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Abstract

Multi-spheres and Superquadrics are popular approaches for addressing particle shape effect in the Discrete Element

Method (DEM). This study focuses on the mechanical characteristics of cubical particles, modelled by the two methods

(using EDEM and LIGGGHTS), through conducting a series of numerical case studies at both single particle and bulk

levels. In the first part of the study, several testing scenarios, which clarify the impact, interlocking, sliding and tilting

characteristics of the particle, are discussed and the respective simulations are carried out. The results emphasize the

importance of surface bumpiness and edge sharpness in the single-particle behaviour and are used for informing the

bulk response.

Further, role of the two shape descriptors on bulk response is evaluated in angle of repose, Jenike shear and silo

flow simulations. The results of these tests are assessed both at the micro, directly through DEM outputs, and at

the meso- and macro- scales, using a coarse graining technique. It is seen that the properties of edge and surface in

superquadric and multi-sphere particles considerably influence the heap profile in the angle of repose test. However, in

a Jenike direct shear, the shape complexity only significantly affects the shear strength, porosity and mode of motion

when the packing is dense. Additionally, in silo discharge, the effect of shape features is even less on the flow pattern

and mass flow rate but is found to have a significant influence on the stress distribution.

Keywords: Superquadric, Multi-sphere, Multi-scale, Coarse-graining, Jenike shear tester, Silo

1. Introduction1

The growth in computational power has increased the popularity of the Discrete Element Method (DEM) [1]. This2

powerful numerical tool is now more accessible to both industry and academia for modelling complicated particulate3

systems. In DEM, the granular material is treated as a system of distinct interacting particles. Accordingly, the4

velocity, position and contact properties of each particle are tracked individually.5

An efficient particle shape representation is a key challenge in DEM. Most DEM codes use spherical particles to6
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reduce the computational cost of the simulations, although in reality particles are mostly of irregular shape. Several7

non-spherical shape descriptors have been proposed in the literature, the most popular approach in DEM being the8

multi-sphere approach (MS) [2, 3, 4, 5, 6, 7, 8]. In this description, spheres are allowed to overlap and be glued9

together to approximate an arbitrarily shaped particle. On the other hand, irregular particle shapes can alternatively10

be idealized to some regular shapes such as spheroids, cuboids or cylinders that can be approximated by superquadric11

(SQ) shapes [9, 10, 11]. It has been suggested that 80% of all shapes can be represented by superquadric functions12

or derived from superquadrics in higher-dimensional hyperquadrics [12, 13]. SQ particles demonstrate an excellent13

trade-off between model complexity and shape flexibility. Changing only five shape parameters gives an opportunity14

to switch from a spherical particle to an ellipsoidal, cylindrical or box-like particles. These particle shapes are able to15

capture many physical elements of real particles and extend the range of applicability of DEM.16

Following is a summary of the studies that have focused on the characteristics of different shape representation17

methods and compared them at the micro and macro levels:18

Matsushima and Saomoto [14] pointed out the lack of a method which enables the implementation of real shape19

for sand grains in DEM simulations. They proposed an algorithm to obtain optimum sizes and positions of sub-20

elements (circles in 2-D and spheres in 3-D) for describing an irregular particle shape. Accuracy and convergence of21

this algorithm is further discussed through conducting a bi-axial element test.22

Mollanouri Shamsi and Mirghasemi [15] utilized MS particles to investigate the influence of particle angularity on23

the bulk response of a granular assembly in a triaxial test. They observed that the more angular the single particles24

are (at a specified confining pressure), the higher mobilized friction angle and dilation is reached. Additionally, they25

reported that the shear strength is more affected by angularity once higher friction coefficients are applied.26

Ouadfel [16] has implemented and validated an algorithm for inter-ellipsoid contact detection. He conducted a27

number of constant mean pressure deviatoric compression tests on assemblies of ellipsoidal particles to study the28

importance of size, shape, inherent anisotropy and confining pressure on the macro-scale response of ellipsoids.29

Kruggel-Emden et al.[17] modeled a spherical particle hitting a flat wall. The sphere was modeled as a single30

rigid sphere and as a multi-sphere particle composed by smaller sub-spheres. It was shown that macroscopic collision31

properties derived from MS simulations strongly depend on the alignment of the particle. The authors show that32

the MS method has certain limitations when used for the approximation of a spherical body and therefore could face33

difficulties when applied to other arbitrary shapes.34

Höhner et al.[18] studied the adequacy of the MS and polyhedral (PH) approach to approximate particle-wall35

collisions of ellipsoidal particles. They showed that both approaches require significantly less computational time36

compared to the ellipsoid contact algorithm while still yielding acceptable results at micro-level.37

Höhner et al.[19, 20] conducted DEM simulations with spherical, PH and MS particles and examined the macro-38

scopic features of the flow during hopper discharge. The results revealed that polyhedral particles increase the flow39

resistance compared to MS particles, and suggested that this might be due to the relatively smooth surfaces of the MS40
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particles, while PH surfaces have multiple sharp vertices and edges. Moreover, Höhner et al.[19] stated that smoother41

particles form a V-shaped flow that reaches the hopper walls, while increasing the angularity of the particles leads to42

a core flow above the opening. They also mentioned that particles with sharper edges have a tendency to build arches43

that can clog the flow.44

Cleary and Sawley [21] compared the discharge of SQ and spherical particles from a hopper and showed that the45

non-sphericity causes a slower flow up to 30% and also changes the flow kinematics. They found that the hopper flows46

are not sensitive to any further increase of particle angularity if SQ blockiness N is greater than 8.47

Pereira and Cleary [22] studied segregation of binary granular mixture composed by cubes modeled as SQ and48

spheres in a slowly rotating cylindrical tumbler. They found that cubical particles segregate to the inner core of the49

particle bed while the spherical particles segregate to the curved walls of the tumbler. It was shown that blocky50

particles dissipate energy faster than spherical ones and hence move more slowly as they travel down the free surface.51

Fraige et al. [23] simulated spherical and cubical particles in a flat-bottom silo and concluded that cubic-shape52

particles provide a packing with higher porosity and increased resistance to flow compared to spheres.53

Härtl and Ooi [24], considering spherical and non-spherical (consist of two glued beads), investigated the influence54

of particle shape and on the bulk friction in a Jenike direct shear test. It is shown that particle interlocking has a55

more pronounced impact than porosity on the bulk friction.56

Tao et al. [25] used the MS approach to represent corn-shape particles and compared the flow properties with57

spherical particles. They showed that the downward velocity of the clusters shows higher variation, compared to58

spheres, along the width of the silo (the maximum is seen in the centre and decreases towards the walls). Furthermore,59

they observed that the mean voidage of packings for non-spherical particles is smaller than that of the spherical60

particles.61

Markauskas et al.[6] evaluated the capability of MS method to describe ellipsoidal particles, which can replace the62

perfectly smooth ellipsoids generated using the SQ technique. Varying the number of sub-spheres, the MS particles63

were characterized through studying the angle of repose, porosity and coordination numbers. They observed a non-64

linear increase of computational time with the increase in the number of sub-spheres compared to the case of ideal65

spherical particles. It was pointed out that increasing the number of sub-spheres exhibits a clear tendency to mimic66

macroscopic parameters of a smooth ellipsoid.67

The studies summarised above show that several attempts have been made to understand the characteristics of68

different shape approximation methods. However, there is still a lack of a comprehensive study that investigates the69

bulk response of the SQ and MS particles under various compression and shearing conditions. Accordingly, this paper70

aims to provide a better understanding of the micro/macro properties of the MS and SQ particles and also investigates71

the potential similarities. In this respect, a series of grain level tests and as well as shearing tests in a Jenike shear72

tester with MS and SQ particles are conducted to determine the role of blockiness in SQ and number of sub-spheres73

(surface bumpiness) in MS particles. Subsequently, the influences of particle edge sharpness and surface roughness on74
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flow characteristics of a granular assembly are investigated. Eventually, attempts have been made for estimation of75

the flow characteristics based on the shear test results (i.e. numerical calibration).76

2. Methodology77

This section provides information regarding the material properties and the testing procedures that have been78

followed. The considered particles have cubical shapes with an edge length of d = 2mm (the reason for choosing79

cubical geometry is to have the aspect ratio as 1 and put emphasis on the surface and edge properties). Cubes80

were approximated by SQ particles in LIGGGHTS and by MS particles in EDEM [26] (except for Section 4.1, where81

MS particles were simulated in LIGGGHTS software). Regarding the use of two distinct DEM codes, it should82

be noted that the contact detection algorithm and force calculation methodology are different for multi-sphere and83

superquadric particles. Furthermore, using spherical particles, the consistency of the test conditions for both DEM84

codes was assessed through comparing the results of several single-particle and bulk-level tests (as also mentioned in85

the Section 4.2).86

To simulate a perfect cube, the shape description method must be able to provide sharp edges. Theoretically, the87

edge sharpness of MS particles could be increased by using spheres of smaller size to represent the particle edges.88

However, this would lead to i) smaller time-step ii) higher number of sub-spheres per particle and, as a result, iii)89

higher computational costs. The current study evaluates whether surface bumpiness can compensate the lack of edge90

sharpness for MS particles approximating cubical particle.91

The parameters for considered material are chosen in a way that the computational cost is reasonable. Table92

1 shows the material properties for particles and the geometry. Hertz model with viscous damping (modified by93

Brilliantov et al.[27]) and Mindlin-Deresiewicz[28] model are used in all simulations as normal and tangential force94

models:95

Fn = knδn − γnUn

F t = min(ktδt − γtU t, µsFn)
(1)

where δn is the normal overlap distance between particles, Un is the normal component of the relative velocity at the96

contact point, δt is the tangential overlap[29], µs is the coefficient of sliding friction. Corresponding expressions for97

coefficients kn, kt, γn, γt can be found in [30, 31, 10].98

2.1. Superquadrics99

The equation that governs the shape of a SQ particle in its local coordinate system, given by Barr [32], is as follows:100

101

f(x, y, z) ≡
(∣∣∣x
a

∣∣∣n2

+
∣∣∣y
b

∣∣∣n2
)n1

n2
+
∣∣∣z
c

∣∣∣n1

− 1 = 0, (2)

where a, b, c are the half-lengths of the particles along its principal axes, and n1 and n2 are blockiness parameters102

that control edge sharpness. Cubical particles can be modeled by superquadrics taking a = b = c = d/2 and taking103
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n1 = n2 = N > 2, where N controls the level of edge sharpness/blockiness. It is worth noting that each k-th SQ104

particle in a simulation can have its own set of parameters (ak, bk, ck, n1k, n2k) and, as a result, corresponding shape105

function fk(x, y, z).106

The contact detection algorithm is based on finding a “midway” point X0 between two superquadric particles A107

and B (Fig.1) that is a solution of the following non-linear system:108

 ∇FA(X) + µ2∇FB(X) = 0

FA(X)− FB(X) = 0,
(3)

where µ is the proportionality coefficient, Fk(X) = fk(QT
k ·(X−XCk)) is the shape function of particle k defined with109

respect to a global coordinate system, XCk is the centre of mass, Qk = Q(qk) is the quaternion-based rotation matrix110

and qk is the quaternion that tracks orientation of particle k. The contact direction nAB = ∇FA/||∇FA|| is calculated111

at the contact point X0. The normal overlap vector δn is defined as a vector connecting points of intersection XB112

and XA between the contact line and surfaces of particles A and B correspondingly:113

FA(XA) = 0,where XA = X0 + αAnAB ,

FB(XB) = 0,where XB = X0 + αBnAB ,

δn ≡XA −XB = (αA − αB)nAB .

(4)

Standard normal and tangential force models[30] can be applied, using local curvature radius as particle radius in114

force formulations.115

Newton’s method is employed to solve the system of non-linear equations (3) for every potential pair of particles116

at every DEM time-step. Several techniques can be proposed to reduce the number of potential particle pairs and117

increase computational efficiency: checking intersections between minimum bounding spheres and oriented bounding118

boxes, and using the solution for the contact point from the previous step at a current step as initial guess. Eq. (4)119

must be solved for every pair of overlapping particles. For a more detailed description of contact detection and a120

contact force algorithms between SQ particles refer to Podlozhnyuk et al. [10].121

Different levels of edge sharpness (between N = 4 and N = 10, further denoted as SQ(N4),...,SQ(N10)) are used in122

this paper to study the blockiness effect. Fig.2 (top row) illustrates particle shapes for SQ(N4), SQ(N6) and SQ(N8).123

2.2. Multi-sphere approach124

Multi-spheres, which approximate the shape of particles by overlapping or touching spheres, are used as an ap-125

proximation of the real shape irregularities [3, 33]. In the multi-sphere model, a single particle is represented by a126

set of rigidly connected spheres, which are inscribed into the shape of the particle such that at each contact point of127

sphere and real body a tangential plane can be constructed. The sub-spheres are allowed to vary in size and to overlap128

forming an approximation of any desired shape. The contact force between neighboring particles is calculated from129
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their element spheres, using sphere-sphere contact detection. Each sub-sphere i of particle A is checked for contact130

against each sub-sphere k of particle B(see Fig.3). The normal overlap vector δABik is determined for each pair of131

intersecting sub-spheres in the same way as conducted for single spherical particles:132

δABik = ‖XAi −XBk‖ − (rAi + rBk)

XAi = XCA +QA · dAi

XBk = XCB +QB · dBk,

(5)

where XCA and XCB are the centres of gravity, QA and QB are the rotational matrices converting vectors from133

the body-fixed frame to the global coordinate system, dAi and dBk are the vectors in the body-fixed frame pointing134

from the centres of gravity (XCA and XCB) to the centres of sub-spheres i and k for multi-sphere particles A and B135

correspondingly.136

Contact forces FABik are obtained from the calculated overlaps δABik for each pair of overlapping sub-spheres137

between particles A and B. The resulting overall force acting on particle A from particle B is determined as follows:138

FAB =
∑

i,k:δABik<0

FABik. (6)

Details of the algorithm and mechanical calculations can be found in Abbaspour-Fard and Favier et al. [2, 3].139

Cubes, as multi-spheres, were modeled in EDEM software using equal-radius (d/4) overlapping sub-spheres. The140

number of sub-spheres in each edge of the cubes varies between 2 and 5, resulting in 8, 27, 64, and 125 total sub-spheres141

per particle (further denoted as MS(8), MS(27), MS(64) and MS(125) correspondingly). Graphical illustrations for142

MS(8), MS(27), MS(64) are given in Fig. 2 (bottom row).143

2.3. Coarse-graining144

In order to compute the continuum fields through micro-scale data, an appropriate averaging methodology must be145

followed. The average procedure captures the fluctuation of the continuum fields and allows the continuum parameters146

of interest to be evaluated at appropriate local spatio-temporal scales. In this study, we are using the averaging or147

coarse graining (CG) technique described by [34] to obtain macro-scale features of the granular assembly such as148

density, velocity and stress.149

Coarse-graining utilizes both spatial and temporal options for averaging the DEM results, in which the former150

regulates the extent of the volume contributing to the field data at each point and the latter is employed to represent151

the temporal fluctuations [34].152

Both the spatial (w) and the temporal (∆T ) scales are problem-dependent and vary with the dynamic character-153

istics of the granular system. However, based on studies conducted by the authors and also as suggested by Weinhart154
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et. al[35], values of d < w < 2d are appropriate for quasi-statics systems. Additionally, to reduce the instantaneous155

fluctuations, a temporal average over ∆T = 0.5s with a 100Hz data output frequency has been applied to the spatially156

averaged results.157

3. Simulation results: micro-level158

3.1. Particle-wall impact159

In this test, a particle impacts a flat wall with a specified translational velocity (vpre = 0.01m/s) normal to the wall160

and zero angular velocity. The particle has one plane of symmetry parallel to the wall, so that face-wall contact occurs.161

The post-impact particle velocity vpost normal to the wall is computed. The contact is assumed to be frictionless and162

without gravity. It can be observed from Fig. 4 that for all particle shapes used the velocity increases again until163

a certain point, as expected, but then it decreases again slightly. This occurs due to the employed viscous damping164

model at the end of the contact, when the repulsive force in Eq.(1) (kδn) component becomes smaller than the viscous165

part (γnUn) and the total normal force becomes aligned towards the wall, decreasing the rebound velocity. After the166

impact is finished, it is clear from Fig. 4 that the post-impact velocity for superquadric cubes does not depend on167

the blockiness parameter N and satisfies the coefficient of restitution: vpost/vpre = εpw. On the contrary, the post-168

impact velocity for multi-spheres decreases with increasing number of sub-spheres. This is a well-known drawback169

of the standard multi-sphere method [17],[36], [18]. To overcome this problem the calculation of the contact forces170

has to be modified. The total force of the contacting sub-spheres cannot be equivalent to the contact force between171

contacting MS-particles. Kodam et al.[36] proposed to adjust the normal spring stiffness that minimizes the error172

between the summarized contact force of the sub-spheres and reference particle is minimized. An alternative solution173

as demonstrated by Kruggel-Emden et al. [17] would be to divide the total sum of all component forces by the number174

of contact points for each contact pair of MS-particles (advanced MS-method).175

3.2. Degree of interlocking176

Particle shape irregularity is quantified in the following section. Particle 1 and Particle 2 stand on a flat surface177

having centres at (−r, 0, r) and (r, 0, r) correspondingly and touching each other at (0, 0, r), where r = d/2 is the178

half-edge length of a particle. Particle 3 is initially located at (−r, 0, 3r) producing zero overlap, and is allowed to fall179

under gravity over Particle 1 (configuration “1+2”, Fig.5).180

The interlocking value δz = 3r − z is calculated, where z is the residual Z-coordinate of the centre of Particle181

3. Then, after impact, the initial position of Particle 3 in X-direction is changed by small δx : x := x + δx and182

the simulations are iterated from x = −r till x = r. The interlocking value δz as a function of initial position in183

X-direction is presented in Fig.6.184

It is clear from Fig.6 that the MS(8) shape has the highest degree of interlocking as can be expected from the185

surface being represented by two spheres in contact. Moreover, δz decreases with the increase of the number of sub-186
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spheres. The degree of interlocking for SQ particles has its maximum for SQ(N4) and decreases with the increase of187

superquadric blockiness N .188

The effect of particle shape irregularity is further studied in the following set of simulations with 3 particles (in189

“1+2” configuration). Particle 1,2 and 3 are located initially exactly in the same way as in Fig.5. Particle 1 and190

2 remain static during the whole simulation. Particle 3 moves from x = −r to x = r with prescribed constant191

translational velocity ux = 1mm/s in X-direction, having 1 degree of freedom (along Z-axis, no rotation).192

3.3. Particle-Particle sliding193

The simulation is conducted for different friction coefficients: µspp = 0.1, 0.3, 0.56. Tangential force Ft acting on194

Particle 3 is calculated as the x-component of the total force (normal+tangential) taken with the negative sign (−Fx).195

In order to cancel out the effect of different masses per single particle, it is plotted (Fig.7) in dimensionless form196

(Ft/µ
s
ppmg) as a function of relative displacement x/r. The total mechanical work done by the tangential force Ft is197

added to the legend in dimensionless form:198

W = A/A0, A =

∫ r

−r
Ftdx, (7)

where A0 = 2µsppmgr is the mechanical work done by the friction force for a displacement ∆x = 2r (from x = −r to199

x = r), assuming particles as ideal cubes sliding along a flat surface. It can be seen from Fig.7 that the behaviour200

of the tangential force for MS particles exhibits “zigzag” pattern. For SQ particles there is always only one local201

maximum/minimum that is related to the gap at x = 0 between particles 1 and 2. It seems that the behaviour of MS202

and SQ particles (maximum tangential force Ft and its mechanical work) tends to converge to that for ideal cubes203

(Ft = µsppmg = const, A = A0) with the increase of the number of subspheres (for MS) and blockiness N (for SQ)204

and with the increase of the friction coefficient µspp. However, significantly higher MS-particle resolution is required205

to achieve less than 5% of the maximum relative deviation of the tangential force from the mean value.206

3.4. Inclined/rotating plate I207

Here, a single particle is placed onto a flat surface that starts to rotate with constant angular velocity ω = π/50208

[rad/s]. The distance between rotation origin and projection of the particle centre onto the surface is L = 24mm (Fig.209

8). For each particle shape the corresponding critical angle (the angle at which a particle begins to move/tilt) is found210

for coefficients of friction µ1 = 0.45 and µ2 = 0.56 and compared to the sliding angles α1 = arctan(µ1) = 24.23◦ and211

α2 = arctan(µ2) = 29.25◦.212

Two scenarios are possible during the rotation of the plate: sliding of a particle along the plate without changing213

the orientation, or tilting of the particle towards the rotation origin. For the SQ particles (Fig.9), the results are214

depending on particle blockiness/edge sharpness (N). The SQ(N4) and SQ(N5) particles tilt and fall at the same215

angles irrespective of the coefficient of friction. For coefficient of friction µ = µ1, SQ(N6), SQ(N7) and SQ(N8)216
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particles slide at the sliding angle, while for µ = µ2, the critical angle increases with the increase of blockiness N. The217

results show that particles with different levels of edge sharpness can behave differently even at the single grain level218

(changing the mode of motion from rotational to translational).219

It is interesting to note that the behaviour of MS particles does not depend on the number of sub-spheres. For µ1,220

MS particles begin to slide exactly at the sliding angle α1; for µ2, they begin to tilt and fall from the plate at around221

27◦ (similar to SQ(N6)), irrespective of the number of sub-spheres for both values of the coefficient of friction studied.222

This can be explained by the fact that all MS particles have sub-spheres with equal sizes, which give them an alike223

tilting characteristics.224

3.5. Inclined/rotating plate II225

In this simulation, 3 particles in configuration “1+2” stand on a flat surface. Particle 3 is standing exactly above226

the gap between particles 1 and 2 (Fig.10). The flat surface starts to rotate and the critical angle for particle 3 is227

measured. The angular velocity ω and the distance L between the rotation origin and the gap between particles 1228

and 2 are exactly the same as in the previous section. The particle-wall friction coefficient µspw = 1 was chosen to229

avoid sliding of particles 1 and 2 along the flat surfaces before particle 3 starts moving. The coefficient of friction230

between particles was varied: µspp = 0.1, 0.2, 0.3, 0.4, and 0.56. Critical angle as a function of superquadric blockiness231

(N) and the number of sub-spheres is presented in Fig.11. MS(216), MS(343) and MS(729) particles (with 6, 7 and 9232

sub-spheres per edge correspondingly) have been additionally simulated. The simulation results (“S”) are compared233

with the analytical solution (“A”, case of perfect cubes): αcrit = arctan(µspp) that covers only particle sliding.234

It is clear, behaviour for SQ converges to that for ideal cubes with the increase of blockiness for all coefficients of235

particle-particle friction (µspp) used. Starting from N = 8 the results can be considered as converged to αcrit. At low236

blockiness (N = 4) there is a maximum 50% deviation from αcrit. For MS particles, there are significant errors at237

low µspp and low number of sub-spheres due to high particle interlocking level/bumpiness. Moreover, it seems that the238

results for most of the µspp tend to converge to values that differ from αcrit with increasing the number of sub-spheres.239

Similar to section 3.3, a significantly larger number of sub-spheres can be required to consider results as converged240

for coefficients of friction between 0.2 and 0.4. For µspp = 0.56 the critical angle does not depend on the number of241

sub-spheres significantly converging to a value slightly lower than αcrit.242

Based on the results above and the results from previous sections, we can conclude that at low coefficients of friction243

(≤ 0.2) representation of particle shape using SQ and MS can have significant effect on particle motion, especially244

for MS particles (interlocking effect). At high contact friction, the effect of particle-interlocking can be relatively245

neglected.246
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4. Simulation results: macro-level247

4.1. Angle of repose248

In this test an assembly of 6000 particles is distributed randomly in a cone. The system is allowed to settle under249

gravity (in Z-direction) for 1s simulation time. Fig.12 shows the simulation setup and the dimensions used.250

The average residual translational and angular velocities for MS particles after settling were found to be of order251

vMS
ave = 10−13m/s and ωMS

ave = 10−9rad/s correspondingly, while for SQ particles the velocities were around vSQave =252

10−5m/s and ωMS
ave = 10−2rad/s. A possible explanation for this can be bumpiness of MS particles that produces an253

artificial sliding and rolling resistance because of multiple contact points between two MS particles. Concerning SQ254

particles, the contact is based only on a single contact point. Stability of the packings for SQ particles can be increased255

by applying a rolling friction model, like models B and C in [37], with a relative small rolling friction coefficient about256

µr = 10−3 or µr = 10−2 to dissipate energy. In this case the average residual translational and angular velocities for257

SQ particles were found to be around one order less for µr = 10−3 and 4 orders less for µr = 10−2 correspondingly258

with respect to zero rolling friction coefficient. However, the influence of a small rolling friction coefficient on the259

superquadric DEM simulation results must be further studied. Hence, zero rolling friction coefficient is used in all260

simulation results presented further in this paper.261

Then, after the packing is formed, the orifice is opened and discharge commences. The simulation continues for 3s262

until a heap is formed. The heap is then analysed and the angle of repose is estimated.263

The algorithm that determines the angle of repose of the heap operates by dividing the heap along Z-direction into264

20 discs of equal height (instead of dividing into wedge shaped regions as in [38]). The discs are allowed to overlap by265

50% with the neighbors in vertical direction. Then, the average cross-sectional area Si of each disc is calculated by266

constructing a convex hull from particle centres in the XY plane. Each disc is assumed to be cylindrical with area267

equivalent radius ri =
√
Si/π. This way, it was possible to construct the surface profile function zi = z(ri) and plot268

it for each of particle shapes, see Fig.13.269

Furthermore, the angle of repose is found as the inclination angle of z = z(r) using linear regression, see Fig.14.270

The first and the last bins are excluded to avoid the influence of the rounded top and flattened foot of the heap. It271

can be seen from Fig. 14 that the results for SQ particles are located within a larger interval than MS particles. The272

increase of SQ blockiness parameter N from N = 4 to N = 8 increases monotonically the angle of repose. Meanwhile,273

it is clear that, for MS particles, increasing the number of sub-spheres decreases bumpiness (which presumably would274

affect the angle of repose). Looking at Fig. 14, it is clear that there is an abrupt change for AOR of MS particles with275

2 and 3 particles per edge (i.e. MS8 and MS27). However, it seems that further increase in the number of particles276

per edge (in this case from 3 to 5), is not affecting the avalanching characteristics of MS particles. A similar effect277

was observed by Markauskas et al. [6] for ellipsoidal particles.278

Eventually, it is interesting to note that despite the very different interlocking mechanism and surface characteristics279

between SQ(N8) and MS(8), both particles show similar heap profiles. Nevertheless, SQ(N4) and MS(64), which have280
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alike geometric characteristics (both have relatively similar rounded edges, and MS(64) is less bumpy and tend to have281

a rather smooth surface), present very distinct heap profiles. It can be said that even small surface bumpiness can282

affect the heap formation of cubic particles (MS(64) has larger AOR than SQ(N4) and SQ(N6)). Additionally, it is283

seen that the SQ particles are more sensitive in AOR test on blockiness parameter.284

In order to measure computational efficiency of MS and SQ approaches, the simulations for “Angle of Repose” with285

SQ and MS particles were conducted on the same machine using the same software (LIGGGHTS). Fig.15 illustrates286

performance degradation CT /St as a function of the number of sub-spheres Ss for MS particles and as a function of287

blockiness N for SQ-particles, with CT being the total computational time and ST being the total simulation time288

with perfect spheres (can be considered as MS(1)). MS37 and MS61 particles, that are MS64 and MS125 particles289

with removed interior sub-spheres, were additionally simulated. It can be observed that the computational time for290

MS particles depends linearly on the number of sub-spheres with a factor of 1.3. MS(125) particles demonstrate the291

highest computational time and are excluded from further simulations. The total computational time for SQ particles292

is 10X larger than for the case of perfect spheres and it does not grow with the increase of blockiness N (being293

comparable to CT of MS8 particles).294

Based on the results above and the results from previous sections, only SQ(N4), SQ(N6), SQ(N8) and MS(8),295

MS(27), MS(64) particles will be used further in this paper and compared to each other.296

4.2. Jenike shear tester297

The Jenike shear tester is widely used for measuring flow properties of particulate solids, [24]. In this test the298

granular material is placed in a split cylindrical box. Then, the material is consolidated by applying a constant vertical299

load σν (10 kPa) to the lid section (consolidation state). Later, the top half of the cylinder (ring) is sheared at a300

constant translational velocity (2 mm/sec), see Fig.16. The measured quantity is the force required for this movement301

that can be converted to an average shear stress τ . Velocity of the lid in LIGGGHTS is controlled by a standard PID302

controller[39] that compares the current acting force ftotal with the predefined target value fSP . In EDEM position303

and velocity of the lid is controlled by multi-body dynamics.304

Before comparing MS and SQ particles, simulations with mono-sized spherical particles were conducted to prove305

equivalence of the setups in the LIGGGHTS and EDEM codes. Results showed a reasonably good agreement with306

a maximum difference of 3 % (for stress-displacement curves). This discrepancy can be explained by the difference307

in initial particle configuration within the generated packings and also the difference in the constant vertical load308

controller.309

The DEM time-step was chosen as ∆t = 2 ·10−6 s (5 % of Rayleigh time) in all simulations. Two types of packing,310

using MS and SQ particles, were generated to assess the dependence of the results on the density of the initial packing.311

In the dense packing, the particle-particle friction coefficient µspp was set to zero at the filling stage and changed back312

to µspp = 0.56 before applying σν . On the contrary, the loose packing had µspp = 0.56 during the whole simulation. For313

all simulations, material properties were kept identical and packings of equivalent bulk volume were generated using314
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SQ(N4), SQ(N6), SQ(N8) and MS(8), MS(27), MS(64) particles. In the following two sections (4.2.1 & 4.2.2), the315

effects of particle edge and surface properties on the packing density and mode of motion are evaluated. Successively,316

the shearing response of the particles is assessed in section 4.2.3.317

4.2.1. Porosity318

The porosity φ of the samples was measured by exporting the position of the lid at start and end of shearing.319

This scalar quantity is an indication of how densely the particles are packed in the system (i.e. by dividing the total320

volume of the voids over the volume of the shear tester). As mentioned before, the packings are prepared in dense321

and loose states by switching the friction coefficient to 0 and 0.56 respectively. Fig.17 presents the initial porosity of322

the samples at D = 0 (end of consolidation) and also the relative change of porosity at end of shearing (∆φ). The323

porosity at D = 0 is referred to as “initial porosity” (φinit) and ∆φ is calculated as:324

∆φ =
φend − φinit

φinit
· 100% (8)

where, φend is the final porosity of the sample at D = 6 mm.325

According to Table 2, by increasing N , the number of particles in both density states decrease up to 15 %.326

Moreover, looking at Fig. 17, it is clear that the reduction in number of particles is not affecting the initial porosity327

(φinit) of the system (i.e. the extension of edges for SQ(N6) and SQ(N8) provides similar total particle volume as the328

assembly of SQ(N4) particles) despite the differences in volumes per single particle (Table 3). It is also seen that the329

value N = 4 leads to the highest φinit for SQ particles (more noticeable for the dense case) and further increase of N330

from 6 to 8 has no effect on the porosity of the sample.331

Moreover, results suggest that the bumpiness, in MS particles, can affect the initial porosity of the system and332

leads to increase of φinit in both density states (here, it must be noted that the MS(8) has a void between composing333

particles which is subtracted from the total voids of the system).334

Furthermore, it is seen that all of MS particles provide higher initial porosities than for SQ particles. This is mostly335

due to the additional void that is available between adjacent overlapping spheres on the surface of the MS particle.336

Another important phenomenon that happens during shearing of the granular samples is the dilation of the337

assemblies. The φinit for the samples are plotted in Fig.17 with respect to the change in porosity (∆φ) at D = 6 mm.338

It is seen that even the samples with initially loose configurations tend to dilate, which might be due to the high level339

of irregularity that the considered particles have (for both MS and SQ particles ∆φ <10 % ). On the other hand,340

the magnitude of ∆φ in dense samples is 3 to 4 times larger than for the loose samples (as expected, the dilatant341

behaviour is more pronounced for the dense packings). Additionally, the increase in blockiness of the SQ particles342

increases the ∆φ magnitude. Unlike this, the effect of bumpiness on dilatancy is not following a specific trend for the343

considered MS particles. While the difference of ∆φ for MS(27) and MS(64) is relatively small, MS(8) presents the344

lowest ∆φ. This is due to the higher initial porosity in sample with MS(8) particles. The observed results are well345
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capturing the concept of dilation and its dependency on density state in critical-state theory [40, 41].346

It is also useful to monitor the vertical displacement of the lid, during the shearing of the assembly, to determine347

the mode of volume change (i.e. contractive or dilative), see Fig 18.For the loose packing, SQ(N4) and MS(8) have348

the lowest amount of lid displacement (this is due to the higher initial porosity, see Figure 16). Furthermore, loose349

packings are showing a slightly contractive behaviour initially, approximately up to 1.5 mm of the shear displacement,350

before starting to dilate.351

In dense packings, the contraction of the assemblies seems to be insignificant and dilation is the dominant mode352

of volume change. For the MS particles, the bumpiness effect can be seen in further dilation of MS(27) compared to353

MS(64), however, MS(8) has the least volume increase due to its initial higher porosity. On the other hand, increase354

in the corner sharpness of SQ particles is contributing to increased dilation of the assembly during shearing.355

Coarse-graining shows the local distribution of the porosity in the Jenike shear tester. Fig.19a presents the results356

for MS(8), with φinit=0.5, at D = 6 mm. It can be seen that the lowest porosity is formed from top right to bottom357

left corner. Moreover, the distribution of the magnitude of normal contact forces is presented in Fig.19b. Results358

suggest the zone with lower porosity concentration and strong contact forces overlaps.359

4.2.2. Mode of motion for the particles360

The previous section provides information on the effect of surface bumpiness and edge sharpness on the packing361

density and the dilation of the particles at the initial and final state of a direct shear test. In the current section, an362

attempt is made to evaluate the mode of motion for the particles during the shearing. Accordingly, the cumulative363

rotation θi and its magnitude θi, for each particle i, is recorded for all the tests:364

θi(t) =
1

2π

∫ t

0

ωidτ, θi = ||θi||, i = 1, Np, (9)

where, ωi is the angular velocity of particle i and Np is the number of particles in the system.365

Fig.20 shows the distribution of the cumulative rotation magnitude at D = 6 mm for MS(8) particles (since a366

similar trend was seen for other particles, only the result for MS(8), with φinit = 0.57, is shown here). It is clear that367

the rotation of the particles is localized in a layer with a thickness of two to three particles (most rotation belongs to368

the particles located in the shear band), in the mid height of the shearing cell (this is commonly observed in both MS369

and SQ particles). The obtained results are in line with the numerical study in [42]. Fig.20 also shows the dilatant370

behaviour of the particles, that leads to elevation of the ring.371

Fig.21 compares the magnitude of the cumulative rotation for the dense samples at the end of the shearing. Results372

imply that for both SQ and MS particles the magnitude of cumulative rotation is independent of the bumpiness and373

blockiness.374

However, for the loose packings, as shown in Fig.22, SQ(N8) and MS(8) present the lowest cumulative rotation375

(true for higher magnitudes of cumulative rotation >0.075). The percentage of MS particles with cumulative rotation376
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magnitude less than or equal to 0.025 is clearly higher than the corresponding percentage for SQ particles, indepen-377

dently of bumpiness/squareness. Nonetheless, for the rest of the cumulative rotation magnitudes, MS and SQ particles378

show similar values. Consequently, it can be deduced that the additional bumpiness/blockiness results in constraining379

the rotation of the particles (during shearing) only in loose packings.380

4.2.3. Shear strength381

The corresponding shear stress curves for SQ and MS particles as a function of shear displacement (D) are shown382

in Fig. 23. It can be seen that, in loose packing, SQ(N4) has the lowest peak strength during shearing. However,383

it can be noticed that after increasing the blockiness to N = 6, the material shows a higher strength, but a further384

blockiness (i.e. N = 8) plays no significant role in the shearing response of the SQ particles. Additionally, one might385

argue that in shearing strength of the granular material, the fact of packing density matters to a large extent. Looking386

at Fig. 17, it can be seen that for the loose packings, cubes with different values of N and various surface bumpiness387

(except MS(8)) have a similar values of φinit.388

For the loose packings of the MS particles, the MS(27) and MS(64), which have relatively similar surface roughness,389

show a comparable peak strength, while a slightly lower residual strength can be seen for the MS(64) (this is due to390

further smoothness in the surface of the particle). The MS(8) is providing a peak and residual strength larger than for391

MS(27) and MS(64), which is an indication of increased interlocking among the MS(8) particles. Moreover, a similar392

residual strength is seen for the following pairs ‘SQ(N4) and MS(64)’, and ‘SQ(N6), SQ(N8) and MS(27)’. According393

to the shown results, it can be seen that increasing particle bumpiness can compensate to some extent the effect of394

edge sharpness when approximating particles by multi-spheres. Additionally, comparing the observations here with395

those of in section 4.1, it is deducible that in dense shearing regimes having a relatively resembling geometry for the396

particles can be adequate to capture comparable bulk response from different shape representation techniques.397

For the dense packing, increasing blockiness for SQ particles results in higher shear strength of the material. A398

similar response is seen for the MS particles when the number of sub-spheres is reduced (the influence is roughly 30399

% for both particle types). It should be noted that due to the limitation of the displacement in the Jenike tester,400

the residual strength of the dense samples has not been fully recorded for the particles with the highest amount of401

bumpiness and blockiness (i.e. MS (8) and SQ (N6) and (N8)). Accordingly, an alternative way is followed to compare402

the shear strength of the samples: we compared the peak friction angle (Φp), which is obtained through dividing the403

maximum value of τ by σn. The results for all the shapes are summarized in Fig. 24. Considering the dense packings,404

MS(8) is in good agreement with SQ(N6) and SQ(N8), whereas SQ(N4) reaches a similar peak as for MS(27) and405

MS(64). Additionally, in the loose samples, both MS(64) and MS(27) have Φp values close to SQ(N6) and SQ(N8).406

Consequently, it can be said that influence of blockiness is increased in dense sample (the Φp value for MS(8) is reached407

by SQ(N6) and SQ(N8), however Φp for SQ(N6) and SQ(N8) only equals MS(27) and MS(64) in loose samples).408

A close look into residual strength of the samples in both density states shows that SQ(N4) and MS(64) present a409

similar response. On the other hand, it is an established fact that the quasi-static silo discharge can be considered as410
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a dense flow regime (similar to that of Jenike test). Considering this, it is of high interest to investigate the possibility411

of predicting flow characteristics of the two particles through the shear tests. This will be discussed in detail in section412

4.3.413

Fig.25 presents the local distribution of the horizontal stress for the MS and SQ particles (results are only shown414

for the dense samples, in which a greater shear strength is developed). The pattern for the horizontal stress is similar415

to the distribution of local porosity and contact network shown in Fig.19. Despite the similar residual strength for416

SQ(N4) and MS(64), the stress distribution pattern seems to be slightly different for these particles. In general, the417

increase in shear strength of the material due to change in particle shape can be seen clearly.418

The detailed study of the bulk response in the current section and also in section 4.2.1 reveals the idea that:419

Whilst the effect of bumpiness and blockiness may show up more strongly in single particle verification and free flow420

conditions (e.g. avalanching), in many dense flow situations such as here, the exact shape representation is not so421

important for all packings (to produce the right shearing response). In other words, once a certain degree of the422

surface and edge complexities is addressed, further adjustment may not be necessary for predicting the behaviour of423

dense flow regimes (i.e. once a cube is made out of 3 sub-spheres per edge, increasing the number of sub-spheres to424

4 or 5 will not greatly influence the overall behaviour; similarly, for SQ blocks, once an edge sharpness of N=6 is425

considered, further increase of blockiness is not essential to predict the behaviour of a perfect cube). Additionally, it426

should be noted that packing density plays a major role in determining the importance of the shape factor (the denser427

the packing, the more influential is the shape factor on shear strength and porosity of the granular assembly).428

4.3. Silo flow429

This section addresses two objectives: a) evaluating the dependency of quasi-static flow on edge and surface430

properties of the MS and SQ particles b) assessing the validity of the numerical calibration methodology (through431

comparing the flow characteristics of particles with similar shearing response in the Jenike test). In this respect, the432

discharge process of the particles has been monitored inside a flat-bottom silo, which has dimensions 50d×5d×100d in433

x, y, z directions correspondingly. Periodic boundary conditions are applied in the y direction. The orifice dimension434

is 10d× 5d.435

A total of about 21 000 particles were generated in each software to model the filling and discharge of the flat-436

bottom silo. Particles above the height of 0.2 m in the silo were removed from simulations before discharge in order to437

have equal bulk volumes, see Table 4 for the detailed number of particles. Please note that to address the difference438

in the volume of the single MS particles, the density of the MS (8) particles has been changed from 4100 to 6279439

kg/m3, to provide a match of the mass of MS(8) particle to the mass of MS(27) particle.440

4.3.1. Discharge process441

The discharge rate of the MS and SQ particles are shown in Fig. 26, shows the effect of blockiness and bumpiness442

on the discharging process. It is evident that for the SQ particles, the increasing blockiness retards the flow resulting443
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in a decreasing flow-rate For the MS particles, increasing the surface bumpiness also results in a decreasing flow-rate444

However the effect of bumpiness on flow-rate appears to be much smaller with MS (27) and MS (64) converging to a445

similar flow-rate. Moreover, the drop in discharge rate, by increasing pseudo-bumpiness, is smaller than the effect of446

increased blockiness for SQ particles (blockiness is not well captured by bumpiness). Moreover, MS(64) and SQ(N4)447

(with similar residual shearing response) present an overlapping discharge rates (i.e. the slope of cumulative discharged448

mass in Fig. 26). The above results are in line with the Beverloo’s equation [43], which predicts the mass flow rate449

(M) according to the following equation:450

M = Cρ
√
g(D0 − kd)5/2, (10)

where, C is constant that depends on the coefficient of friction, ρb is the bulk density after filling, g is the451

gravitational acceleration, D0 is the opening width, d is the particle diameter, k is generally known to be a constant452

that depends on particle shape. In this case, kd increases by further bumpiness and blockiness (which results in453

reduction of the effective orifice dimension). Another important point is that compared to the significant dependency454

of the shearing resistance (≈ 30%) on the shape characteristics, discharge rate is affected less (≈ 10%).455

Simulation snap-shots have been taken at different instances of the discharged mass (MD) to provide an insight into456

flow profiles for both particle types. Fig. 27 shows the particles inside the silo at 10, 30 and 60 % of the discharge. It457

can be seen that the flow profiles are a function of the geometry of the particles. Increasing blockiness and bumpiness458

leads to development of the flow channels to higher elevation (MD=10 %). Moreover, it is clear that the transition459

height, of which there is mass flow above this height, is increased (it is important to determine this point, since460

the maximum horizontal stress distribution is developed in this region). Additionally, it is observable that changing461

blockiness from 4 to 8 has a small effect on the formation of the dead/not-flowing zones, see MD=60 %. Unlike for462

SQ particles, increasing bumpiness leads to formation of larger dead-zones in adjacent of the silo walls (see results at463

MD=60%). Additionally, comparing flow pattern for particles with similar shear strength (i.e. SQ(N4) and MS(64),464

which were predicted in the direct shear simulations earlier) depicts the similarity of flow kinematics for both particle465

types. Accordingly, results of this section suggests that for the silo flow situation, which involves large displacement466

regimes (where residual strength dominates), representation of particle shape using MS or SQ particles can produce467

matching predictions as long as the relevant residual strength characteristics is captured.468

In addition to the above remarks, results indicates that whilst significant differences in single particle behaviour469

have been shown between the two shape descriptors, they do not lead to significant discrepancy in silo flow kinematics.470

4.3.2. Stress distribution471

The horizontal (σxx) and vertical (σzz) stress distributions inside the silo are obtained through coarse graining as472

shown in Fig. 28 (at MD=30 %). Furthermore, it is an established fact that the continuum fields can be averaged473

over directions in which the flow is homogeneous. In this respect, since applied periodic boundary in depth of silo474
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provides a homogeneous flow, the results are averaged over y direction.475

A close look at σzz distributions for MS and SQ particles reveals that the vertical stress is independent of the476

particle shape characteristics. Additionally, the highest magnitude of the σzz is developed adjacent to the walls in the477

stagnant zones (two column of high stress at both sides of the flow channel). This is due to presence of the strong478

arches in the mass flow region that exerts the overburden pressure to the particles near the side-walls (it is clear that479

the flow channel cannot carry significant vertical loads).480

Furthermore, the σxx distribution is showing a reduction with the increase in N parameter and decrease of number481

of sub-spheres. For MS(64) and SQ(N4) particles, even though a similar flow pattern and discharge rate is captured,482

the distribution of σxx differs.483

5. Conclusion484

In this work, the behaviour of SQ particles (in LIGGGHTS) with different blockiness/edge sharpness levels, and MS485

particles (in EDEM) with different numbers of sub-spheres (surface bumpiness), have been evaluated in single-grain486

and macro level tests.487

At grain-level, several test cases were simulated with MS and SQ particles, which led to a better understanding488

of impact, interlocking, sliding and tilting characteristics of the single particles. These tests show the dependence of489

particle behaviour at the micro-scale on the particle edge and surface properties. For example, it has been shown that,490

at low friction coefficients, interlocking of MS particles can have significant effect on particle motion.491

In the angle of repose test, the surface inclination of the formed piles increases monotonically with the increase in492

blockiness. A similar influence is seen by increasing the bumpiness in MS particles. Measuring the simulation time493

for particles with different shape properties, it is shown that the SQ blockiness has no significant influence on the494

computational costs. On the contrary, the computational time for MS particles strongly depends on the number of495

sub-spheres. It is seen that only MS(8) (among all MS particles) have computational time comparable to that for SQ496

particles, which is approximately 10 times slower than spherical particles. The use of SQ particles can therefore be497

beneficial for modelling non-spherical particles in DEM (especially for blocky types of particles).498

Further assessment of bulk behaviour of the MS and SQ particles is performed through conducting the Jenike shear499

test. Results suggest that the surface roughness, in MS particles, and edge sharpness, in SQ particles, can dictate the500

material response only in certain density states. Namely, for porosity, dilation and shear strength of the material a501

dense packing is more susceptible to the variation in blockiness and bumpiness of particle.502

For the silo flow, it is shown that the discharge rate, flow profiles and stress are affected by the shape to varying503

degrees. With increasing blockiness and surface bumpiness, the flow is retarded to some extent, of the order of 10504

% in this study. Moreover, the horizontal stress reduces whilst the vertical stress is much less sensitive to the shape505

characteristics.506

The flow properties of the particles with similar residual shear strength have been assessed and an identical flow507
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pattern and discharge rate is recorded. Nevertheless, the inherent difference in total number of contacts in MS particles508

(which acts as additional frictional resistance) could potentially give a different stress field.509

An outlook to future research is to consider validation of the DEM results by considering non-spherical particles510

and conduct angle of repose, Jenike shear and silo discharge experiments. This way, it will be possible to validate the511

observations from this numerical investigation with measured physical responses of particulate systems.512
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47–65. doi:10.1680/geot.1979.29.1.47.519

URL http://www.icevirtuallibrary.com/doi/10.1680/geot.1979.29.1.47520

[2] M. Abbaspour-Fard, Discrete element modelling of the dynamic behaviour of non-spherical particulate materials,521

Ph.D. thesis, The University of Newcastle upon Tyne (2000).522

URL http://ethos.bl.uk/OrderDetails.do?uin=uk.bl.ethos.324869https://theses.ncl.ac.uk/dspace/523

bitstream/10443/970/1/Abbaspour-Fard00.pdf524

[3] J. Favier, M. Abbaspour-Fard, M. Kremmer, A. Raji, Shape representation of axi-symmetrical, non-spherical525

particles in discrete element simulation using multi-element model particles, Engineering Computations 16 (4)526

(1999) 467–480. doi:10.1108/02644409910271894.527

URL http://dx.doi.org/10.1108/02644409910271894528

[4] L. Vu-Quoc, X. Zhang, O. R. Walton, A 3-D discrete-element method for dry granular flows of ellipsoidal529

particles, Computer Methods in Applied Mechanics and Engineering 187 (99) (2000) 483–528. doi:10.1016/530

S0045-7825(99)00337-0.531

[5] M. Kremmer, J. F. Favier, A method for representing boundaries in discrete element modellingpart I: Geometry532

and contact detection, International Journal for Numerical Methods in Engineering 51 (12) (2001) 1407–1421.533

doi:10.1002/nme.184.534

URL http://doi.wiley.com/10.1002/nme.184535
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[27] N. V. Brilliantov, F. Spahn, J.-M. Hertzsch, T. Pöschel, Model for collisions in granular gases, Physical Review603

E 53 (5) (1996) 5382–5392. doi:10.1103/PhysRevE.53.5382.604

URL https://link.aps.org/doi/10.1103/PhysRevE.53.5382605

[28] R. Mindlin, H. Deresiewicz, Elastic Spheres in Contact under Varying Oblique Force, Journal of Applied Mechanics606

20 (1953) 327–344.607

[29] C. Kloss, C. Goniva, A. Hager, S. Amberger, S. Pirker, Models, algorithms and validation for opensource DEM608

and CFD-DEM, Progress in Computational Fluid Dynamics, An International Journal 12 (2/3) (2012) 140.609

doi:10.1504/PCFD.2012.047457.610

URL http://www.inderscience.com/link.php?id=47457611

[30] A. Di Renzo, F. P. Di Maio, Comparison of contact-force models for the simulation of collisions in DEM-based612

granular flow codes, Chemical Engineering Science 59 (2004) 525–541. doi:10.1016/j.ces.2003.09.037.613

[31] L. Benvenuti, Establishing the predictive capabilities of DEM simulations: sliding and rolling friction coefficients614

of non-spherical particles, in: CFD 2014 Proceedings, no. June, 2014, pp. 1–7.615

[32] A. H. Barr, Superquadrics and angle-preserving transformations, IEEE Computer Graphics and Applications616

1 (January) (1981) 11–23. doi:10.1109/MCG.1981.1673799.617

[33] C. Zhou, J. Y. Ooi, Numerical investigation of progressive development of granular pile with spherical and non-618

spherical particles, Mechanics of Materials 41 (6) (2009) 707–714. doi:10.1016/j.mechmat.2009.01.017.619

URL http://linkinghub.elsevier.com/retrieve/pii/S0167663609000209620

[34] I. Goldhirsch, Stress, stress asymmetry and couple stress: from discrete particles to continuous fields, Granular621

Matter 12 (3) (2010) 239–252.622

[35] T. Weinhart, C. Labra, S. Luding, J. Y. Ooi, Influence of coarse-graining parameters on the analysis of DEM623

simulations of silo flow, Powder Technology 293 (November) (2015) 138–148. doi:10.1016/j.powtec.2015.11.624

052.625

URL http://dx.doi.org/10.1016/j.powtec.2015.11.052626

[36] M. Kodam, R. Bharadwaj, J. Curtis, B. Hancock, C. Wassgren, Force model considerations for glued-627

sphere discrete element method simulations, Chemical Engineering Science 64 (15) (2009) 3466–3475.628

doi:10.1016/j.ces.2009.04.025.629

21



URL http://www.sciencedirect.com/science/article/pii/S0009250909002747http://linkinghub.630

elsevier.com/retrieve/pii/S0009250909002747631

[37] J. Ai, J.-F. Chen, J. M. Rotter, J. Y. Ooi, Assessment of rolling resistance models in discrete element simulations,632

Powder Technology 206 (3) (2011) 269–282. doi:10.1016/j.powtec.2010.09.030.633

URL http://linkinghub.elsevier.com/retrieve/pii/S0032591010005164634

[38] C. M. Wensrich, A. Katterfeld, Rolling friction as a technique for modelling particle shape in DEM, Powder635

Technology 217 (2012) 409–417. doi:10.1016/j.powtec.2011.10.057.636

URL http://dx.doi.org/10.1016/j.powtec.2011.10.057637

[39] A. Aigner, S. Schneiderbauer, C. Kloss, S. Pirker, Determining the coefficient of friction by shear tester simulation,638

in: 3rd International Conference on Particle-Based Methods, Vol. 1, 2013, pp. 335–342.639

[40] D. M. Wood, Soil behaviour and critical state soil mechanics, Cambridge university press, 1990.640

[41] A. Altunbas, B. Soltanbeigi, O. Cinicioglu, Determination of active failure surface geometry for cohesionless641

backfills, Geomechanics and Engineering 12 (6) (2017) 965–981.642

[42] L. Zhang, C. Thornton, A numerical examination of the direct shear test, Geotechnique 57 (4) (2007) 343–354.643

[43] W. Beverloo, H. Leniger, J. Van de Velde, The flow of granular solids through orifices, Chemical engineering644

science 15 (3-4) (1961) 260–269.645

22



Figure 1: Scheme of particle-particle contact for superquadrics.

Figure 2: Particle shapes used. SQ(N4),SQ(N6) and SQ(N8), top, from left to right. And MS(8), MS(27) and MS(64), bottom, from left
to right.
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Figure 3: Scheme of particle-particle contact for multi-spheres.

Figure 4: The dimensionless particle velocity v/vpre as a function of time during the particle-wall impact.
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Figure 5: Simulation setup for determining the degree of interlocking.

Figure 6: Dimensionless interlocking value δz/r as a function of dimensionless x/r-coordinate.
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Figure 7: Dimensionless tangential force Ft/µsppmg as a function of initial dimensionless x/r-coordinate for different coefficients of friction
µ = 0.1, 0.3, 0.56.
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Figure 8: Inclined plate I: setup.

Figure 9: Critical sliding/tilting angle as function of superquadric exponent N (blockiness): cross signs for µ1 = 0.45 (“CoF 0.45”), green
circles for µ2 = 0.56(“CoF 0.56”). The red dash line indicates the sliding angle for µ1 = 0.45, the green solid line represents the sliding
angle for µ2 = 0.56.
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Figure 10: Inclined plate II: particle configuration.
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Figure 11: Inclined plate II: simulation results. Critical angle vs. superquadric blockiness vs. number of sub-spheres for MS for different
coefficients of friction: µspp = 0.1, 0.2, 0.3, 0.4, and 0.56. “S” stands for simulation, “A” stands for analytical solution in case of ideal cubes
(dashed lines).

29



Figure 12: Angle of repose simulation setup.

Figure 13: Comparison of the surface profiles of particle piles from MS and SQ simulations.
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Figure 14: Averaged angle of repose for different MS and SQ particles.

Figure 15: Computational time vs. number of sub-spheres for MS particles and vs. blockiness N for SQ particles.

Figure 16: Jenike shear tester filled with superquadric particles (dimensions are in mm).
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Figure 17: Porosity of the packings with different particle shapes (filled markers are for the dense packing).
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Figure 18: The relative vertical displacement of the lid during the shearing for both loose and dense packing of: a) MS particles; b) SQ
particles.

33



Figure 19: Distribution of the voids and forces inside the Jenike cell a) coarse grained results for visualization of the porosity b) normal
contact force network (note that results are for MS8, and for displacement of D = 6 mm).

Figure 20: Distribution of the cumulative rotation magnitude for MS(8) particles (at D = 6 mm).

Figure 21: Cumulative rotation magnitude for the dense samples.
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Figure 22: Cumulative rotation for the loose samples.
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Figure 23: Jenike direct shear simulations considering SQ and MS particles a)loose packings b) dense packings.
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Figure 24: Dependence of the peak friction angle (Φp) on both particle shape and the initial porosity of the system (the filled markers are
for dense packing).

Figure 25: Horizontal stress distribution for MS and SQ particles at D = 6 mm.
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Figure 26: Cumulative discharged mass over time.
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Figure 27: Flow profiles for both SQ and MS particles at MD =10, 30 and 60 %.
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Figure 28: Stress distribution inside the silo at MD =30 %.

.
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Table 1: DEM material properties

Parameter Value
Density (particle) ρ [kg/m3] 4100
Coefficient of particle-particle friction µspp 0.56
Coefficient of particle-wall friction µspw 0.45
Coefficient of restitution (particle-particle), εp 0.15
Coefficient of restitution (particle-wall), εpw 0.5
Poisson ratio (particles), νp 0.25
Poisson ratio (wall), νw 0.25
Shear modulus (particles), Gp[Pa] 107

Shear modulus (wall), Gw[Pa] 1010

DEM timestep size, ∆t[s] 2 · 10−6

Normal force model Hertz model with viscous damping [27]
Tangential force model Mindlin-Deresiewicz [28]
Rolling friction model off

Table 2: Number of particles in Shear test.

Particle Packing Number of
particles

Total mass, kg

SQ(N4) Loose 6163 0.1637
Dense 7378 0.1960

SQ(N6) Loose 5538 0.1637
Dense 6848 0.2024

SQ(N8) Loose 5225 0.1611
Dense 6576 0.2027

MS(8) Loose 6236 0.1071
Dense 7463 0.1282

MS(27) Loose 5852 0.1540
Dense 6975 0.1836

MS(64) Loose 5719 0.1564
Dense 6920 0.1892

Table 3: Volumes per particle.

Shape Volume, mm3 Ratio to volume
of ideal cube

SQ(N4) 6.4819 0.8102
SQ(N6) 7.2079 0.9010
SQ(N8) 7.5167 0.9396
MS(8) 4.1933 0.5242

MS(8) (without
central void)

4.6649 0.5832

MS(27) 6.4157 0.8020
MS(64) 6.6653 0.8332

Table 4: Number and total mass of particles in silo flow simulation before discharge.

Particle Number of
particles

Total mass, kg

SQ(N4) 19637 0.5217
SQ(N6) 17607 0.5205
SQ(N8) 16652 0.5134
MS(8) 20499 0.5391
MS(27) 18864 0.4965
MS(64) 18475 0.5052
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