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Consistency of the posterior distribution in
generalised linear inverse problems

Natalia Bochkina
University of Edinburgh, UK

Abstract

For ill-posed inverse problems, a regularised solution can be inter-
preted as a mode of the posterior distribution in a Bayesian framework.
This framework enriches the set the solutions, as other posterior es-
timates can be used as a solution to the inverse problem, such as the
posterior mean. Bayesian formulation of an ill-posed inverse prob-
lem is also natural for scientists as it uses a priori information in a
rigourous probabilistic framework, and the posterior distribution can
be viewed as a set of possible solutions to the considered ill-posed in-
verse problem, with a weight characterising how well it is supported
by the data and the prior information.

In this paper we study properties of Bayesian solutions to ill-posed
inverse problems, namely consistency and the rate of convergence in
the Ky Fan metric. We consider the cases where the error distribution
is not necessarily Gaussian, but belongs to a particular type of mod-
els we refer to as Generalised Linear Inverse Problems. This setting
includes some models where the response depends on the unknown
parameter nonlinearly. We also consider a particular case of the un-
known parameter being on the boundary of the parameter set, and
show that the rate of convergence in this case is faster than in the
case the unknown parameter is an interior point.
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1 Introduction

1.1 Ill-posed problems and regularisation

Inverse problems encountered in nature are commonly ill-posed: their so-
lutions fail to satisfy at least one of the three desiderata of existing, being
unique, and being stable. Thus, in the case of linear inverse problems, the
focus is not on a unique solution = of

y = Ar, (1)

for given matrix A and data vector y, but rather on the corresponding space
of solutions.

Even when the solution x to (II) exists and is unique for each possible y,
lack of stability means that the solution can be extremely sensitive to small
errors, either in the observed y or in numerical computations for solving the
equations. This has obvious deleterious consequences for the practical value
of solutions. To circumvent this, the inverse problem is typically regularised,
that is, re-formulated to include additional criteria, such as smoothness of
the solution:

r = argmin,_ . pen(),
where pen(x) is a suitable scalar penalty function.

If the data is observed with error

y = Ax + error,

then, allowing for the possibility of lack of existence or uniqueness, we might
replace the natural least-squares formulation

r = argmin||y — Az||?
of the inverse problem by
r = argmin||y — Az||* + v pen(z) (2)

where v a positive constant determining the trade-off between accuracy and
smoothness. For further details, see 7.

Such solutions make sense, and are commonly used, whether we regard
the error in the data used as deterministic or stochastic in nature. The least-
squares set up is rather natural, but from a statistical perspective corresponds
to a Gaussian likelihood, and, as we shall see below, this may be replaced
by certain other distributions, in most cases without material change to the
subsequent analysis.



1.2 Inverse problems from a Bayesian perspective

Smoothness, or other ‘regular’ behaviour of the solution to an inverse prob-
lem, is a prior assumption on the unknown x, information about the model
parameters known or assumed before the data are observed. To use such
information is thus to accept that the required solution must combine data
with prior information. In a statistical context the best-established principle
for doing this is the Bayesian paradigm, in which all sources of variation,
uncertainty and error are quantified using probability.

From this perspective, the solution to () is immediately recognisable
— it is the maximum a posteriori (MAP) estimate of x, the mode of its
posterior distribution in a Bayesian model in which the data y are modelled
with a Gaussian distribution with expectation Az, with constant-variance
uncorrelated errors, and in which the prior distribution of x has negative
log-density proportional to pen(x).

However, the Bayesian perspective brings more than merely a different
characterisation of a familiar numerical solution. Formulating a statistical
inverse problem as one of inference in a Bayesian model has great appeal,
notably for what this brings in terms of coherence, the interpretability of reg-
ularisation penalties, the integration of all uncertainties, and the principled
way in which the set-up can be elaborated to encompass broader features
of the context, such as measurement error, indirect observation, etc. The
Bayesian formulation comes close to the way that most scientists intuitively
regard the inferential task, and in principle allows the free use of subject
knowledge in probabilistic model building (e.g. ?; ?; ?; ?; ?). For an in-
teresting philosophical view on inverse problems, falsification, and the role
of Bayesian argument, see 7. Various Bayesian methods to solve inverse
problems have been proposed (?; ?; ?; 7; 7).

1.3 Convergence of the posterior distribution

Mathematical analysis of inverse problems usually takes the form of asymp-
totic arguments concerning how well the true solution (the value of x assumed
to generate the data) can be recovered in the presence of noise, as the size
of that noise goes to zero. In a statistical setting, the noise is a random vari-
able, its size might be the variance, and we are concerned with convergence
of random variables or their distributions — in the case of a Bayesian analysis,
the focus is on the posterior distribution of x.



In this paper, we present the rates of convergence of the posterior distribu-
tion on a finite-dimensional parameter space for an ill-posed inverse problem
where the distribution of errors is not necessarily Gaussian. We also consider
a particular case where the regularised solution is on the boundary of the pa-
rameter space. As we shall see, in the case of an ill-posed inverse problem,
the choice of the prior distribution strongly influences the limit of the poste-
rior distribution as well as the rate of convergence on the subspace where the
likelihood is not identified. Also, we will show that the rate of convergence
may change if the limiting point z* lies on the boundary of the parameter
space for a constrained inverse problem (for a Gaussian noise and a Gaussian
prior, this problem has been studied by 7). We shall identify the assumptions
on the posterior distribution necessary for convergence which can be used as
a guidance to narrow down the set of potential prior distributions.

There are different approaches to quantify the convergence rates of the
posterior distribution. One of them is to consider the concentration rate of
the almost sure convergence of the posterior distribution which is the smallest
£, such that

P(d(x,z*) > e, | Y) — 0 almost surely

as the noise level o goes to 0, considered by 7.

Another approach, considered by ?7; ? in the context of linear inverse
problems, is to metrise weak convergence of the posterior distribution as
a random variable fipst(w) = p(2]Y (w)) using the Ky Fan metric (?); see
Section [Bl This type of convergence is weaker than almost sure convergence,
and the convergence rates in this metric are slower than the parametric rate
with the mean square error loss. In particular, there is an extra logarithm
factor in the rate which is unavoidable. In particular, the Ky Fan rate of
convergence ¢, satisfies, with probability at least 1 — pk (Y, Yexact),

Pld(z,2*) <e, |Y)>1—e, on {w: d(Y(w),Yexact) < Pr(Y) Yexact) }

where pk (Y, Yexact) 1S the Ky Fan distance between the data Y and its small
noise limit 9egact- This allows to have a non-asymptotic framework for the
study of convergence of the posterior distribution.

The setting for 7 is the Gaussian linear inverse problem in the form
(@), with a particular quadratic penalty (Gaussian prior). Their main result
(Theorem 11) provides an upper bound on the Ky Fan metric between the
posterior distribution and its (degenerate) limit, as an explicit function of
the size of the noise, the parameters of the model and prior, and quantities

4



relating the prior mean to the null space of the matrix A. This result is used
to prove a limit theorem (Theorem 13) on the convergence of this Ky Fan
metric to 0, in a small-noise, high-prior-precision limit, and to give the rate
of this convergence (Theorem 15).

In this paper we consider two asymptotic properties of the posterior distri-
bution in the small noise limit: we identify the limit of the posterior distribu-
tion and state the rate of convergence in Ky Fan metric. As an intermediate
step in deriving the Ky Fan rate of convergence, we have an upper bound on
the Prokhorov metric between the posterior distribution and its limit, that
metrises weak convergence. This bound is very simple and it allows to make
conclusions about the sufficient conditions for weak convergence. We consider
a broad class of probability distributions for the data, that we call generalised
linear inverse problems, allowing the likelihood to be unidentifiable, and a
broad class of prior distributions.

We will also study the asymptotics of the posterior distribution in a par-
ticular case where the exact solution lies on the boundary of the parameter
space. This is the case of so called nonregular likelihood since the error
density has a jump when the value of the parameter coincides with the ex-
act solution. Other examples of the behaviour of the posterior distribution
for nonregular likelihoods, including densities with jumps as well as other
nonregular models, were considered by ? and ? who extended the models
studied by ? in the frequentist setting. We consider a particular case where
all coordinates of the exact solution are on the boundary, and show that the
rate of convergence of the posterior distribution can be faster than for the
regular models.

Section 2l establishes the class of models we study. In Section [Blwe discuss
the Ky Fan distance and present some examples of calculating the Ky Fan
distance for various error distributions. In Section dl we formulate our theo-
rems on rates of convergence of the posterior distribution. In Section [5 we
study an inverse problem where the limit of the posterior distribution (the
regularised solution) is situated on the boundary. The proofs are deferred to
the Appendix.



2 Model formulation

2.1 Generalised linear inverse problems (GLIP)

We assume that the joint density of the observable responses Y taking values
in Y C R™ (with respect to Lebesgue or counting measure) takes the form

pole) =P dnn) = Cpren {0}, vey.

that is, that the distribution depends on x € X only via Az, where 7 is a
scalar dispersion parameter; in the Gaussian model, 7 is the variance 0. The
observed data y are generated from this distribution, with x = 4., and we
aim to recover Tipu as 7 — 0.

We assume a continuous bijective link function G : Y — R” and write
G (Yexact) = ATirue. (In generalised linear models — see Example 3 below —
commonly G has identical component functions.)

We make the following assumptions about the error distribution:

1. fY ~ F(y, G(Yexact), T), then Y 5 Yoxact as T — 0.

2. For all gy € G™'(AX), fu(n) has a unique minimum over AX at
1= G(po)-

Assumption (i) states that 7 is not only the dispersion parameter in the
model but also a scale parameter for the distribution of Y. Assumption (ii)
establishes identifiability of the likelihood with respect to the link parameter
n= Ax.

More generally, Assumption 1 is satisfied by generalised linear models 7,
an important class of nonlinear statistical regression problems, responses y;,
t = 1,2,...,n are drawn independently from a one-parameter exponential
family of distributions in canonical form, with density or probability function

p(Ye: e, T) = exp <_ytb(,ut) — () 4 d(yt,T)> ’

T

for appropriate functions b, ¢ and d characterising the particular distribu-
tion family. The parameter 7 is a common dispersion parameter shared by
all responses. The expectation of this distribution is E(y; pe, 7) = py =
() /' (py). Both assumptions are satisfied for this example.



2.2 Bayesian formulation of GLIP

We adopt a Bayesian paradigm, using a prior distribution with density given
by

p(z) x exp(—g(z)/7?), =€ X CR?, (4)

where 72 is a scalar dispersion parameter for the prior that may depend
on 7; we relate this to the data dispersion parameter 7 by 72 = 7/v, and
express most of our results below in terms of 7 and v. Set of possible values
of the parameters X can be any subset of RP that contains a nonempty
neighbourhood of x*. Therefore, the posterior distribution satisfies

p(zly) o< exp(~[f,(Az) + v g(x)]/7), =€ X, (5)

Denote f,(z) = f,(Az) and hy(z) = f,(z) + vg(z), so that p(z]y) o
o—hy(@)/7

We will show that in the limit 7 — 0, the posterior distribution concen-
trates at point x* defined by

. :
x* = arg Amin/xlﬁmcg(x)'

Below we make further assumptions on the likelihood and the prior dis-
tribution that we apply to study convergence of the posterior distribution.

3 Types of convergence and corresponding
distances

Convergence in distribution (weak convergence) can be metrised by Prokhorov
metric (7).

Definition 1. The Prokhorov metric between two measures on a metric space
(X,dy) is defined by

pp(p1, p2) = inf{e > 0 : u1(B) < pe(B°) + eV Borel B}

where B* ={z :inf.cpdy(z,2) < €}.



This metric can be used to study the weak convergence of the posterior
distribution fipest(w) = Px|y () as a measure on X to its limit for a fized data
set Y (w). We consider the Euclidean metric d(z, z) = ||z — z|| on X.

To study a weak convergence of the posterior distribution to its limit over
all w, we can use Ky Fan metric that metrised convergence in probability (?).

Definition 2. The Ky Fan metric between two random variables & and &
in a metric space (W, dy) is defined by

px(&1,62) = inf{e > 0: P(dw (& (w), &(w)) > ) <&}

Hence, weak convergence of the posterior distribution fipest (as a random
variable) to .+, the point mass at z*, is equivalent to its convergence in the
Ky Fan metric, where the metric space (W, dyy) is a space of probability
distributions on X equipped with the Prokhorov metric.

Now we give the Ky Fan distance or its upper bound for some distribu-
tions.

For the Gaussian distribution, we quote Lemma 7 from ?.

Lemma 1. Let & ~ N,(u,X). Define

(6)

Kp = max{1l,p — 2} (7)

o 2r/(p+1)* if p is odd,
N D if p is even.

Then there exists a positive constant 0(p) such that for any X: ||X|| <

0(p),
pp(N (11, %), 0,) < (=[] log{Cy||Z||" })'/* . (8)

In particular, we will use the following bound on the solution z = z(p, \)
of

(o) =int{z: 1-T(22) <2
z2(p,a) = inf{z : -T({— 1= z
p7 Z>0 2a 2 )
given in the proof of this lemma for sufficiently small a:

2(p, @) < [—alog(Cpa™)]/2. (9)
Here I'(z|a) is the cumulative distribution function of the Gamma distribu-
tion I'(a, 1) with probability density function f(x) = Fl 2 le™® x> 0.

(a)
Now we consider a rescaled Poisson distribution.




Lemma 2. Consider independent random variables Y; /T ~ Pois(u/7), t =
1,...,n, uy > 0. Denote M =4, ;.
Then,

px (Y, 1) = /=M log(TM)(1 + w,),

where w, = o(1) as 7 — 0 and w, < 0.

Note that the Ky Fan distance has the same asymptotic order as for the
Gaussian distribution with ¥ = 73, ¥y is independent of 7, as 7 — 0.

Now, if we consider the exponential distribution with variance propor-
tional to 7, the order of the Ky Fan distance is different. Let Y — p ~
Exp(M\/7), then EY = p+ 7/A, Var(Y) = 72/X%. As 7 — 0, Y — pin
probability. The Ky Fan distance is given by

T

oY) = = log (T) (1 +wy).

where w, < 0 and w, = o(1) as 7 — 0. This follows from Lemma
Now we give some general statements on an upper bound on the Ky Fan
distance for various distributions.

Proposition 1. Assume that Y; are independent, EY; = p; and Var(Yy) =
Wi T.

1. Assume that 3C; > 1 such that k., the kth cumulant of Y;, is bounded
by |kex| < Cowt®™1 Yk > 2 and Cy and w; are independent of T.
Denote M =45, Cyw,.

Then, for T < 1/(eM),

px(Y, 1) < /=T M log(TM).

2. Assume that 3K > 2: E|Y}|® < oo. Assume that E|Y; — p|® <
T E) Ly for some L > 0 that may depend on py or wy but not on T,
for some m(K) > 0.

Then, for small enough T,
PK(K M) < [nTm(K)/2LK]1/(K+1).
The conditions in the first case are satisfied, for example, for the binomial
distribution Y; ~ Bin(ny, p;), independently, since ¢;(x) = n; log(pie® + q;) <

ngpe(e® — 1).
Here is an example for the second case.
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Example 1. Suppose Y; has at distribution with v degrees of freedom, means
we and scales \/Twy, t =1,...,n. Then we can take K = v — 2 —§ for some
small 6 > 0. Then, using the second statement of Proposition [,

E‘Y; - Mt‘K = [\/Fwt]KVKa

where vk is the Kth moment of the standard t, distribution, i.e. m(K) =
K/2 and L = wFvy. Hence,

px (Y, 1) < 7_1/2—1/(2(K+1))[nwtKVK]l/(K-i-l).

Note that this bound holds if Y; can be written as Y, = u; + ow,Z; where
Zy are 1id and whose distribution is independent of T.

4 Rates of convergence of posterior distribu-
tion in Ky Fan metric

Denote by fipest(w) the posterior distribution of X given y = Y (w). We
consider the metric space (X, ¢3) equipped with the Euclidean metric ||z —
2| = /D0 (w; — 2)?, X C RP. Then, the posterior measure i, (w) can be
viewed as a measure on the metric space (X, ¢). The corresponding metric
space for the observations is (), f5), Y C R" equipped with metric generated
by ¢ norm.

In the next section we evaluate the level of concentration of the posterior
distribution pipest around x*. We start with the concentration of the posterior
distribution fipest(w) for a fixed w (i.e. for a particular data set) in the
Prokhorov metric, and then, using the lifting theorem (Theorem [2), we use
bounds thus obtained to derive a bound on the Ky Fan distance between
the posterior distribution and the limit over all w. In the results below, it is
assumed that the dimension p is fixed and is independent of 7.

Throughout the section, we assume that x* is an interior point of X.

4.1 Assumptions on the likelihood and the prior

We will make the two main assumptions that the posterior distribution is
proper and that the log likelihood and log prior density have bounded third
order derivatives.

10



9
ox;

(V1,...,V,)T as the gradient. Similarly, V;; and V;;; are operators of the
second and third derivatives, with V? = (V,;) being the matrix of second
derivatives.

Assumptions on prior distribution.

We assume that the prior distribution is such that the posterior distribu-
tion is proper.

Throughout, we use V; = as the differentiating operator, and V =

1. 91 > 0: V7 < 7, fx e @/Tdr < o forally € Y.

2. o* = arg Mingex Az=Azy,. 9(2) is a unique solution of the minimisation
problem.

Smoothness in z.

There exists § > 0 such that there exist bounded third order derivatives
3, 39" on B(x*,0) for all y € W, i.e. 0y, 3, Cy 3 < oo such that for all
x € B(x*,9), for all y € Yoc and all 1 < 4, j, k < p,

Vi fy (@)l < Crs, [Vigrg(2)] < C s, (10)

where Y. is the following neighbourhood of 9exact in V:

yloc = {y € y . ||y - yexactH S pK(K yexact)} (11)

and pg (Y, Yexact) is the Ky Fan distance between Y and yeyact- By the defi-
nition of the Ky Fan distance, P(Vioc) > 1 — pk (Y, Yexact)-

Convergence in Y.

AMy 1, My, o < oo such that for all 1 < ji,...,j¢ < p with d = 1,2, and
for all y € Vo,

|Vj17~~~7jdfy(x*) - vjl,---,jdfycxact (I*)‘ < Mf7d||y - yexaCtH; (12>

These assumptions are satisfied if V¢f,, (z) is differentiable in y for d =
1,2 and this derivative is bounded on )., with

M, = sup |V,Vif,(2%)] for d=1,2.

Y€Vloc

Assumptions on J.
Assume that § > 0 satisfies the following conditions as 7 — 0:

11



J— 0, % — 0, 6> px(Y, Yexact) + V, 5[pK(Y’ yO:act) + o —0,(13)
% — 00 (not necessary if A7 A is of full rank).
2. With high probability,
Ao(B(0,0)) -0 as 7 —0, (14)
where

fX\B( *.6) e~y (@) =Ry (@)/7 1
(B0 — o, , 15
o(B(0,0)) Jiae gy € PTG (15)

After the approximation to e~("@)=ks(@l/m on B(2*,§) is derived, condition
(I4)) will be stated in a simplified form in Lemma [3l

Throughout this section we use the error Ay = Ag(B(0,0)) defined by
(I3), and constants k, and C, defined by (@) that feature in the upper
bound on the Ky Fan metric between the Gaussian distribution and its mean
(Lemma [Tl in the Appendix).

4.2 Ky Fan distance

The limiting behaviour of the posterior distribution is characterised by the
matrices of second derivatives:

Vy(z) = V*f,(Ax),
B(z) = Vig(x),
Hy(x) = Vhy(z) = ATV,(2)A + vB(a),
and by the gradient:
To = [Hy(f*)]_lv%(x*)- (16)

Denote a projection matrix on the image of AT by Pyr, and Pay = (ATVA)TATV A.
Define Apinpos(M) to be the minimum positive eigenvalue of a matrix
M, and Apin, p(M) = minjy|=1, pu=v ||Mv|| to be the smallest eigenvalue of a
matrix M on the range of a projection matrix P.
For a fixed w, we have the following upper bound on the Prokhorov dis-
tance between the posterior distribution and its limit.

12



Theorem 1. Suppose we have a Bayesian model given in Section [21), and
let the assumptions stated in Section [{.1] hold. Assume also that x* is an
interior point of X, and that Hy ) (2*) = ATVy () (2*)A + vB(a*) is of full
rank.

Then, 319 > 0 such that for V1 € (0, 1),

A0 Mf1||Y(w) _yexactH +V||PAT Vg(x*)H
1+ A0 ’ )\min,pos(ATVY(w) (ZL’*)A)

+ \/_ﬁ (op log (ﬁ))(l +A*(6,Y(w)))}, (17)

where Apin(w) = Amin(Hy ) (%)), Ao = Ao(B(0,0)) defined by (13) and A,
is defined by (28).

The first term in the sum represents the bias of the posterior distribution,
and the second term is the Prokhorov distance between N (0, 7Hy () (2*)™?)
and the point mass at zero. The maximum reflects the fact that there are two
“competing” tails: Gaussian on the ball B(z*,d) and the tail of the posterior
distribution outside the ball.

This theorem implies that to have convergence of the posterior distribu-

PP (Hpost (W), 02+ ) < maX{

exact

tion to .+, we must have (a) convergence of the data so that ||Y —yexact|| Py
0, (b) v =17/4% = 0, i.e. the prior distribution needs to be rescaled in a way
dependent on the scale of the likelihood, and (c¢) 7/Amin(Hy (w)(z*)) — 0. If
the matrix ATVy(w) (z*)A is of full rank, then, for small 7, Apin(Hy (@) (2*))
is close to the constant Apin(ATV,, ... (z*)A) with high probability, hence the
latter condition is satisfied as 7 — 0. However, if A7Vy(,)(2*)A is not of full
rank, then, for small enough v and 7, Apin(Hy () (2*)) = VAmin 1P (B(x*));
hence, we must have 7/v = v% — 0.
This is summarised in the following corollary.

Corollary 1. For weak convergence of the posterior distribution to the point
mass at x* as T — 0 for a fived w, we must have v = 7/7? — 0.

1. If the matrix ATVy(w)(ZL'*)A 1s not of full rank, then we must also have
v — 0.

2. If the matriz AT Vy(,)(2*)A is of full rank, however, the scale of the
prior distribution v may be taken a positive constant.

The theorem also implies that the rate of contraction of the posterior
distribution (in terms of Ky Fan distance) varies between P,rX and (I —

13



P,r)X and is determined by the second derivative of the logarithm of the
posterior density.

This theorem gives an upper bound on the Prokhorov distance between
the posterior distribution and the limit for any particular instance of observed
data Y (w). To “lift” the result obtained to a bound on the Ky Fan distance
over all w, we use the following generalisation of the lifting theorem of 7 to
the case of different bounds for different outcomes w.

Theorem 2. Let random variables X1, Xo and Y1, Yo be defined on the same
probability space (0, F,P) with values in metric spaces (X,d,) and (Y,d,),
respectively, and suppose the sample space ) is partitioned into two parts,
Q:QIUQQ, leQQ :@

Assume that there exist positive nondecreasing functions ®1 and P :

Vo € O, do(X1(w), Xa(w)) < O(dy(Vi(w), Ya(w))), & =1,2

i.e. we have different upper bounds on €y and €2s.
Then, the following inequalities hold:

pr (X1, Xa) < max{pk(Y1,Y2) + P(Q), ®1(px (Y1, Y2))},
px (X1, Xo) < max{px(Y1,Ys), ®1(pk (Y1, Y2)), P2(pk (Y1, Y2))}-

In our case, (X,d,) is the space of all distributions equipped with the
Prokhorov metric, and (Y,d,) is the metric space Y with the ¢, metric.
Theorem [l provides an upper bound ®; on the event 2; where a random
matrix Hy (. (z*) is of full rank, and the first statement of the theorem is
applied to obtain the Ky Fan rate of convergence. Note that we do not need
an upper bound ®, to bound the Ky Fan distance on s, as long as P(£2,) is
vanishingly small as 7 — 0.

Denote
Umin = min V, ),
£ Vycxact " (SE*)>0 Yexact T ( )
M P,rVg(x*
¢ = f1 Co = || AT g(l’ )|| (18)

'Umin)\min,pos(ATA) 2T 'Umin)\min,pos(ATA)’
and, for small enough pk (Y, Yexact) and 9,

Mf2pK(Y> yexact) -

Umin)\min pos(ATA)
where Appy is a constant defined by (29]).

[1 - 5\/]_)/)‘DH]_1> k= 1>2a (19)

cr=c |1—
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Theorem 3. Suppose we have the Bayesian model defined in Section [2.1),
and that the assumptions on f,, g and 0 stated in Section [{.1] hold.
Assume that

1. x* is an interior point of X,

2. H,= A"V,

Yexact

(x*)A 4+ vB(z*) is of full rank,
Then, 319 > 0 such that for ¥ 1 € (0,70], and small enough v and 7/v,

_Bo
1+ A

¢ [rmirts (0 (i) )] "0}

where ¢ and ¢y defined by (19), Ao = Ao(B(0,6)) is given by (21), and

A, k() is defined by (34).
Under the assumptions on 7, v and §, A, (§) = o(1) as 7 — 0.

PK(,Upost, 590*) < max {QPK(Y, yexact)a ElpK(K yexact) + 627/ (20)

Recall that in the ill-posed case (if ATV, (z*)A is not of full rank),
Amin < V- const, and in the well-posed case A, < const. Thus, we have the

following corollary.

Corollary 2. Suppose that p (Y, Yexact) < C/—T7log T for some constant C,
and that the assumptions of Theorem|3 are satisfied, and that 1f&) s smaller
than the other terms in the maximum.

If ATV, . (2*)A is of full rank (well-posed problem), the smallest upper

Yexact

bound on the Ky Fan distance is

pK(,upost, 6{2*) < Cl (_7— log 7_)1/2

with v* > 71/2[—log 7]~ 1/4.
If ATV, ... (%) A is not of full rank (ill-posed problem), the smallest upper

bound on the Ky Fan distance is

pK(:uposta 0pv) < Oy (—7log 7')1/3

Y

with v* = 72/3[— log 7] ~1/6.
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The assumption of corollary pi (Y, Yexact) < Cv/—7log T is satisfied for
Gaussian random variables Y. In Section B] we saw that it is also satisfied
for such distributions as rescaled Poisson and binomial distributions.

Consider the case of the rescaled Poisson distribution, and a linear inverse
problem with the identity link.

Example 2. Rescaled Poisson random variables satisfy the assumptions of
GLIP since it belongs to the exponential family, BY; = u;, Var(Y;) = 7y,
andY — pas ™ — 0.

Since x* is an interior point of X, then, for small enough o and v,

-
PK (Lipost 0+ ) < [01\/ —7logT + C2$

b Cuar P log (O] (14 of0)

where a = 0 if ATV,

Yexact

constants are given by

(x*)A is of full rank and o = 1 otherwise, and the

M exact | |oco
Cl - 2||y0xactH}/2maX (1’M)7

)\min,pos (ATA)

||y0xact||oo
= _eadlle 1p *
C2 )\min,pos(ATA) || Avg(x )||’

037(1 = (I{p[(l — Oé))\min(ATA) + Oé)\min,I_pA(B(l’*))])
If « = 0 (well-posed problem), the fastest rate is o+/—logo, with v >
ol/?[—log o] ~1/4.

If a =1 (ill-posed problem) and T = o2, the fastest rate is 0*/3[—log o]'/3,
with v = ¢*3[—log o] ~1/%.

1/2

4.3 Choice of §

Now, we discuss how to choose J in such a way that

/ e~ D@/ = 11 + o(1)] / o~y @)=y ()7 g

X B(z*,0)

with high probability as 7 — 0, i.e. that the condition (I4) Ay(B(0,6)) —
0 as 7 — 0 is satisfied with high probability.

16



We introduce the following additional notation. Diagonalise the projec-
tion matrices Pyr and I—Pyr simultaneously, so that Pyr = UTdiag(I,,, 0,,)U,
I — Pyr = UTdiag(0,,,I,,)U and UTU = I,, where py = rank(A) and
P1 =P — Po-

QOO = Ug-‘vzfycxact (.:C*) UO’
Bll = U1Tv2g(l'*)U1

First we consider the integral of e="®)/7 over B(x*, ).

Lemma 3. Assume that Qo9 and Byy are of full rank. Under the assumptions
on fy, g and assumption (i) on § stated in Section [{.1],

(Qﬂ)p/Qel‘ngo/(%)
[det(Qoo) det(Bn)] 1/2

/ el (@) =hy@/7 gy  p0/2m [1+ op(1)]-
B(x*,0)

In particular, this implies that

Ay(B(0,8)) = Cyrol2yn / e @ =P/ 40 11 4 0p(1)]21)
X\B(z*,6)

where Cyp = (2)~P/2[det(Qgo) det( By )]1/2 e~ Hro/(27)

See Proposition 2], in the Appendix, for further details and the proof.

5 Convergence rate when z* is on the bound-
ary

In this section we consider a special case where the assumption that x* is an
interior point of X does not hold. This is an example of so called nonregular
models that have been considered mostly for a one-dimensional nonregular
parameter (ref), and, as far as we are aware, have not been considered in
the context of inverse problems. As we shall see, the rate of convergence is
different in this case. We shall see that for some probability distributions,
it makes it possible to observe exact data under the considered probabilistic
model (Section [2)).

In this section we assume that the parameter space is X = [0, 00)P, and
that each coordinate of 2* is on the boundary of X = [0, 00)P, i.e. a* = 0.

17



This is an important benchmark case where there is no signal. Such setup
arises, for example, in image analysis, where x is the vector of the unknown
intensities, and we want to test whether there is any image present. We could
assume that parameter x is restricted to an arbitrary convex polyhedron; this
could be reduced to [0, 00)? by a linear change of variables.

5.1 Assumptions

We make the same assumptions on the prior distribution as in Section E.1],
however, we only need the smoothness and the convergence assumptions for
up to the second derivative only, rather than up to the third. Assumptions
on ¢ — the radius of approximation — are also changed.

Smoothness in z.

There exists 0 > 0 such that there exist bounded second order derivatives
31, Jg" on B(a*,6) for all y € Ve, i.e. ICf 5, Cy 2 < 00 such that for all
x € B(x*,9), for all y € Vioc,

max |Vz~jfy(:£)| < Cj,  max [Vig(r)] < Cya. (22)

1<i,5<n 1<i,g<p

Convergence in Y.
3Mj | < oo such that for all 1 < j < p and for all y € Vi,

V54 (AZ") = V; F s (A < M 11y = Yesacel - (23)

Assumptions on 0.
Assume that § > 0 satisfies the following conditions as 7 — 0:

1.
J
0—0, ——=0,
T
)
P — 0o (not necessary if AT A is of full rank). (24)
2. With high probability,
Ag(B(0,6)) =0 as 7—0, (25)

where Ag(B(0,6)) is defined by (I5).

18



5.2 Rate of convergence in Ky Fan distance

Define
b(w) = Vhy(w) (ZL’*)

Theorem 4. Suppose we have the Bayesian model defined in Section 2.1,
and let the assumptions on f,, g and § stated in Section [5.1 hold.

Assume that * = 0 and that bi(w) > 0 for all i, and denote by (w) =
mm, b, (w)

Then, 319 > 0 such that for V1 € (0,7] and small enough ~,

poli).0.) < mx { 20— Do (T ),

where Ay = N (B(0,9)) is defined by (13) and Ay(0,Y (w)) is defined by (37).

Recall that b(w) = ATV fy()(z*) + vVg(x*). Thus, if the image of AT
includes the whole set X' (well-posed case), the leading term of b(w) for
each coordinate is a constant, then the rate of convergence is determined by
—71log 7. However, if rank(A) < p (ill-posed case), then for some coordinates
the leading term of b(w) is vconst — 0, then the rate of convergence is
determined by —~%log .

To have consistency in the ill-posed case, we must have 7/v = % — 0.
Hence, in this case to have the convergence we must assume that v = 7/+% —
0and v — 0as 71— 0.

Now we apply Theorems [2] and M to obtain an upper bound on the Ky
Fan distance. Define

b Vhycxact ( ) *

Theorem 5. Consider the Bayesian model defined in Section [2.1], and sup-
pose that the assumptions on f, and g stated in Section[5.1] hold.

Assume that X = [0,00)?, * = 0, V; fyerscs (G(Yexact)) > 0 and bt > 0 for
all i. Denote b%;, = min,; b. If rank (AT A) < p, assume also that v — 0 and

7/4% =0 as T — 0.
Then, for small enough T, v and v,

o () 0729

pK(:upostaéx*) S max {QpK(K yexact)a A6>
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where A} is defined by (21), and

14+ A% log(l1 — A
A = —1+ LrAL 1— log(1 — Au) :
1-Ap log (;)
\/ﬁb:nin
M Cro+vCp/2
A11 - b*jlrlpK(Y;yexact)_‘_(sp[ . b* . 92/ ]7

log ((1+ A7)/(1 + A7)

N— :
4 log (/B bl — Ai]/7)

Ar = 1 (=B [1 — e maxebf (LHA1)3/ (VBT
! 1+ A,

Under the assumptions on 7, v and § given in Section [51], A5(J) =
as T — 0.

Hence, in the case that the solution is on the boundary, we have a differ-
ent rate of convergence of the posterior distribution that is faster than the
corresponding rate in the case the solution is an interior point. This fits with
other studies of the rate of convergence of the posterior distribution for the

error densities with jump (?7; 7).
Examples.

1. Rescaled Poisson distribution Y;/7 ~ Pois(A;x/7), independent. For

x* =0, we have P(Y; = 0) = 1 for all £. The Ky Fan distance between
the data and its limit is zero, so we observe exact data. In this case,
we can recover Pjrx exactly.

If AT A is of full rank, the Ky Fan distance 0 and we recover z* exactly.
If AT A is not of full rank, the upper bound is of order —+2log (7?) and
can be arbitrarily small. This rate is faster than the rate in the case
x* is an interior point.

. Exponential error distribution: Y; — Ayx ~ Exp(\;/7), independent.
For z* = 0, we have Y; ~ Exp(\;/7). In the well-posed case, the Ky
Fan distance between the data and its limit is —Ag7log T, ie. is of
the same order as the rate of contraction of the posterior distribution
to its maximum, where Ag is a function of A1, ..., \,. In the ill-posed
case, the dominating rate is of order —7?log (7?) which is faster than
the corresponding rate when x* € int(X).

20



A comprehensive study of the rate of convergence of inverse problems
under a more general setting (when z* is an arbitrary point on the boundary)
is beyond the scope of this paper and is current work in progress.
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.1 Proofs of the results in Section 4

Lemma 4. Denote H = ATV, (¢*)A+vB(x*), ka = 5C3, k= ECy3.
Assume that H is invertible, and that x* is an interior point of X .
Letx € Bs ={x € X : ||z — 2*|| < d}, and denote v = (x — x*)/+/T.

1. Upper bound. Then, for small enough 6 and v, we have the following
upper bound:

[hy(x) = hy(a*)) /7 < |[H'(v — H' Hao/v/7)|[*/2
[M11ly = Yexact || + V|| Par Vg (*)|[]?
T[Aminpos (AT Vy (2*) A) — 0k 4]

where D = kaPyr + vipl and H = H + §,/pD.
2. Lower bound. For small enough 6 and v, we have the following
lower bound:

[hy(z) = hy(a*)) /7 > ||HY*(v = H ' Hzo/v/7)|[*/2
[Mley — yexact” - V||PATV9($*)||]2

T Dminpos(ATV, (%) A) + 064 + PAminp p (B)]

where H = H — 5\/]3D.

Proof. Approximate h,(z) by a quadratic function using Taylor decomposi-
tion in a neighbourhood of z*:

hy(x) = hy(z*) + [Vh,(z)])" (z — 2*) + %(x — 2T H(z — %) + Ago(2).

Bound Ay for w = (z — 2*) € Bs using Taylor decomposition of h,(z):
dz. € (z,2*):

Boold) = =3 Tuauhy () as —a?)(a; — 3w — )

ijk

1 o 0 T2 *
= 6223(371 _Il)ﬁz, [([L’—ZL’ ) \4 hy(z)(x—x )}Z:xc

Note that

(x — ) V2h,(2)(z — %) = (z— ") PyrV2f,(2)Pyr(z — %) + v(x — 2*)V3g(2)(z — 2%).
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Differentiating with respect to z and bounding the third derivatives of f,
and ¢ using the Smoothness Assumption, we have that for every i, with high
probability,

(& = 2*)" Par ViV fy(2) Par(z — 2*)| < Cps||Par(z — a*)|[} < pCls || Par (z — 2*)|[3,
and, similarly,
(2 = 2"V V2g(2) (@ —2")] < Cglle —2*|)f < pCyslle —2*[]5.

Applying these inequalities together, we have

1
[Boo(@)] < gllz —a¥limax|(z — 2%) ViV2hy(2) (x — 27|

5
< \/_(l’ - ) (pCy3Par + vpCysl) (v — ).

1. The upper bound. Making the change of variables v = (z — 2*)/\/T,
we have

hy(@) ~ By @fT < "o/ VT + 2 (H 4+ 5D
= (o= F Hao V) B0 — B Ha/v/7) = 52 Ha]

2. The lower bound. A similar argument leads to the following lower
bound:

hy(@) by () fr > ~u"ao/V7 + 2T (H ~ 5y/pD)y
_ %(v A Hao AT H (0 — H Hag /7 — %HH—WH:COH?.
O

Proposition 2. Let assumptions on f,, g in Section [{.1] and assumptions
(13) on & hold. Assume that H = ATV, (z*)A + vB(a*) is of full rank, and
that v =+ 0 andv — 0 as 7 — 0.

Then, for any € € (c1px (Y, Yexact) + C2v, ) such that € /v — oo,

—hy(x)/T _ _
oo @A T ([ — || Ha| WAV REY Oy
[yem@irde 27 2/ 14+A0 1+AY
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and, in particular,

p/2 Ty -1 -
/ @@y s T g, Y HET HEo Ly R
B(a*.6) [det (H)]'/? T

where Aq is defined by

Asl5y) = [p (Am@w | ) p)] R RN

2T 2 1 —5\/]_))\HD

[Mley - yexact” + V||PAv.g(x*)]2
R e

min

83(5ay) = -1+

Amax(H) (0 = |[H"Haol|)* | p
I ( 27 | 5)] ' (27)

. Amin, P (ATV (m*)A—l—uB(w*)) Amin,I—P (B(.’E*))
. —1 min, 74 v v ’ AV
Here Ayp = Apin(HD ™) = min { Py , o )

Proof of Proposition[2. Making the change of variables v = (x—x*)/+/7 with
Jacobian J = 77/? and applying Lemmas @ and § we have

/ e~ eeacs OI/7 g > 7912 oy {||f1 2 |2/ (27)}
B(x*,0)

~ T ~
H'H ~ H'H
x/ exp{ — v 2T gy 2T /2 p dv
B(0,6//7) VT VT

> 7-217/2 exp{||fl_1/2H:L'0||2/(27‘)} [2W]p/2[det(f[)]—l/2r ()\mln(H)[é +2!H_ H930||] | g) ‘

In particular, we have the statement of Lemma, [3}

/ e M@ =hy @Iy > P2 exp {xéprI_leo/(QT)} [27)P/2[det(H)] Y21 + Ag]
B(z*,0)

with As defined by

) ot (xmax@)m i~ zz) |
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The error Az — 0 as 7 — 0, since Ay (H)82 /7 — 0o with Py..... probability
— 1.
Similarly, we can obtain an upper bound on this integral:

—[hy(x)—hy(x*)]/T 2 r71/2 2
fB(x*,a)\B(x*,a) e @) =hy @/T g0 < 7P/ exp{||H / Hazl| /(27)}

1 . _
X eXp{—§||H1/2(v—7_1/2H_1Hx0)H2}dv.

/6/\/?<||v||<5/\/?

Assume that ¢ is small enough so that H is positive definite.
Combining these results together, we have that for € > ||H ' Hux||,

. L e @/ (N~ 1F-1 2
fB(:c LO\B(z* ) < |:1 -T <)‘m1n(H)[5 ||H on”] | ]_))]

fB(:c* 5) e_hy(w)/ngj 2T 2
~ ~ 9 -1 ~ 1/2
o |p [ Amax(H)[O + [[H™ Hao] b det(H)
27 2 det(H)

X exp {5@ (Vhy(z*)TH*DH ‘IVhy(x*)/T} 7
since
A7 =0~ = H™'(H - H)H™" =20/pH~ DA™

The ratio of the determinants can be bounded by

det(H) det(I+5\/]_)H—1D) _ 1+5\/]_7)\max(DH_1) P
det(H) N det( —6,/pH1D) — (1—5\/]3)\max(DH‘1)) )

By Lemma [§]

[Mley - yexact” + V||PAv9(x*)]2
N (ATV, (a%)A) — 62prY

min

(Vhy(e )V H'DH'Vh,(z*) < (ka+vEp)

Thus, we have

—hy(x)/T T r—
S opBar o € Tdx <li_r Amin(H)[e = ||H ™" Hao|]? | p
fB(x* 8) e m@irdy 27 2

y [r (Amax(fl)(ﬂ A Haoll)” 13)]_1 {Hé\/wmax(Dﬂ—l)r/Q
2

2T 11— 5\/2_9)\max(DH_l)

[Mley - yexact” + V||PAv9(x*)]2
T A in (ATVy (%) A) — 62pri)]

min

X exp {5\/]_)(/@4 + VKpR)
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Now we take into account the error of approximating the integral over X
by the integral over B(z*,¢):

—hy(z)/7 —hy(z)/T Cho(z) /T
fx\B(m*’e)e ?J( )/ dx fB(w*,é)\B(fE*,g)e y( )/ dx_'_fX\B(m*,&)e y( )/ dx

fX e—hy(m)/ngj fB(x*,é) e—hy(m)/ngj —+ fX\B(z*,é) e—hy(w)/Td[L’

—hy(x)/T
fB(x*,é)\B(x*,a) eI dy N Ay
(14 Ap) fB(x*,(S) e~h@/rdy 14+ Ay

Substituting the previous upper bound, we have the required statement.
O

Proof of Theorem[1. By Strassen’s theorem, for any z, pp(fipost(w),0z) =
p (€, ) where £ ~ fip0st(w). Hence, we find an upper bound on the Ky Fan
distance between £ and x*.

Take € > ||zg||. Using Proposition 2, we have an upper bound on &
satisfies

fB z*,0)\B(z* e e—hy(l’)/’fdx N (5 - ||H_1Hx0||)2)\min(H) p N
(f NB( 67—)hy(f)/7dx Ao + [1 -T < 5 | 5)] (14 Ay)
B(x*,0)

N

IA

&

where Ag = Ag/(14Ag) and Ay = (14+A,)/(1+Aq) — 1. The last inequality
implies that as 7/Apnin(H) — 0, € = 0 and e?A\pin(H)/T — 0o. Hence, using
Lemma [I, we have that

e < ||H 'Huzxol| + T _elcC T .
W Holl 4| =5 @ g(?(Ammw)(HAz)Q

By Lemma [

Mf1||y - yoxactH + V||PATv9(x*)“
Aminpos(AT‘/y(x*)A) ’

[|ol| <

which we can substitute into the upper bound for €, and

1

V™ H|| = |1 = 6y/pH D) | < [1 = 6yPAua DH Y] "
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Hence an upper bound on the Ky Fan distance is the smallest ¢ > Ay >0
that satisfies the obtained upper bound. Therefore, the Ky Fan distance (and
thus, the corresponding Prokhorov distance) is bounded from above by:

polin (),8) < max{

A0 Mf1||Y(w) _yexactH +V||PAT Vg(x*)H
1+ AO’ )\min,pos(ATVY(w) ([L’*)A)

+ \/_ﬁ(w) log (Op (ﬁ(w))ﬁ) (1+ A*(é,Y(W)))} :

where Apin(w) = Amin(Hy (@) (%)), Ao = Ag(B(0,0)) defined by () and A,

is defined by

A (0,y)

1/2

L+ 2 —1. (28)

(14 Ay)

log(1 + Az) — log(1 + Ay)
1Og( mln( )/7_)

O

Proof of Theorem[2. First we note that

v

>

P{d,(X1(w), Xo(w)) < P1(px(Y1,Y2)) N}

P {ds(X:1(w), Xo(w)) < P2 (ﬂK(Yhyz)) N}
P{®1(dy(Y1(w), Ya(w))) < P1(px(Y1,Y2)) N}
+P{ ©o(dy (Y1 (w), Yo(w))) < Po(px (Y1, Y2)) N}
P{d,(Y1(w), Y2(w)) < px (Y1, Y2) N 21}

+P {dy(Y1(w), Ya(w)) < px(Y1,Y2) N Qa}
P{d,(Y1(w),Y2(w)) < px (Y1, Y2)}

1 — pk(Y1,Y2).

On the other hand,

<

P{d,(X1(w), Xa(w)) < P1(px(Y1,Y2)) N2}
+P {d, (X1 (w), Xao(w)) < P2(px(Y1,Y2)) N 2o}
P{d.(X1(w), Xo(w)) < P1(px (Y1, Y2))} + P{Q}.

Putting these together implies

P{d,(X1(w), Xa(w)) > P1(p(Y1,Y2))} < px(Y1,Y2) + P{Qs},
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hence, using Lemma [0l we have
px (X1, X2) < max {®(pk (Y1, Y2)), px (Y1, Y2) + P()},

and we have the first statement. The second statement follows from the first
inequality and

P{d.(X1(w), Xa(w)) < P1(px(Y1,Y2)) N}

+P{ d.(X1(w), Xo(w)) < Pa(px (Y1, Y2)) N2}

< P{d.(X1(w), Xo(w)) < max[®y (px (Y1, Y2)), Pa(px (Y1, Y2))]}
]

Proof of Theorem[3. Now we prove Theorem [3 in the notation defined in
the proof of Theorem [Tl

We apply Theorem Rlwith Q1 = {w : [|[Y (W) — Yexact|| < P (Y, Yexact) } and
Qy = Q\ Qy with P(Qs) < pk (Y, Yexact) by the definition of Ky Fan distance,
with the bound ®; given in Theorem Bl which we modify to depend on y only
via ||y — Yexact||- For small enough 7, the assumption of the theorems that
H = ATV, (2*) A+ vB(x*) is of full rank holds on €, as we shall show below.

The upper bound depends on y via ||y —Yexact| |, Amin(Hy(2%)), Amin pos(ATV, (%) A),
AO and AQ.

We start bounding the eigenvalues from below. Denote H, = H,,_ . (z*).
Since |[Hy (2) — Hypru, ()]i5] = [[V2£,(5%) — 9 Fyons (2)]is] < Myally
Yexact|[, on €1 we have, by Lemma [0

)\max( ) < )\max( yexact( *)) + Mf?pK(K yexact) + 5\/]_))\m1n(DHV_1)
Similarly, since ATV, (z)A = V2f,(2),
[AT (W (27) = Vi (@) ALyl < Mpa|[Y = Yesawn||  for all 4, 5,

hence A pos(ATV3(2%)4) > Ausin pos (ATVy o (5) A) = Mpal[Y —gosact] . The
lower bound is positive for small enough 7.

We also need to bound Ay.c(DH™!) from above, or equivalently, its in-
verse from below, on {2,

1) — min { )\min,PA,v (ATVy(;L’*)A + I/B(x*)) )‘min,I—PA,V(B(x*)) }

Amin(HD™

Y

KA+ VKB KB

v

ka+ VKB ’ KB

min{kmm,posm%m( A) = Mpspic(V, Yesac) Ami“’f‘P‘z’V(B(x*))}

“ \pi. (29)
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Also, on €q:
||}~I_1HIO|| S é\/1||Y* - yoxactH +52V7

where Ek = C [1 - MfQPK(K yexact)/)\min pOS(ATVyexact
Hence, on €y,

(x*)A)]7! for k=1, 2.

- 5p*/2 (Cs + vCy3)[G1pK (Y, Yexact) + C2v)?
Ny(6,Y(w)) < —1+exp { ] |
2 371 — 8%/ 2%, 4]

< |i1-‘ ([)\max(Hu) + Mf2pK(K yexact) + 5\/]_))\m1n(DHy_1)] [6 + ElpK(Ya yexact) + 521/]2 | E):| -
2

T

1+6p/dpu 17"*
1 —6y/p/Apn)
“oAs (3
By Lemma [9]
k(AT 4)
Mfz/)K (}/7 yexact) ratl
H) <det(H,) |1
det( ) - de ( V) |i + )\min pOS(ATVyexact (x*)A)

Hence, Ay is bounded on 2; from above by

T/ fX\B(z*ﬁ) eXp {_T_l[hY(w) (x) — hY(w)(x*)]} dx
exp {[27] 7! [e1v — Capk (Y, Yexace) ]}
[1 + A22]rank(ATA)/2 [det(Hy)]1/2
1+ A3 a2

(x*)A). A} is a lower bound

A5(B(0,9)) (31)

(32)

where A22 = Mf2PK(Y7 yoxact)/)\min pos (ATVycxact
on As on €2y derived in a similar way:

A* — 1 i r ([)\max(Hy) + Mf2pK(}/7 yexact) + 5\/]3)\m1n(DHV_1)] [5 + éleK(Y*, yoxact) + 521/]2 | ]_)) ((
3 5 e

T

Therefore, we have that, on 0y,

ngY - yoxactH + 52V

N (1 —3y/p/ApH)

+ 5 (O G agmr =) )
- lo
Amin (1 — Agg) s\~ Amin(1 — Ag) (1 + A%)? ’
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since the function —zlog z increases for x < 1/e.
The bound on ¢ increases as a function of ||y — Yexact||- Using the lifting
Theorem 2l we have that, for small enough 7, v,

pK(,Uposta 5:(:*) S max {2PK(Y yexact) AS) [ElpK(Y yexact) + 627/]

T "
+ lo )
mln A22 \/ g mln(l - AQ?)(l + A§)2) ) }

Denoting
1 2log(1 + A}) + log(1 — Ag) 1"
A, 1 (0 1 —1(34
) = T a | o8 (rwin/7) 39
we have the statement of Theorem 3l
O

.2 Ky Fan distance inequalities

Lemma 5. Assume that A — 0 and A < e~ !. Then the solution of
exp{—z/A} =z

satisfies
z=—Alog(A)(1+wau),
where wa < 0 and wa = o(1) as A — 0.

Proof. Proof of Lemma Bl Taking the logarithm of the given expression, we
have
—z/A =logz

Since A — 0, we must have z/logz — 0 which implies z — 0. Denote
f=2z/A,ie. z= Af. Hence, the equation above can be rewritten as

—f=logA+logf

implying that f — oo as A — 0 at the rate f = —log A(1 + o(1)). Hence,
the solution is z = —Alog A(1 + o(1)).
To show that z < z, = —Alog(A), we note that for A < e},

exp{z./A}z = exp{—log(A)}(-Alog(A)) = —log(4) > 1 = exp{z/A}z

implying the desired inequality.
]
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The following lemma follows obviously from the definition of Ky Fan
distance.

Lemma 6. IfP(d(X,Y) > e1) < &3 for some eq,e9 € (0,1), then pg(X,Y) <
max(e, €s).

.3 Proof of results in Section 3.

Proof of Lemmal[3. Apply the Chernoff-Cramer bound to obtain that for all
t and all z,e > 0,

P(IY — pl| > ) < e Be" Ml L em=rRer!V il — emer TT Rt
t

Now, Ee?Ye—#tl < Eer(Ye—#t) L Ee~*(i=1)  The cumulant function of a Poisson
random variable Z with parameter X is logEe*? = A[e® — 1]; hence, for
Y; = 0*rZ and X\ = p;/7, the cumulant function of Y; — y; is

c(z) = logREe®Y=1) = logRe® ™ — a1, = &[e“ —1—z7].
T

Hence, the cumulants of the rescaled Poisson distribution are x = ,uta2(k_1).

Similarly,

log Be~2(Yt=n) — ﬂ[e‘“ —1+a7] <a(x) Yr>0.
T

Hence, denoting M =2, y;, we have
P(||Y — p|| > ) < e752e? 2@ = exp{—cx + M[e"" — 1 — x7]/7}.
Since x > 0 is arbitrary, we can take x corresponding to the minimum of the
upper bound, which is achieved at x = 77 log(1 + /M), implying
2

e+ M € € € €
— < [ —— — —_ VK — N
P “”>5)\eXp{ T log<1+M)+¢}\eXp{ 2MT (1 3M)}’

2

due to the inequality (1 + z)log(1+z) —2 > —%(1 — 3) for small enough
x > 0. For e < 3M/2 we have

52
P(||Y — < — .
(Y =l > &) < exp {5}
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Using Lemma [ for 7 < 1/(2eM), the solution of exp{—¢*/(4M7)} = ¢
satisfies

e =+/—2rMlog(27M)(1 + w),

where w = 0o(1) as 0 — 0 and w < 0.
U

Proof of Proposition[l. 1. Following the rescaled Poisson example, we have
that the cumulant function for Y; is bounded by

22 22 )
ci(r) =logEe™ = xu, + ?wﬂ' + Z lik <z + ?wﬂ' + - Z C'twt
2 C
= zup+ %wﬂ‘ Ml [ — 1 — a1 — (27)%/2]
C
S T+ twt[ T —1—at],
T

since Cy > 1. Similarly, log Ee*** can be bounded in the same way. Hence,
we have

M
P(|Y — p|| > ) < e75%e? 2@ = exp{—ex + —[e*" — 1 — z7]}.
T

where M = 2", Cyw,. Now, this is the same upper bound as for the rescaled
Poisson distribution. Hence, we have the same inequality for the Ky Fan
distance.

2. Apply the Markov inequality to the random variable ||Y — p||*:

BIY — pll _ BIIY = wllff _ nrm02 Ly
P(IY > 2) < S < SR M I

Hence, an upper bound on the Ky Fan distance satisfies nTLg /2K = 2z, i.e.

z = [nTm(K)/QLK]l/(K—i-l).
U

.4 Proofs of the results in Section

Lemma 7. Denote &, = %p[C’ﬁQATA + vCylI]1, and assume that b;(w) > 0
for all 1.
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Letx € Bs={x € X : ||z —a*|| <}, 2" = 0. Then, for small enough 6
and v, we have the following bounds:

hy(x) = hy(27)

<
hy(x) = hy(2*) =

Proof. Approximate h,(x) by a linear function using Taylor decomposition
in a neighbourhood of x*:

hy(z) = hy(a*) + [Vhy(@*)]" (@ — 2*) + Ago(2).
Similarly to the proof of Lemma Ml bound Ay for w = x — z* € B(0,0) N
(X — «*) using Taylor decomposition of h,(z): 3z, € (x,z*):

Boo@| = |5 3 Vighylee) o = a0 (s - )

— % Z[Z AriAgi Vo fy(@e) + Vig(z)] (2 — ) (z; — o)

ij ke

1 * *
S 3 [CrallA(z — 2)[[ + vCosllx — 2*|[f]
< g(:c — ) (Ci AT A+ vC) (x — o)
< %p(:c — )" (C’ﬁQATA +vCpl) 1 =6 (x —a*),

since z; — x} € [0, 4].

Thus, we obtain an upper bound
hy(z) — hy(z*) < (b+ &) (z —2%)
and the lower bound:
hy(x) — hy(z*) > (b= &) (z — 2%).
O

Proposition 3. Let assumptions on f,, g and ¢ in Section[51l hold.
Assume that x* = 0, b; = V,;h,(2*) > 0 for all i, and that v — 0 and
v—=0asT—0.
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Then, for any € € (0,9), such that byi,e/T — 00,

—hy(x)/7
Jaenpor o€ da < po-bume/(vn LT A1 Do
< pe + ,
[y e @/ dy 1+4A, 14+A

and, in particular,

/ e @t gy > o T b7 + B,
B(Z‘*76) i

where Ay and Az are defined by

A(5,b) = _1+H b +§Z: [ —e—mimm/(\/m)]—pj (35)
Byfdy) = —1+ |1+ maxdy, /b v - e—miniﬁ-é/(m)r, (36)

Proof of Proposition[3. Making the change of variables v = (z — x*)/7 with
Jacobian J = 7P, we have

/ 6_[hy(m)_hyexact (w)]/de Z Tp / eXp {_(b _'_ 5b)TU} dU
B(x*,0) B(0,6/m)N(X—x*)

S I a1 Gl (BRI RIS
> o+ A

with Ay defined by [36). The error Az — 0 as 7 — 0, since § — 0 and
bmind /T — 00, with P, . probability — 1.
Similarly, we obtain an upper bound on the following integral:

—lhy(x)—hy(z*)]/T T
Jnsa onpa s €O <7 /E/T<u<a/7 o T {=vdo
< TP / exp {—Z_?TU} dv
ol >e/7

< P —b"v}d
- ZT />€/(\/_T ), v;>0V5 eXp{ U} ’

= TPHb; > exp{=bie/ ()}
pr” [T exp{=minbie/(v/pr)}

IA
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where b = b — 8. Assume that § is small enough so that b; > 0 for all i.

Therefore,
fB( e I\Ble ) e~ (@)/7 1 _
z*, z*, < petmine/(VPT) (1 & AL (5. b
fB(x* 5) e~y (@)/7dy = pe L+ &(0.0));
where
b G [1 — e maxizié/(\/ﬁ'r)]p
A8,0) = 1+ ] - :
1(9,) 1:[ bi + b p exp{—min; bie/(y/pT)}

Hence, A1 is small if by,;,0/7 — 00 as 7 — 0.
Now we take into account the error of approximating the integral over X
by the integral over B(z*,¢):

—hy(z)/7 —hy(x)/T —ho(z) /T
fX\B(Z‘*7E)6 ?!( )/ dl’ fXﬂB(J)*,&)\B(z*,g)e y( )/ d:)j'—}—fX\B(x*’&)e y( )/ dl’

Sy e h@/dy fB(w*,&)nX e~h@/mdy + fX\B(m*,&) e~ h/Tdy

—hy(x)/T
fXﬂB(m*,&)\B(w*,e) e /7 dy L Ay
(14 Ap) fB(w*,é)ﬂX eh@/Tdy 14+ Ay

Thus, we have the required statement.
U

Proof of Theorem[]. We proceed similarly as in the proof of Theorem [Il
By Strassen’s theorem, for any =, pp(tpost(w), 02) = px (&, x) where £ ~
Hpost(w). Hence, we find an upper bound on the Ky Fan distance between ¢
and x*.
Using Proposition [3, we have an upper bound ¢ on the Ky Fan distance
satisfies

—hy(x)/T -
fB(w*,5)\B(w*,€) e MO de < [AO + pexp {—Ebmin} 1+ A1:| <e¢
oy & o Vi J T A =0

where EO = Ao/(l + Ao)
An upper bound on the Ky Fan distance is the smallest € > 0 such that

EO S g,

5Bmin 1+ Al < &

ex — .
S BV S
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The last inequality implies that as 7/byi, — 0, ¢ — 0. Hence, using
Lemma [5 we have that

7'\/]_9 T 1+A1
< ——— 1 = —1 .
- bmin |i0g<\/_bmin) Og(1+AO):|

Therefore, the Ky Fan distance is bounded from above by the maximum
of the two expressions:

* < -7 7 o
i (MPOSt (w>’ 532 ) S { 1+ AO’ bmin |:10g (\/T9 bmin) log (1 + AO ):| }

— max { 1 fOAO’ _5;:/(3) log <\/ﬁ[—);n(w>) (14 Ay, Y(w)))} ;

where Ay = Ag(B(0,9)) is defined by (I5) and A, is defined by

log ((1+ A0)/(1+ &)
10g (/P bmin(w)/T)

A4(5> y) =

(37)

O

Proof of Theorem[d. Now we prove Theorem [l in the notation defined in
the proof of Theorem [4]

We apply Theorem Rlwith Q1 = {w : [|[Y (W) — Yexact|| < pK(Y, Yexact) } and
Qo = Q\ Q with P(Q2) < pr (Y, Yexact) by the definition of Ky Fan distance,
with the bounds given in Theorem [l which we modify to depend on y only
via ||y — Yexact||- For small enough 7, given that b7 > 0, the assumption of
the theorems that b; > 0 holds on {2; for small enough 7, as we shall show
below.

The upper bound depends on y via ||y — Yexact||, O(w), Ag and A;.

We have that, on €,

by = Z A;iVify(Ax*) + vV ig(z?)
Z Z A.]Zv.? [fycxact (A:C*) - Mf,lpK(Y7 yoxact)] _'_ Vvlg(x*>

= b - pK Y yexact fi1 ZAJH
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and also

bi — 0pi > bf = [pK (Y, Yexact) M7 1 +0pCr ol [All1.1/2] Z Aji—vopCy /2, (38)
J

Note that if Zj A;; =0, then b, — &, = v[V,g(z*) — dpC,2/2], ie. the

leading term in the lower bound is of order v. If Zj Aj; # 0, then the

leading term in the lower bound is a positive constant . A;V; fy(Az*).

Denote 7* = arg min; b7 and assume that 7 and 0 are small enough so that

the minimum of the lower bound in (B8] is also achieved at i*. Introduce Aj;
such that

> Ajie w0
Ay = [px(Y Yexnet) My +0.50pC,[|All1a] == + 5%*9;2
I/C 2 C 2
Ay =62 = g .
b, 2Veg(e)
Then, an upper bound on the Ky Fan distance is given by
e < —i\/ﬁlog< 7 ) (1+Ay)
bmin \/ﬁbmin
T\/P T
S — lo 1+ A} )
Vol — D] (\/ﬁbfnin[l - AH]) | d

since the function —z logx increases for x < 1/e. This bound on € on 2, is
independent of y. The error term Aj is given by

. log((1+AD/(1+ Ap))
1 IOg (\/ﬁ b;m[l — An]/T)

Using the lifting Theorem [2 we have that, for small enough 7, v,

VP

T *
N b;’lin log <\/ﬁb;’11n) (1 " AS)} 7

PK (,uposta 5w*) S max {2PK (}/7 yexact)7 ASv
where

11 A
1—-Ap

_ lOg(l — All)

AL = —1+

1

Thus, we have the statement of Theorem [l
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.5 Auxiliary results

Define the following projections

P, = Vi,
Pyy = (ATVATATVA = ATP, A

Lemma 8. If [ATV,(x)A : B(x)] is of full rank,

1H, @] = [min(Amin, 2y (A7V, (@) A + vB(@)), UAmin, 1y (B(2)))] ™
1
it Ao g (A7Vy (2)A) + i o (B(2)): Vi 1—ra (B(@))]
[Pav V£, @)l 4+ vI[Pay Vg(a)|
Neinpos ATV, (%) A) & Vvmin g (Ba))
1

t 5wy I = Pan) AEII U = Pay) Vo))

<

[1Hy(2*) " Vhy (2] <

where Apin, p(B(2)) = minjjy|=1, pv=o || B(z)v]|| is the smallest eigenvalue of
B(z) on the range of P.

Proof of Lemmal8. The norm of H~! is given by

11 = Don(ATVA+0B) 7 = [ [[(A7V A + vB)l
= [min ||(ATVA+vB)Pyra +vB)(I — Pyr)x|]]™"

|l||=1

= [min(  min I[(ATVA+ vB)Pyrzl|, min v||B(I — Pyr)x||)] ™!

HxH:l,PATx::c ||:(:||:1,(I—PAT):(:=x

= [min()\mm, P,r (ATVA + VB), V)\min, I-P,r (B))]_l

Weyl inequality implies that Apin, p, . (A"VA + vB) 2> Apin, p, (ATVA) +
7/)\min7 P,r (B)

Note that since we assumed that V. (2*) is of full rank, the pro-

jection on the range of AT coincides with the projection on the range of
ATV, (%) A.

Yexact

Now we find an upper bound on ||H,,... (2*) "' Vh,(2*)|| using the first

exact
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H

Yexact

statement in Lemma

@)y @) = ([ Hyp (@) (T (a7) + 0V g()) |

Hyener () | |1 Par (V fy (27) + 0V g (7)) ]

N Hyerner (@) 1P 1T = Par) [V fy (2%) + vV g(2)]]]

1
Pyr|V 4+ vVa(x*
)\m’in,POS(AT‘/yexact (I*)A) _I_ V)\min,PAT (B(x*)) || 4 [ fy(x ) g g(x )] ||

Amm,z_lpAT (B)TH(I — Par)[V 1 (z7) + vV g(a")]|
[[|Par V £, (2*)|| + V|| Par Vg(2*)|]]
Amiin.pos (AT Vyesae (@) A) + VA uin,p 1 (B(2*))
1 » . )
- Mini—p (B(@7)) VI = Par) V fy (@) + [[(I = Par) Vg (z™)]][] -

N+ N

_|_

/N

O
Lemma 9. 1. |[|(C+ )7 z|| < (6 + M\(C)) M| Pox|| + 67 H|(I — Po)zl|

where k = rank(C) and A\, (C) is the smallest positive eigenvalue of C,
and Py = CTC is the projection matriz.

2. Cauchy’s interlacing theorem (?): let C = CT be a n x n matriz, L
any n — k dimensional linear subspace, and Cp, = P,CPy. Then, for
any j=1,...,n—k,

Ai(C) 2 Ai(Cr) 2 Ajn(C).

8. Aminpos(ATDA) = minp,~o DiAminpos (AT A) where D is a diagonal ma-
trix with non-negative entries.
Proof of Lemmald. 3. \j(ATDA) = \;(DY2AAT D¥/?), and since j > rank(ATDA) =
rank(DV2AAT DV/?),

N (DV2AATDY?) > min Di)\j(PpAAT Pp) > min Didjim(AAT)
by Cauchy’s interlacing theorem, where m = rank(Pp), n = dim(D).
If j = r = rank(PyrPp), \.(ATDA) is the smallest positive eigenvalue

of ATDA, and j + m = rank(Pp) + rank(PyrPp) > rank(P4r). Hence
Agm(ATA) > A ,(ATA), and the latter is the smallest positive eigen-

value of AT A.

rank(p,r

O

39



	1 Introduction
	1.1 Ill-posed problems and regularisation
	1.2 Inverse problems from a Bayesian perspective
	1.3 Convergence of the posterior distribution

	2 Model formulation
	2.1 Generalised linear inverse problems (GLIP) 
	2.2 Bayesian formulation of GLIP

	3 Types of convergence and corresponding distances
	4 Rates of convergence of posterior distribution in Ky Fan metric
	4.1 Assumptions on the likelihood and the prior
	4.2 Ky Fan distance
	4.3 Choice of 

	5 Convergence rate when x is on the boundary
	5.1 Assumptions
	5.2 Rate of convergence in Ky Fan distance
	.1 Proofs of the results in Section ??
	.2 Ky Fan distance inequalities
	.3 Proof of results in Section ??. 
	.4 Proofs of the results in Section ??
	.5 Auxiliary results


