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Optical solitary waves escaping a wide trapping potential in nematic liquid crystals:
Modulation theory
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A nonlinear extension of geometric optics is used to derive a modulation theory solution for the trajectory of
an optical solitary wave in a nematic liquid crystal—i.e., a nematicon—in which a wide waveguide has been
defined by an externally applied static electric field. This solution is used to find the power threshold for the
solitary wave to escape the trapping waveguide. This threshold is found to be in excellent agreement with
experimental results.
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I. INTRODUCTION

The trapping of linear waves by gradients in the refractive
index of the medium in which they propagate is a classical
one �1�. In addition, the scattering of solitary waves by single
�2–4� as well as multiple dielectric interfaces �5� has re-
ceived substantial theoretical attention; experimental results
in self-focusing glasses with a thermal nonlinearity have also
been reported �6,7�. Experimental demonstrations with opti-
cal spatial solitons in nematic liquid crystals, so-called nem-
aticons �8�, have been carried out at single linear and non-
linear interfaces �9�, as well as voltage �10–12� or all-
optically induced interfaces �13�. In recent work, Peccianti et
al. �14� experimentally studied the bouncing of 2D+1 nem-
aticons in wide voltage-induced waveguides or potential
traps and how the effectiveness of the trapping varied with
the soliton power, with the self-localized beams being able to
escape the waveguide or potential barrier when they had suf-
ficient power or effective kinetic energy.

In the present work modulation theory concepts are used
�15,16� to provide a nonlinear counterpart of the classical
linear waveguide analysis based on geometric optics �1�, and
provide a theoretical framework for and comparison with
experimental results �14�. With a simplified approximation
for the static electric field which defines the waveguide via
electro-optic reorientation, momentum conservation for a
nematicon is employed in deriving a nonlinear equivalent to
the geometric optics ray path. The equation for the nemati-
con trajectory is then used to find the threshold power for the
solitary wave to escape the waveguide formed by the exter-
nally applied static electric field. This threshold is found to

be in excellent agreement with experimental data �14�, a re-
markable result given the approximations adopted to cast the
theoretical solution.

II. ESCAPE CRITERION

In dimensional form, the equations governing the propa-
gation of a light beam through a nematic liquid crystalline
cell with planar anchoring, as employed in Ref. �14� �see Fig.
1�, are

2ik0n0
�E

�Z
+ �2E + k0

2�n2�Y� + n�
2 cos2 � + n�

2 sin2 �

− n�
2 cos2 �0 − n�

2 sin �0�E = 0, �1�

K�2� +
��RF

2
Es

2 sin 2� +
�0na

2

4
�E�2 sin 2� = 0. �2�

Here na
2=n�

2−n�
2 relates to the optical anisotropy �the sub-

scripts refer to the optic axis of the equivalent uniaxial�, K is
the elastic constant of the nematic liquid crystal �NLC� in the
single constant approximation �i.e., the same for splay, bend,
and twist of the molecules �17,18��, �0 is the permittivity of
free space, and ��RF the low-frequency anisotropy, with
��RF�9�0 for E7, a commercially available NLC. The field
Es is the static �or low-frequency� electric field used to define
the waveguide encoded in the index of refraction n�Y� via
reorientation �14�. Let us set �=�0+�, where �0 does not
depend on Y, and assume that � is small. Nematicon Eqs. �1�
and �2� can then be set in normalized form using the nondi-
mensional variables E=Au, Z=Bz, X=Wx, and Y =Wy,
where

B =
4n0

k0na
2 sin 2�0

, W =
2

k0na
�sin 2�0

. �3�

A typical optical power Pt is related to A and B by Pt
=�A2W2 /2 for a Gaussian beam, the latter being a standard
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approximation for the nematicon transverse profile �19�.
Based on the small deviation assumption ���� small�, nemati-
con Eqs. �1� and �2� become

iuz +
1

2
�2u + 2�u + m�y�u = 0, �4�

��2� − 2q�y�� + 2�u�2 = 0, �5�

where

� =
8K

�0na
2A2W2 sin 2�0

,

q�y� =
4��RF

�0na
2A2 tan 2�0

Es
2�y� , �6�

m�y� =
2n2�y�

n0
2na

2 sin 2�0

. �7�

To determine the criterion for the escape of a nematicon
from the waveguide, we shall use conservation of momen-
tum for Foch-Leontovich Eq. �4�. It should be noted that the
term conservation of momentum is here meant in terms of
invariances of the Lagrangian for nematicon Eqs. �4� and �5�
rather than physically conserved quantities for light �20�. It
can be shown that this momentum conservation equation is

i
d

dz
	

−�

� 	
−�

�

�u�uy − uuy
��dxdy

= 	
−�

� 	
−�

�

�− 2�u�2my + 2�2qy�dxdy . �8�

The integrals in the relation above can be evaluated once
the nematicon is identified �so that u and � are known�, and
the variations in the refractive index n�y� and static electric
field Es�y�, and hence q�y�, across the waveguide are known.
Unfortunately, there is no exact nematicon solution in 2+1
dimensions. However, a good approximation to it has been
found using trial functions in an averaged Lagrangian formu-
lation of nematicon Eqs. �4� and �5� �15�. Minzoni et al. �15�
used both sech and Gaussian trial functions for the nemati-
con. For ease in calculating the integrals in momentum Eq.
�8�, here we shall use the Gaussian trial functions

u = a exp
− �x2 + �y − ��2�/w2�ei	z+iV�y−��, �9�

�n = 
 exp
− �x2 + �y − ��2�/�2� , �10�

where �n is the change in director angle �i.e., optic axis� due
to the self-localized beam. The relations between the optical
amplitudes and widths a and w, and the director amplitudes
and widths 
 and � are given in Minzoni et al. �15� but they
will not be needed here. What will be needed is the ratio


2�2

a2w2 =
8P4/5

�4/5�7/5q2/5 , �11�

where P is the optical power

P = 	
−�

� 	
−�

�

�u�2dxdy =
�

2
a2w2. �12�

As the nematicon evolves in the potential, its amplitude and
width oscillate. If the diffractive radiation shed by the nem-
aticon as it evolves is neglected, then optical power �12� is
conserved, and the oscillations of the amplitude and width
decouple from the position evolution �21�.

The experimental results of Peccianti et al. �14� �Figs. 2
and 3� show that Es within the waveguide can be approxi-
mated by a parabolic profile. In nondimensional form we
then have

Es
2�y�
A2 = �2�L2 − y2� , �13�

for −LyL. The physical half-width L̃ of the waveguide

is related to the nondimensional width by L̃=WL. If the
value of Es at the center of the waveguide is Esc, then �2
=Esc

2 / �A2L2�.
To complete the determination of the nematicon trajec-

tory, we need the refractive index distribution in the wave-
guide. From standard birefringence in uniaxial crystals, we
have

FIG. 1. Sketch of the geometry and cell layout. The nematic
liquid crystal is confined in a sandwichlike structure with the mo-
lecular director lying in the cell plane YZ at an angle �0 with Z. Two
top electrodes ��1� and �2�� and a bottom ground electrode enable
the application of a quasistatic field. The top electrodes are biased
by � phase-shifted voltages V1 and V2, resulting in a significant Y
component of the electric field under the interelectrode gap, i.e., a
confining potential owing to reorientation. A nematicon is generated
by launching a Gaussian beam with wave vector k at an angle with
Z.
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n =
n�n�

�n�
2 cos2 � + n�

2 sin2 �
. �14�

The change in director orientation � in the waveguide has
two components: �1 due to the voltage-defined potential well
or waveguide through the NLC electro-optic response and
�n, given by Eq. �10�, caused by the nematicon through non-
linear reorientation. To first order the refractive index in the
waveguide can be calculated from �1, which is then used to
calculate the contribution due to m�y� in momentum Eq. �8�.
Setting �=�0+�1 and expanding for small �1 gives

n = n1�1 + n2�1� , �15�

where

n1 =
n�n�

�n�
2 cos2 �0 + n�

2 sin2 �0

,

n2 =
�n�

2 − n�
2 �sin 2�0

2�n�
2 cos2 �0 + n�

2 sin2 �0�
. �16�

The change in orientation angle within the waveguide due
to the field Es�y� can be obtained by solving director Eq. �5�
with u=0. This leads to a solution for �1 in terms of para-
bolic cylinder functions, which results in the integral involv-
ing m�y� in momentum Eq. �8� being impossible to evaluate
analytically. However, as for the electric field Es in the wave-
guide, the results of Peccianti et al. �14� show that the
change in orientation angle in the potential trap due to Es�y�
can again be approximated by a quadratic form so that

�1 =
�c

L2 �L2 − y2� , �17�

where �c is the value of �1 in the waveguide midplane y=0.
Figure 3 shows the numerically calculated field Es due to the
electrodes and the applied voltage. It can be seen that the
field is nearly parabolic except for spikes near the electrode
edges. This point will be discussed further below.

Substituting the expressions for q�y�, with Es given by Eq.
�13�, and m�y�, with n�y� given by Eq. �15�, into the momen-
tum conservation Eq. �8�, we obtain the equation

dV

dz
=

d2�

dz2 = �2qc�2

2�2

a2w2 −
8n2�c

na
2L2 sin 2�0

� �18�

for the position of the nematicon in the waveguide. It should
be stressed that the nematicon contribution �2qy was calcu-
lated with �=�n, given by Eq. �10�. Here

qc =
4��RF

�0na
2A2 tan 2�0

. �19�

It is noted that the next order contribution to n�y� from �n
could be added to Eq. �18� but this contribution is not needed
as this momentum equation gives results in excellent agree-
ment with experiments. On setting ��=V=V0 as the launch-

FIG. 2. Sample data from experiments on optical solitons
��=1064 nm� escaping a bias-induced graded-index potential. �a�
Mean soliton path for various input excitations: at low power the
solitons are trapped in the potential, whereas for P�15 mW their
initial momentum permits them to escape and propagate straight in
the surrounding nonlinear dielectric. ��b� and �c�� Photographs
showing the propagation of a nematicon in the voltage-defined
guiding profile for an optical input power of �b� 4 and �c� 19.9 mW,
respectively. The latter case is that of an escaping soliton.

FIG. 3. Numerical integration of the NLC governing equations.
�a� The Y distribution of the in-plane reorientation angle � and �b�
the Y component of the static field Es, respectively, are graphed at
different altitudes X across the thickness of the cell, from X
=−50 �m to X=50 �m The vertical dashed lines indicate the
edges of the two top electrodes for the applied bias.
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ing angle of the input beam at �=�0 and integrating once, we
have

�d�

dz
�2

= V0
2 + �2qc�2


2�2

a2w2 −
8n2�c

na
2L2 sin 2�0

��2 − �0
2� .

�20�

The critical power for the beam to be just trapped in the
waveguide is then given by the condition that the turning
point of the nematicon trajectory ��=0 occurs at �=L. So
from Eq. �20� the nematicon trajectory has a turning point at

�t
2 =

V0
2 +

8n2�c

na
2L2 sin 2�0

�0
2 − 2qc�2


2�2

a2w2 �0
2

8n2�c

na
2L2 sin 2�0

− 2qc�2

2�2

a2w2

. �21�

The soliton then escapes the waveguide if �t�L. Using the
parameter values in Table I, the critical power for escape
from the trap is Pc=18.7 mW for a waveguide of effective
width of 200 �m. This is in excellent agreement with the
experimental estimate of 16–18 mW �14�, especially given
the number of approximations made in the theoretical analy-
sis. The dependence of the turning point �t of the nematicon
trajectory on the input power is shown in Fig. 4. The para-
bolic approximation for the electric field Es is accurate
around the center of the waveguide, where the electric field
is around 1.25�104 V /m. It is less accurate in the tails
where the electric field has a more Gaussian decay. In par-
ticular, the parabolic approximation gives a sharp field cutoff
rather than the smooth decay seen in Fig. 3. However, such a
sharp cutoff is smoothed out in the averaging process used to
derive the momentum Eq. �8�, which explains the accurate
results obtained.

Integrated momentum Eq. �20� can also be used to predict
the exit angle of the nematicon when it escapes the wave-
guide. This angle is given by d� /dz at �=L. The measured
output angles of the nematicon are given in Fig. 5, noting
that these values were evaluated irrespective of whether the

nematicon escaped the waveguide. In agreement with turning
point expression �21�, in this figure the nematicon escapes
the waveguide for P=19.9 mW, as also displayed in the
photograph, Fig. 2�c�. Even though the experimental escape
angle is slightly smaller than the theoretical prediction of
79.5 mrad from Eq. �20�, the latter results from a one-
dimensional scalar calculation and does not account for bi-
refringent walk off. Finally, the noninclusion of �Rayleigh�
scattering in the model, although the related propagation
losses are visible in Fig. 2�c�, does not appear to affect the
validity of the theory and its good agreement with the
experimental results.

III. DISCUSSION AND CONCLUSIONS

The analysis leading to the nematicon trajectory of Eq.
�20� explains in simple terms the nonlinear mechanism
whereby a nematicon can escape a waveguide. At low power
the initial kinetic energy of the beam is not large enough to
overcome the potential barrier defined by the imposed refrac-
tive index distribution. While the launch angle of the input
beam was kept constant in the experiments of Peccianti et al.

TABLE I. Parameter values used here and pertinent to the
experiments of Ref. �14�.

Parameter Dimensional value

�0 1064 nm

n� 1.6954

n� 1.5038

K 1.2�10−12 N

��RF 9�0

�0 30°

� at center of waveguide 36°

L̃ 200 �m

V0 0.16

�0 30 �m

Esc at center of waveguide 1.25�104 V /m

Pt used for nondimensionalization 10.2 mW

0

50

100

150

200

250

0 5 10 15 20

ξ t
(µ

m
)

P (mW)

FIG. 4. Turning point of nematicon trajectory as given by Eq.
�21� with the parameter values given in Table I.

FIG. 5. �Color online� Output angle of nematicon as a function
of input power.
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�14�, the nonlinear coupling due to �2qy in the momentum
Eq. �8� causes a depression in the potential barrier as the
nematicon amplitude �power� increases, allowing escape.
These results and the method outlined here can be extended

to explore guiding effects in a wide range of media with a
refractive index change generated by other physical mecha-
nisms, including thermal and photorefractive nonlinearities
�7,22–24�.
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