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Floppy Modes in Crystalline and Amorphous Silicates
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We present the results of comparative inelastic neutron scattering measurements of both amorphous
and crystalline silicates. We demonstrate the presence of floppy modes in amorphous silica and
potassium disilicate over the energy scale 0–5 meV. A peak is also observed at 5 meV in amorphous
silica, which is traditionally associated with the boson peak. By comparison with the spectrum of
crystallinea-cristobalite, we show that it, in fact, arises from the transverse acoustic modes. The same
peak in amorphous potassium disilicate cannot be resolved because it is obscured by a large number of
floppy modes. [S0031-9007(96)02212-0]

PACS numbers: 61.12.–q, 61.43.Fs, 63.20.Dj, 63.50.+x
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Our conceptual understanding of the microscopic nat
of the excitations observed in amorphous systems
poor compared to those of crystalline materials. T
is especially true of the low-energy excitations that a
observed between, say, 0–10 meV [1]. Sound propag
through glasses, and so well-defined longitudinal phon
are stable at relatively short wave vectors (less th
1 Å21) [2]. However, it is not clear how far the phono
picture can be applied to the excitations that occur
moderate wave vectors (between, say,2 4 Å21). Two
features of the low-energy excitation spectrum that
particularly interesting in this respect are the so-cal
floppy modes [3] and the boson peak [4]. Floppy mod
are low-energy deformations of a structure composed
linked “rigid” structural units such asSiO4 tetrahedra.
The floppy modes can propagate with these units rota
against each other without distorting. The boson pea
a feature that is found in the Raman scattering spe
of many glasses at about 5 meV and which obeys Bo
Einstein statistics. However, it is not seen in the Ram
spectra of corresponding crystalline phases. It has b
assigned various mechanisms in the past, someti
linked with the floppy modes, as we discuss below. Th
are a number of other unusual properties of glass
such as the linear temperature dependence of the spe
heat at very low temperatures and the low-temperat
plateau in the thermal conductivity. These properties
usually thought to be associated with the existence of lo
energy excitations, particularly if they enable the syst
to behave as a two-level system.

Buchenauet al. [5] have demonstrated that acoust
waves coexist with another kind of harmonic excitatio
below about 4 meV in vitreous silica, and suggested t
these extra modes mainly involve rotations of theSiO4
tetrahedra as rigid bodies, essentially behaving as flo
70 0031-9007y97y78(6)y1070(4)$10.00
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modes. This picture serves as a guide for the nat
of the excess modes at energies lower than the bo
peak (which is at about 5 meV in vitreous silica), but th
implication is that the origin of the boson peak could b
explained by the existence of floppy modes. Elliott [
more recently suggested that the boson peak may a
from phonon scattering caused by density fluctuations
the medium length scale. In this model the phonons
localized within domains of structural units surrounde
by voids. An increase in the vibrational density o
states,gsEd, results from those phonons which have
mean free path commensurate with the domain size. T
(quasi)harmonicity of the model provides a trivial bas
for the temperature dependence of the intensity of
boson peak.

Other models tend to provide expressions for t
potential energy from which good fits to specific he
and thermal conductivity data may follow. For exampl
the “soft potential model” [7] specifically gives a form
for the potential energy that encourages tunneling at l
temperatures and harmonic motion at higher temperatu
but gives little illumination as to the configurationa
variables that experience these potential wells. Most
the models that attempt to explain the boson peak dep
upon a certain degree of medium-range order wh
supports the existence of low-frequency acoustic mode

In this Letter, we present comparative neutron scatt
ing measurements of the low-energy dynamics of bo
amorphous and crystalline silicates, because recent exp
mental and theoretical work on crystalline silicates h
brought a new perspective to this issue [8]. We discu
the vibrational spectra of crystallinea-cristobalite (the
low-temperature polymorph of cristobalite,SiO2, with
tetragonal symmetry), vitreous silicasSiO2d, and amor-
phous potassium disilicatesK2O.2SiO2d. We point out
© 1997 The American Physical Society
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certain striking similarities between them which provid
a simple physical explanation for the boson peak, and
tablish the energy scale of the floppy modes.

The number of floppy modes in a system of linke
rigid units (in this case,SiO4 or AlO4 tetrahedra) is
given by a balance between the total number of degr
of freedom,F, and the number of constraints,C, that
arise from the topology of the structure; the number
floppy modes is equal toF 2 C (of the total, six will
correspond to the uniform translations and rotations of
structure) [3]. For a system of tetrahedra, linked at th
vertices,F  6 per tetrahedron. For any pair of linke
vertices there are three constraint equations: Ifr1 is the
position of the vertex of one unit, andr2 is the position
of the vertex of the linked unit, the constraints arise fro
r1  r2. Thus, for the system of linked tetrahedra,C  6
per unit when all vertices are linked. With this simp
way of counting,there should be no floppy modes in
fully linked silicate crystal or glass. To generalize to
a silicate glass withn bridging bonds per tetrahedron
C  3ny2. For example, for a potassium-disilicate gla
K2O.2SiO2, n  3 and the number of floppy modes i
F 2 C  1.5 per tetrahedron. By comparison, there w
be 16.5 vibrational modes per tetrahedron.

The major insight given by the recent analysis of flop
modes in crystalline silicates is that symmetry can ha
a major effect in reducing the number ofindependent
constraints per tetrahedron (i.e., constraints become
generate). The reasons for this have been docume
elsewhere [8]. For relatively dense crystalline silicate
such as quartz and cristobalite, the floppy modes can
ist over lines or planes of wave vectors. In less den
silicates, such as sodalite or zeolites, there can be m
than one floppy mode for every wave vector. On t
other hand, the change of symmetry at a displacive ph
transition can reduce the number of floppy modes in
low-symmetry phases. This principle is clearly seen
work in cristobalite, where there are six planes of flop
modes in reciprocal space in the high-temperature cu
phase, but only a few lines of floppy modes in the lo
temperature tetragonal phase. Inelastic neutron scatte
measurements on a polycrystalline sample clearly sh
the reduction in the number of floppy modes on cooli
through the phase transition [9]. This work shows th
the energy scale for floppy modes is about 0–5 meV.
similar energy scale was found for the modes in the cr
talline aluminosilicate leucite,KAlSi2O6, using inelastic
neutron scattering from a single crystal [10]. The flop
modes in crystalline silicates have been called “rigid u
modes” (RUMs), which is a useful term since it d
notes a special class of floppy modes. The existence
RUMs in crystalline silicates has been most convincing
demonstrated by electron diffraction measurements
cristobalite [11] and tridymite [12]: Streaks of diffus
scattering are observed which correspond to the inters
tions of planes of RUMs with the plane of reciproc
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space under observation. Most striking of all was the o
servation of curved surfaces of RUMs in tridymite [12].

Given the existence of a significant and measura
number of RUMs in crystalline silicates, we again a
dress the issue of the existence of floppy modes
amorphous silicates, taking account of the energy sc
suggested by inelastic neutron scattering experime
In our measurements we used high-purity powder
samples of crystallinea-cristobalite, amorphous silica
and amorphous potassium disilicate,K2O.2SiO2. The
sample of a-cristobalite was chosen because our p
vious analysis has shown that, unlike high-temperat
b-cristobalite (cubic), there are very few RUMs prese
[8,9], which sets a lower bound for comparison wi
amorphous silica. By contrast, the simple method
counting constraints and degrees of freedom suggests
there should be many floppy modes in amorphous pot
sium disilicate. This sets an upper bound against wh
we can compare the low-energy vibrational spectrum
amorphous silica. Similar data have been collected
a-cristobalite and amorphous silica by other workers [1
but improved source and instrument characteristics
abled us to obtain improvements over previous data s
In our opinion, neutron scattering has an advantage o
Raman scattering when we compare crystalline and am
phous samples, since the selection rules for Raman s
tering are quite different in the two types of material
whereas inelastic neutron scattering will give the vibr
tional density of states in both cases.

The present data were obtained with the samples
ambient conditions, using the PRISMA spectrometer
the ISIS spallation neutron source [14]. PRISMA is a
indirect geometry time-of-flight spectrometer. It has a
array of 16 independent scattering arms, spaced at2± 2u

from each other, each consisting of a pyrolitic graph
analyzer and a detector. The analyzer/detector arms w
all set to measure scattered neutrons with an energy
14 meV, and a number of settings of the whole detec
arm were measured, so that the total range in wave-ve
transfer,Q, covered was from2.0 to 3.6 Å21. The energy
resolution was approximately 0.5 meV at zero-ener
transfer. The spectra were normalized against stand
vanadium scans and merged using in-house software.
spectra from the background and empty sample can w
subtracted, and the data were corrected for the effect
multiple scattering and normalized against the differe
masses of the samples. The resultant spectra were
scaled by the population factor,nsEd 1 1, and scaled by
1yE, to give a quantity proportional togsEdyE2. The
final spectra are shown in Fig. 1.

It will be useful to compare the neutron scattering me
surements with a calculation of the one-phonon density
states ina-cristobalite. This was performed using a wel
tested empirical model potential [15] forSiO2, and the
dynamical matrix was diagonalized for 8000 points ove
grid in one octant of the Brillouin zone. For compariso
1071
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FIG. 1. Inelastic neutron scattering spectra fora-cristobalite,
amorphous silica, and amorphous potassium disilicate, c
rected for the background and factors such as multiple sc
tering, and reduced to a form proportional togsEdyE2.

with experiment we have weighted the calculation by th
factor 1yE2. No account has been taken of the differen
neutron scattering lengths for Si and O, but we note th
these are probably not significantly different for the pu
poses of comparison with experiment. The calculatio
are shown in Fig. 2, together with the phonon dispersio
curves along symmetry directions. One point that shou
be noted is that the lowest two phonon branches alo
[110] are the only two RUMs ina-cristobalite [8,9], and
these are at lower frequencies than the phonon branc
along the other symmetry directions. What should als

FIG. 2. CalculatedgsEd and gsEdyE2, together with phonon
dispersion curves along symmetry directions, fora-cristobalite.
1072
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be noted is that there is not likely to be any orientation
disorder of theSiO4 tetrahedra ina-cristobalite like that
found in b-cristobalite [9,16]. In the latter case, the or
entational disorder arises from the simultaneous excitat
of whole planes of RUMs in reciprocal space [8,9], whic
can cause the tetrahedra to rotate by an average a
of 17± from their “average” orientations. This disorde
leads to a broad distribution of RUM frequencies [9].
a-cristobalite it is more likely that the two RUM branche
will have relatively sharp frequencies.

First, we compare the neutron data fora-cristobalite
with the calculated density of states. The agreement is
very good. The important feature to note is that there i
peak at 5 meV in both experiment and calculation, whi
tails off more slowly at higher energies. This peak aris
from the transverse acoustic branches in all directions,
from the RUM branches along [110], although the latt
only contribute to the sharp component seen at the
of the peak. This can be seen in the calculated phon
dispersion curves shown in Fig. 2.

Second, we compare the spectra fora-cristobalite and
amorphous silica. It should be noted that the phono
peak at 5 meV ina-cristobalite is also seen in amorphou
silica, although slightly broadened. In amorphous sili
this peak is the feature usually associated with the bo
peak. The data immediately suggest that the boson p
in amorphous silica arises from the same motions as
corresponding peak ina-cristobalite, and thus is largely
made up from the transverse acoustic modes.

Third, we focus our comparison between the spectra
a-cristobalite and amorphous silica on the low energ
regime, between 0–5 meV. Although slight, it is clear
that there is an increased number of low-energy mode
amorphous silica. This suggests the existence of a lar
number of low-energy floppy modes in amorphous sili
with a broad energy distribution, similar to the RUM
observed in b-cristobalite [9] and leucite [10]. The
presence of an increased number of low-energy mo
in amorphous silica is rather surprising in light of th
balance between the constraints and degrees of free
discussed above. There are two possible solutions. O
is that amorphous silica contains a significant (althou
not necessarily large) number of nonbridging Si-O bon
which could arise from the presence of defects or surfac
The existence of nonbridging bonds will lead to a n
reduction in the number of constraints. The seco
possibility is that there is some “hidden symmetry” th
allows some of the constraints to become degenerate
near degenerate. This might arise from the existence
large open rings of linkedSiO4 tetrahedra, for example
although the presence of large rings alone, without
additional effects of symmetry, cannot break the ba
balance between constraints and degrees of freedom.

It is worth noting that a recent determination of th
pair distribution functions fora- andb-cristobalite, from
measurements of the neutron scattering functionSsQd, has
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shown that over the length scale5 10 Å b-cristobalite is
more like amorphous silica thana-cristobalite [16]. The
floppy modes inb-cristobalite are in part broad becau
of the dynamic disorder. In amorphous silica there
static disorder rather than dynamic disorder, but at
instantaneous point in time the disorder in both ca
leads to very similar medium-range structure. Thus
expect any floppy modes in amorphous silica to be br
in energy as inb-cristobalite [9], rather than sharp as
a-cristobalite.

Fourth, we compare the spectra for amorphous sil
and amorphous potassium disilicate, particularly in t
energy range 0–5 meV. In the latter spectra there
an enhanced population of the vibrational modes w
energies between 0–5 meV, so much so that the bo
peak at about 5 meV is obscured and can only
identified by comparison with amorphous silica. Th
result was of course expected from the fact that th
is a greater number of degrees of freedom than th
are constraints that arise from nonbridging Si-O bon
but the important quantitative point is that the flop
modes span the energy range 0–5 meV. This is f
consistent with the results for crystallineb-cristobalite [9]
and leucite [10]. This is also consistent with our po
that the energy scale for the floppy modes is just be
the energy of the boson peak. Incidentally, the way
floppy modes “hide” the boson peak in this case is a
seen in GexSe12x chalcogenide glasses forx # 0.2 [17].
The Se-rich materials are more floppy [3], and the bo
peak seen in the more rigid structures (e.g.,x 

1
3 ) is then

hidden beneath a broad distribution of floppy modes.
In conclusion, our results have established the ene

scale of 0–5 meV for floppy modes in amorphous s
cates. The peak seen at 5 meV, which is convention
called the boson peak, is associated with the same
tions as the transverse acoustic modes in crystalline
cates. Many more floppy modes are seen in the potas
disilicate glass owing to the existence of nonbridging o
gen atoms (one per tetrahedron) leading to an under
strained network of linked tetrahedra. But the fact t
there is clearly a number of floppy modes in the ran
0–5 meV in the pure silica glass is a counterexample
the simple counting scheme for the balance between
straints and degrees of freedom.
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