _ corresponding to (35) an{ {36).
_ pc)‘ai(Sl%{D k
YRD & = K ) (36)
A Z QF;\]/?M + (14 drp.s)? D. Power Allocation
j=1
where ’ The normal method to obtain the optimal power splitting ra-
tio £, maximizing [23), includes the derivation of the first-arde
RD N -1 derivative. However, the complicated form of the solutitea,
Wi Z 1190 ; us to follow a suboptimal power allocation method similar
RD.k) to [19], where RS outperforms the conventional broadcgstin
and schemes. Interestingly, the solution allows us to extraeful
2 observations. According to the main idea, the allocation of
’F’{DJ,C RD’jk‘ 5RD7jk the fractiont results by setting the total transmit power of
Qrp,jk = Wi M(1+6 )2 the private messages of RS, in order to achieve approxiynatel
,,,RD”“ . the same sum rate as the conventional multi-user BC with full
_9R. { RD,jk°RD,jk } 37) power. The remaining power is allocated for the transmissio
M1+ drD k) of the common message of RS, which boosts the sum rate. The
. ) gain in the sum-rate of the second link, achieved by the RS
A|50 we havedrpr = tr Drp,kTsrk: Orp . = strategy with comparison to the NOoRS transmission, is given
37 tr Do, kTSR ke ORD jk = tr Drp,;Tep e dnpie = by the difference
tr/DRD ak(;FSR K /F/{/D,?]k = gtr Drp JkT/SNR g So= X
Zrp /M, anda = agrp Where e b _ NoRS)
¢ Tony — Tenpld) ands = by, 6] = 8(a) — ARgrp = Rip +; (RRD,k Rrbk ) - (38)
e(a) are given by[[4l, Thm. 1] foS = S, Dgrx =
ﬁSR,k Vk e K, Proposition 2: The necessary condition, described by
* Tspjt = Tgp (@) is given by [41, Thm. 1] foS = S, Rpp, , < RRPY, becomes equality, when the power splitting
Dsgr.kx = DSR kVk € K, ratio ¢ is given by
* Tsr jk = TSR (a)is glven by [16, Thm. 2] foiS = S, K
LSRk—IA{;DSRk—DSRkaEK t:min{—,l}, (39)
* Tsr,jx = Tsr,j1,(@) is given by [16, Thm. 2] foS = S, 2
K= DSRJ,K DSRj,Dk—DSRk,VKEK XL (SrD %)
* TSR,]k TSR k( a) is given by [16, Thm. 2] folS = S, whereY” = K QRDK N - In such case, the
L = Dsp , K = Dsp s, Dy, = Dsps, Vk € K. 5% S+ (L ro k)
j#k

Proof: The proof of Theoreml2 is given in Appendix B. sum-rate gaerRRD . becomes
The following remark will enable us to shed light on the

interesting properties of multipair FD systems with a large ARrp > RS — log, e. (40)
number of relay station antennas during the presentatidn an o
investigation of the numerical results. Proof: See AppendiXT -

Remark 2 (Impact of increasing transmit and receive relay
station antennas): According to [31], the impact of SI cancels
out, when the Sl is projected onto its orthogonal complement VI. NUMERICAL RESULTS
Unfortunately, following this direction, the orthogonalbjec-
tion may harm the desired signal, unless the receive antenn@his section presents the verification of the accuracy of
array grows large (tending to infinity). In such case, ththe derived DE expressions (analytical results) by means of
channel vectors of the desired signal and the loop interfere comparison with the Monte Carlo simulation results. Moy
become nearly orthogonal, and actually, the impact of Sl ke numerical illustrations allow to gain insights on thetsyn
reduced. performance of the considered model, and mostly on the
In a parallel path, if the size of the transmit antennimpact of Sl. In particular, the bullets represent the satiah
array is increased, the relay station will be able to focas itesults.



A. Smulation Setup 45— T " T " ~
_ _ ) { | — Half Duplex A
We consider a Rayleigh block-fading channel, where the 4 |- Full Duplex /
coherence time and the coherence bandwidth7are- 5 ms 1
and B, = 100 KHz, respectively. As a result, the coherence
block consists of’ = 500 channel uses. The simulation
topology assumesX = 10 communication pairs, located
randomly inside a disk with a diameter 900 m. The pilot
length is7 = 20. In each block, we assume fast fading by
means ofhgg ~ CAN(0,Ix) and hgp i ~ CN(0,Ik).
Also, we account for path-loss and shadowing, whBrgs ]
is aK x K diagonal ma‘Erlbégwith elements across the diagonal 10‘_

w w
o a
1 L

N
&
1

Sum Rate [bps/Hz]
- [N
(4] o
1 1 1

1OSSR,'k.

modeled asyy , = ~5z7— With dsgr . being the distance 5
’ SR,k . 1
in meters between the receive antennaat the relay station 0
and source UE, and ssg r ~ N (0,3.16) representing the 20 » [dB]

shadowing effect [44]. Without loss of generality, we assum
the same large-scale conditions for the second link. Int&ofdi Fig. 1. Sum-rate versys for different transmission techniques and compar-
the power of the uplink training symbols for both links igson between HD and FDA( = 100, K = 10, T" = 500, pux = 2 dB,
pir = 2 dB [16]. The number of transmit and receive antennds! — 0 dB).
is M = N = 100. Note that these parameters hold throughout
this section, unless otherwise stated.
implementation of NORS. The highest line corresponds to the
B. Robustness of RS in FD systems?-Comparisons smallest value of?, i.e., 0, = —1 dB, because in FD, the
least theo?, is, the largest the rate becomes. Whe = 10

The metric, we employ, to shed light on this meaningfylg the slope is less than the other cases showing that the
question is the theoretical DE sum-rate and the correspgndhigher theo2, is, the less capable RS is of mitigating the SI.
Monte Carlo simulation. Actually, the theoretical curves a

obtained by means of Theorefs 1 and 2 as wellas (19) an |
(23) by means of(24). On the other hand, the simulated curve
are obtained by averaging the corresponding rate d0ér
random channel instances. The choice ok place by means
of Propositio . Although the DEs are derived f&r M, and

N — oo with given ratios, they coincide with the simulated
curves even for finite valuek’, M, and NE.

1) Comparison between FD and HD: Fig.[d provides the
comparison between FD and HD strategies in different trans
mission settings, when2; = 0 dB. Specifically, the dashed
black lines denote the FD method, while the red solid lines ®
depict the HD method. In all cases, FD outperforms HD as
expected. In addition, we show that RS with perfect CSIT for
both FD and HD increase with without bound. The practical -
scenario, where CSIT is imperfect, is depicted by means o -20
rate saturation in the case of NoRS, while RS provides ai
unsaturated rate. Although the gap between FD and HD is kept o
constant at high SNR in the case of NoRS, RS appears top';—ktbié:zz (?}‘;T'rate versus for varying o3; (M = 100, K = 10, T = 500,
even more preferable at the same SNR regime, as expected.
Hence, RS proves to be robust since the rate does not saturate, ) )
and it is even more preferable at high SNR. Overall, RS is Fig. [3 illustrates the sum-rate versus the variance of the
beneficial for both FD and HD, but FD outperforms HD dué' for » = 20 dB, when the number of transmit antennas of
to the prelog factor and the mitigation of SI, especiallyighh e relay station increases. At the same figure, we have
SNR (increasing gap with increasin. plotted the sum-rate cor_resp_on_dlng to the HD case, which

2) Varying the severity of S: Fig. [@ presents the sum-does not depend Oﬂgl, ie., |t_|s constant W|th_ r_egard to
rate versus the SNR for varying?. Actually, the solid M (parallel to the horizontal axis). Furthermore, it is exguabs

lines correspond to RS, while the dashed lines represent {8t @s the numbed/ increases, the impact of SI becomes
less severe, and hence, the sum-rate is higher. Until afgpeci
9t is shown that the simulations coincide with the DEs fdr= N =20 value ofo2;, the sum-rate does not change, which means that
SI
number of antennas. Therefore, the DEs provide reliablelteesven for low  the impact of Sl is negligible. After this value. the sumerat
system dimensions. It should be noted that this is not a neserghtion. d . M in th i '
Similar observations have been made in the literature eeeraf 8 x 8 starts decreasing. Moreover, in the case fat= 100, we can

system [[16], [[4D]-[42]. observe that HD appears with higher sum-rate, if the impact

0 v T T T T T T T v T

N
o
1

um Rate [bps/Hz]
S
1
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from o3, is large enough, i.eg?; > 18 dB. For the sake of B 1 * & + 1 v T # 13
comparison, we have included the plots corresponding to th | Sub-optimum power allocation
NoRS transmission. It is revealed that RS provides an iserea | |~ Optimum power allocation
in the range of Sl over which FD outperforms HD. -

3) Varying the Number of Relay Station Transmit Antennas <
M: Fig.[4 presents the sum-rate with RS versus the SNF% 15
for increasingM . Clearly, the higher the number of transmit 8
antennasM, the less severe the S| becomes. In such casi£
the sum-rate becomes larger. Moreover, we have added a Iir"é
in the case thatM = 200 corresponding to the optimum &
solution, in order to compare the results from the proposed s 5
optimum power allocation method and the optimum solution
which is obtained numerically. As can be seen, the solutior
provided by the sub-optimum method appears performanc: 5 ay B 4 e @8 uh
which is very close to the performance obtained by mean: p [dB]
of exhaustive search. Especially, in the high-SNR regiine, t
two lines coincide, which shows that the sub-optimum methegly. 4. sum-rate versus for varying M (K = 10, T = 500, px = 2 dB).
behaves as optimum in this region.

4) Varying the Number of Destination Users K: Fig.[H aims
at the verification that the achievable rate due to commol
message degrades with the number of destination ukers
and also quantifies the sum-rate in the case of FD. Obviousl |
increasing the numbeK from 5 to 8, the achievable rate
degrades because the common message has to be deco w
by more destination users. A solution for this, known as%_ 154
hierarchical rate-splitting (HRS), retains the benefitsRS, 2
has been presented in [19]. However, the study of HRS in th'g
case of FD is left for future work. =

=
(7

10 H
=20, 100, 200

%
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g - Fig. 5. Sum-rate versys for varying K (M = 100, T' = 500, ptr = 2 dB).
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@ Specifically, the objective of this work was to examine the
5 " ) potential robustness of the RS transmission method in multi

e . - \:\\ ] pair_ massive MIMO relay systems obeying mostly to the FD
o s faa design.
i : ' a3 2 - Initially, we pres_ented the_RS method ar_1d the FD approach.
o7, [dB] Next, by considering realistic channels with imperfect TSI

we obtained the estimated channels of the first and the second

Fig. 3. Sum-rate versus2, for varying M (02, = 0 dB, K = 10, T = 500, links. Having applied a conventional multi-user uplink ides
per = 2 dB). for the first link, we assumed the implementation of RS in
the second link. Actually, we provided the DE analysis of the
achievable rate for the first link, and then, for the secone, on
where the precoders for the common and private messages
were designed based on RS. Notably, the validation of the

RS achieves to mitigate the degradation emerged in muétialytical results was demonstrated by means of simuktion
user systems with imperfect CSIT. Motivated by this obsdhat depicted that the asymptotic results can be applicable
vation, we proposed the RS strategy to tackle the saturatiewen for systems of finite dimensions. Remarkably, RS proved
occured in multi-pair MIMO relay systems with imperfecto be robust in both cases of HD and FD relaying. Further-
CSIT. Interestingly, we considered relay stations empigyi more, among the interesting outcomes of this paper, it was
a large number of antennas (massive MIMO), in order &xtracted that by increasing the number of relay antennas
address the perfomance issues of the forthcoming 5G netwodk by decreasing the severity of SI, RS appears to be more

VII. CONCLUSIONS
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robust. After a certain value of the Sl, this property of RSince ZAJSR_,;c is not independent ofsr j, the use of [[16,
degrades. Furthermore, we showed that in the case of a densmma 2] gives

environment with increasing number of users, the ability of
RS to tackle SI and multi-user saturation worsens becawse th
common message has to be decoded by more users. As a future
work, we plan to focus on the robustness of RS in different

system models with altered CSIT. For example, we plan {ghich introduces a new matri)&SR,jk to (@8) defined

YSR,jk8SR,j8SR, j 2SR, jk

L+ ggR,kESR,ijSR,k

SRk = SR,k — . (49)

?mple:cne?tctglefrlihs tstrategg/ inhngll_icrpeter V\c/jgve systems Witlls 3igp . = (GS‘;‘{GER — Esri8R,; — Bsralln. +
Impertec at consider hybrd precoding. Zsr,x + Nagrly) . By substituting [(49) into[(48) and
APPENDIX A applying [42, Lem. B.26] and[[41, Thm. 1], we obtain
PROOF OFTHEOREM(] . k53SR,kgSR,j\2 - % whereysr i is given
. I ’ ’ SR,k
After appropriate substitution of the MMSE decoder angy (50). The derivation of the DE of each term Bf}(50) follows.
scaling by+;, the desired signal becomes In particular, we have
1, - 1. s
Nggﬁ,kESRgSR,k = Nggﬁ,kESRgSR,k (41) 1

mgSR,kESR,jkDSR,j 3SR, jkBSR &
L e R
~ tr2sr xDsr k

1 . . . .
= ~ ~ 42 - = ) ) )
1+ L tr Sisp xDsr (42) = 72 tr Dsr, 1k 2sr, jkDsr,j 2SR, jk
L trDgg T Lo ’ OSR,ji
_ N SR,k L SR,k : (43) = m trDSR,jTSR_’jk _ NJ ’ (51)

1+ % tr ﬁSR,kTSR,k
where we have used [45, Eq. 2.2], aftkg x is defined where we have used [41, Thm. 1] andl[16, Thm. 2] as well as
as Ssp = (GSRGER _ Esrelln o + Zsn 4 NogrIy) L. we have deflne@’stk = +tr Dsr,;Tgg ;- Moreover, we
Applying [42, Lem. B.26] and [[41, Thm. 1], we havehave used, , Ssr jugsrr = & tr DsrxTsr jk = Osr.jk
Lete  Sergsny = ok 25, g wheredsp, — by means of[[41, Thm. 1] and 16, Thm. 2]. As shown above,
’ Sk Ny—oo application of Lemmal[42, Lem. B.26] as well ds[41, Thm.

1. A
~ U Dsr e Tsr. k- The DE of the power of the term CONCEINT1 and [16, Thm. 2] to the first and second term[ofl (50) gives
ing the estimation error becomes

2

. o - 1 . 1 . . . .

1 s 1| 8fridsribsri | — 18R 1SRk = —tr Dgr s Esr 6 Dsr xSk
—Q‘ggR,kESRGSR,k‘Q = — SARF;k . - (44) N2 &SR,k <SR,jk8SR,k N2 ISR k24SR,jk ISR, k24SR, jk
N N2l1+ 8SR 1 2SR, kESR, k 1 X . 5 N

1 6' = =5 tr DSRJQTSR ik = SR.j . (52)
_1 SR,k (45) N ’ N
X,
N (1 + 5SR7,€) Regarding the term including the SI, we have
’ o 1 2 / - 1 1
where 5SB,k = ytr(Dsrx — DSRZk)TD§R,k and K = WWZGRRE s [n] s" [n]] GHpwy = WWZGRRGHRRWIC
Dggr.r —Dsr,x. The DE of the term, including the expression

of the received AWGN noise, is obtained as = %ggR 1+ EsRGRRG | ESRESR & (53)
) aH ﬁ: 2 ) R . R
%’ggR,kESR‘Q = % AgSR”i SRk (46) _ 1 %gggkESR,kGRRG”RRESR,kgSR,k (54)
N N1+ glg 1 Zsr kbIsR & - N Lan < . 2
a2 A (1 + NgSRykESR,kgSR,k)
B 1 gSR,kESRJggSR,k LD & Coo Gt
- N2 . . A 2 _ 1 x5 trDsr x2isr,k GRRGRR 2SR,k
(1 + %gERkESR,kgSR,k) =N ; " 2 (55)
. (1 + 5 tr DSR,kESR,k)
N 1 (SSRvk 47 1 " 1 H
= N ma ( ) _ 1 ~ tr DSRvaSR,k N tr GRRGRR (56)
SR,k ~ nr 2
. N (1 + %trDSR,kTSR,k)
wheredgg, ,, = + tr Dsr xTgr , andK = Iy. Note that we Sar inis tr Trr
have applied[42, Lem. B.26] and [41, Thm. 1]. The derivation = ———— (57)

2
of the DE of the power of the multi-user interference follows (1+dsr.)

We have A where in [5%), we have used [45, Eq. 2.2] twice. Next, in
1. < 9 1 &SR 1 2SR, kBSR,j (E5), we have applied [42, Lem. B.26], while in_{56), [45,
m‘gSR,kESRgSRJ‘ N2 Eq. 2.2] is used. Note tha} tr Trr = + tr Grr Gl due
R R to Theorem with the covariance of théh column of Ggrr
- LggR,kESR,kDSR,jESngSR,k 48) equal tooIn. If we make the necessary substitutions, we
N2 (1 Len S . )2 ' obtain the corresponding deterministic equivalggg , and
ESR &k SSRAESR, this concludes the proof.

1+ ggRﬂkﬁ:SR,kgSR,k
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R 2 R L
8SR. 1 2SR, jkESR, k ‘ 8SR k2SR, jkDsR,j XSR, jk8SR, k

~H - KA - A
USR,k = 8SR, k2SR, jkDSR,j 2SR, jk8SR kT - 5
(1 + ggRykESR,jkgSR,k)

512 oSSR KESR ABER xR, jkDsr.j SsSR,jkESR &
— 9Re 8SR,k~“SR,jk8SR, AgSR.,kA R,j i R,j%SR,jk8SR, ' (50)
1+ 85R 1. XSR,jkESR, k
APPENDIXB where in [66), we have taken into consideration tgab
PROOF OFTHEOREM[Z andgrp,; are mutually independent. Given thlkp ; is not

First, we derive the DE of the normalization parameter independent ofgrp x, we employ [16, Lemma 2], which
We start W|th a S|mple algebraic manipulationXoWe obtain yields

A= tr G ERDGRD - Next, we have . SRD,jkgRD,kg;'{D kSRD,jk
e Yrp,; = ZRDjk — e - ,  (67)
i L e (58) 1 + 8Rp 1 2RD,jk8RD,k
U=> 8hprZRp8RD.A 5 i o afi : .
py RD,kZRDSRD where the new matri¥gp ;i is defined aipp ;i = (WRD—
K ERD, L} —8RD g
1 L tr DRD P32 kSRD,k J8RD,j
= Z RDk 5 (59) +Zpp +arp IM) After substituting [(67) into[{86), we
k=1 (1 trD 3| )
( + 37 tr Drp £ XRD have 15 |&}p. kERDgRD,j = 71&1(?113?;[):)2’ where Qrp jk
1 E 5RD i K is given by [70). We proceed with the derivation of the DE of
W =T (60)
M < (1 + onp, k) X each term in[{70). Specifically, we have
where we have defined Xgp i £ Wgﬁp,kERD,jkDRD-,jERD.,jkgRD,k
—1
A “ N . 1 N “ N N
(WRD_gRD;kgﬁP-,k—i_ZRD+O‘RDMIM) with =gt Dgp,xXrp,jkDrp,jErD,j1k  (68)
Wrp = GrpGpp. Also, we have applied[[41, Thm. ) 5
1] and [16, Thm. 2] forL = DRD pand K = Iy, = —tr DRD,JT/I/{D = RD.jk (69)
and we have denotedRD k= M tr DRDkTRD r and M M

’

Saps = —tr Drb kTRD .. Hence,A = X. Regarding the where we have applied [42, Lem. B.26] and|[16, Thm. 2] for
rest part of the desired signal power, we substitute the RE= Dgp,x andK = Dgp ;. Similarly, we have

precoder, and after dividing bg— we have 1., . 2

72 gRD,kERD,jkgRD,k

1, o« . 1y o«

~78RD kXRDERD,k = 77 8RD kK ZRDERD,k (61) 1 . . . .

M Ml . . =2 tr DRp,x2RD,jsDRD,k2RD, jk
77 it Lrp kDRD &

= D,k TRD, 62 e e
1+ 57 tr Xgrp kDR & (62) ek Drp,k¥rD,jkDRD £ ZRD, jk (71)
itrf)RD ¢ TRD. & 1 " o
= _M . " (63 = trDrpsT — BDJgk 72
1+ 57 tr Drp x TrD 5 M? DR ERD.GE = T (72)

"

where we have applied Lemmas[45, Eq. 2/2]I [42, Lem. B.2@jhere L = Drp and K = Dgpy, and dgp gk =
and [46, p. 207] in[{61) and (62), respectively. MoreovegW tr Drp 7kTRD k- The next term is written as
we have exploited[[41, Thm. 1] if(63) fak = Dgp k. 1 1

~H = - -
Wr|t|ng in a concise form the last equation, we obtain  ——58grp xXRD,jk8RD,k = MtrDRQkEka (73)
MgRD s 2RDERDE = lj‘:;f’ __We continue the proof with .
the derivation of the DE of the term of the interference part = i tr Drp x TRrD,jk = ORDjk; (74)
of £ Z#k gt xfrp,j|?. Making use of [45, Eq. 2.2], we
obtain by means of [42, Lem. B.26] and [45, Eq. 2.2]

where in [78), we have applied both Lemmas][42, Lem.
) ) B.26] and [46, p. 207], while in the next equation, we have
W|gﬁD_’kfRD_j|2 — W|§”Rn,k2RD§RD,j|2 (64) applied [41, Thm. 1]. Hence[ (¥0) becomes
" ‘2

RD.k

’

5RD,k

AH 3 & GH Yy 4 ’
_ % gRD,kERDJgRD,JgRD,gERD,JQgRDJC (65) Orp 9, | :
(1 + &rp jERD,ngD,j) M M (1+6rp,k)
6// ) 6/
1 8o Srp,DroSko i8R0, 4 —2Re {M}. (75)

M2 PR (66) M (1+5RD,k)
(1 + gRDJERD’ngD’j) Making the necessary substitutions, the proof is concluded
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~ 2 ~ ~ ~
gHRD,kERD,jkgRD,k’ 8kp £ 2RD,jkDRD,j XRD, jk8RD,k

QrD.jk = 8ok XRD,jkDRD.; ZjkERD K+ - 3
(1 + gHRDykERD,jkgRD,k)

8RD k2RD,jk8RD,LBRD & 2RD,jk DRD,j ERD,jk&RD k

— 2Re (70)

1+ gHRDykERD,jkgRD,k
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